Noncomputability and Undecidability
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In April 1984, Tinze magazine ran a cover story on computer software. In the
otherwise excellent article, there was a parageaph that quoted the editor of
a software magazine as saying: :

Put the right kind of sofrware into a computer, and it will do whatever you want
it to. There may be limits on what you can do with the machines themselves, but
there are no limits on what you can do with sofrware. -

bva way, the results of Chapter 7 already contradicr this claim, by exhibiting °
problems thar are provably intractable. We might argue, however, that
intractability is really a consequence of insufficient resources. Given enough
time and memory space {albeir, unreasonably large amounts), perhaps any
algorithmic problem can, in principle, be solved by the right software,
Indeed, the reasons that people often fail in getting their computers to'do
what they want seem to fall roughly into three categories: insufficient money,
insufficient time, and insufficient brains. With more money one could buy a
larger and more sophisticated computer, supported by better software, and
perhaps then get the job done. With more time one could wait longer for
time-consuming algorithms to terminate, and with more brains one could
perhaps invent algorithms for problems that seem to defy solution.

The algorithmic problems we wish to discuss in this chapter are such thar
no amount of money, time or brains will suffice to yield solutions. We stil]
require, of course, that algorithms terminate for each legal input within some ,
finite amount of time, but we now allow that time to be unlimited. The
algorithm can take as long as it wishes on each input, but it must eventually
stop and produce the desired output. Similarly, while working on an inpur,
the algorithm will be given any amount of memory it asks for. Even $0, we
shall see interesting and important problems, for which there simply are no
algorithms, and it doesn’t matter how clever we are, or how sophisticated
and powerful our computers are.

Such facts have deep philosophical implications, not only on the limits of
man-made machines, but also on our own limits as mortals with finite mass,
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Limitations and R‘)busﬁle&;

The Rule

Even if we were given unlimited penail and paper, and an unlimired Jjf. Span '
there would be precisely defined problems we could not solve. There aré .

people who are opposed to drawing such extended conclusions from mer,
algorithmic results for various reasons. In consideration of the fact thar the
isste in this extended form definitely deserves 2 much broader treatment, we

shall stick to pure algorithmics here, and leave the deeper implicationg to

philosophers and neurobiologists. However, the reader should keep the
existence of such implicarions in mind.

s of the Game ' | S

Just ro reclarify things, it shauld be emphasized that questions regarding the
computer’s ability to run companies, make good decisions, or love, are not
relevant to our present discussions, since they do not involve precisely
defined algorithmic problems. ' S :

Another fact worth recalling is the requirement that an algorithmic
problem be associated with a set of legal inputs, and thar a proposed solution
apply to all inputs in the ser. As a consequence, if the set of inputsis finite,
the problem always admits a solution, For a decision problem whose sole
legal inpurs are the items 1}, I, . . . ,» i, there isan algorithm that “conrains”
a table with the K answers. The algorithm might read:

(1) if rhe.input is I; then ourput “ves” and stop;
{2) if the inpur is I> then ourput “yes” and stop;
(3} if the input is J3 then output “no” and stop;

(K} if the input is Iy then 6uzpur “yes™ and stop.

This works, of course, because the finiteness of the set of inputs makes it
possible to tabulate all inputfoutput pairs and “hardwire” them into the
algorithm. It might be difficult 1o carry out the tabulation (that is, 10
construct such a table-driven algorithm), but we are not interested in this
“meta-difficulty” here. For our present purposes it suffices that finite prob-
lems always have solutions. It is the problems with infinitely many inputs that
are really interesting. In such cases, a finite algorithm must be able 1o cope
with infinitely many cases, prompting one to question the very existence of
such algorithms for all problems.

To be able to state our claims as precisely, yet as generally, as possible, the
reader will have to pur up with a cerrain kind of terminological looseness in
this chapter, to be fully justified in the next. Specifically, an arbitrary, but
fixed, high-level programming language L is hereby implicitly assumed to be
the medium for expressing algorithms, and the word “algorithm” will be
used as a synonym for “program in L. In particular, when we say “no
algorithm exists,” we really mean that no prograin can be written in the
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