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Motivation

The central objects of this lecture are manifolds which are some kind of curved objects. Roughly speaking, one can
describe manifolds as objects which locally look like Euclidean space but in generally not globally. One usually
visualizes submanifolds as surfaces in the three-dimensional Euclidean space, for example the sphere

S2={(x,y,z) eR3 :x2+y2+z2=0}

or the torus

Ty e oy 24120,

In contrast, objects such as the union of the coordinate axes
{(x,y,2) e R? : xyz =0}
or the union of the z-axix and the orthogonal plane
{(x,y,2) eR? :xz=yz =0}

are not considered as manifolds. They have points whose neighborhoods certainly do not look like an Euclidean
space. There is a well-developed theory for surfaces of R* which can be generalized to a theory of n-dimensional
submanifolds of R™. In this theory, submanifolds can be for example defined as zero sets of suitable functions.
This theory can be understood with a solid background in multi-dimensional analysis.

For our purposes we need to define and understand manifolds as independent objects which do not nessecarily lie
in a surrounding space R™. A central motivation of this comes from general relativity and astrophysics, because
the universe is a curved object which however is not located in a surrounding space. In an abstract and intrinsic
definition of manifolds, we aim to describe the manifold by charts, which are bijective maps from parts of the
manifold to parts of Euclidean space. A collection of charts whose domains cover the whole manifold forms an
atlas of the manifold provided that the transition between the charts behave well. Thinking of the earth, we would
try to describe its surface just by studying the charts in an ordinary atlas. In order to make these definitions precise,
we need addition to multi-dimensional analysis also some solid background in topology.

As it turns out, such an atlas is all we need to describe the geometry and topology of the manifold as well as the
physics that happens on it. With the additional structure of a semi-Riemannian metrics, it allows us to define and
describe length of curves, distances between points, volumes of subsets, curvature, motion of particles, distribution
of heat and electromagnetic waves and many other things.

The theory of manifolds has many applications in other fields. Within mathematics, manifold theory is very
relevant in topology. Moreover, solution sets (for example of differential equations) need sometimes to be regarded
as manifolds. Outside of mathematics, the main application is certainly theoretical physics. General relativity,
particle physics, and especially more modern theories like string theory require a lot of knowledge in differential
geometry. But also outside mathematics and physics, there are surprisingly many applications, for example
in biology (cell membrane structures), geology (structure description), engineering (digital signal processing),
computer science (digital analysis of shapes), medicine (medical image analysis) and architecture (statics, design).
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Chapter 1

Foundations of Manifold theory

1.1 Topology

Definition 1.1.1: Topological space

Let X be a set and O a collection of subsets of X. Then the pair (X, 0) is called a topological space, if ©
satisfies the following:

(i) 2,X € O;
(i1) Given an index set /, and open sets U; € O (fori € I), we have | J;¢; U; € 0.
(iii) Given U;,U, € O, we have U1 N U, € O.

The collection O is a topology and its elements are called open sets. Givenx € X and U € 0 withx € U, we
say U is an open neighborhood (or briefly a neighborhood) of x.

By induction, (iii) holds for any finite intersection of open sets.

Example 1.1.2. Consider X = R". For x € R" and r > 0, we define
B (x)={yeR":|lx-yll <r}.
We call B, (x) an open ball centered at x with radius ». We can equip R" with different topologies:
(i) The Euclidean topology 0, generated by the basis
B={B,(x) :xeR" r >0}
of all open balls in R”. (See the remark following Defn. 1.1.3)
(ii) The coarse topology 0. := {@,R"}
(iii) The trivial topology O, := P(R") = {U : U c R"}.

Definition 1.1.3: Basis

Let (X, O) be a topological space. A collection of sets B C O is called a basis of the topology if every U € O
can be written as a union of elements in 8. In other words, given U € O, we can find open sets B; € B such
that U= UiEI Bi.

Remark. Note that every topology has a basis: take 8 = @. We have the alternative characterization of a basis: A
basis is a collection B of subsets of X satisfying

(1) Upeg B = X (or equivalently, given any x € X, there exists B € 8 with x € B),
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(i) Given any By, B € 8B, and any x € B] N By, there exists B3 € 8 such that

X € B3 C By N B;.

In some sense, basis sets are a “generalization of open balls”. Given a basis B of X, we may form a topology O on
X as follows: define a subset U C X to be open if and only if for all x € U, we can find B € 8 suchthatx € B c U.

This topology O is called the topology generated by 8. It can be verified that this is indeed a topology, and that
B is a basis for O in the sense of Defn. 1.1.3.

We are interested in specific kinds of topological spaces.

Definition 1.1.4: Hausdorff & Second Countable

A topological space (X, 0) is called

(1) Hausdorff if for any two distinct points x,y € X, we may find disjoint open sets U and V such that
xeUandyelV.

(ii) Second Countable if © has a basis B that is second countable.

Remark. In some sense, the Hausdorff-condition ensures there are “not too few” open sets, while the second
countable condition ensures there are “not too many” open sets. The addition of these conditions also make
topological spaces more similar to R” under the euclidean topology. To be more precise, it can be shown the
following statements hold in the corresponding spaces. (See the definitions in the remainder of this section.)

Hausdorff: (i) Compact sets are closed.
(i) Limits of convergent sequences are unique.
(iii)) One point sets are closed.

Second Countable: (i) Every open set may be written as a countable union of open sets.
(i) Every open cover of X has a countable subcover.

(iii)) X has a countable dense subset. That is, X has a countable subset whose closure is equal to X.
Example 1.1.5. Let us consider the different topologies on R" given in Example 1.1.2.
(1) The Euclidean topology is Hausdorff and second countable. Given x # y, we can pick
<2l -l
r<—=lx-yll.
) y

The triangle inequality shows B, (x) and B, (y) are disjoint neighborhoods of x and y. Since Q" is dense in
R", a countable basis is given by

B, ={B,(x) :x€Q",reQn(0,00)}.

(i1) The coarse topology is second countable but not Hausdorff. (Too few open sets.)

(iii) The trivial topology is Hausdorff but not second countable. (Too many open sets.)
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Definition 1.1.6: Constructions of New Topological Spaces

Let (X, Ox) be a topological space.
(1) If Y c X, then the subspace topology on Y is defined by

Oy ={UNY :Uce€ Ox}.

(ii) If f: X — Y is a map, we may define the quotient topology on Y by
Oy ={vcy:f(v)eox}.
This construction is particularly used when f : X — X/~ is the projection map of an equivlence
relation ~.

(iii) If (Y, Oy) is a topological space, we may define the product topology on X X Y to be the topology
generated by the basis
Bny = {UXVIUE @x,VE @y}

In other words, the open sets of the product topology consist of all sets of the form (J;¢;(U; X Vi),
where [ is an index set, U; € Ox, and V; € Oy.

Notation 1.1.7

To avoid cumbersome notation, we will denote topological space just by X instead of (X, ®) whenever the
topology is clear from the context.

Definition 1.1.8: Continuity & Homeomorphisms

Let X,Y be topological spaces and f : X — Y. Then
(i) f is continuous if for every open V C Y, its preimage f~' (V) C X is open.
(ii) f is a homeomorphism if f is bijective and continuous, and the inverse map f~! is also continuous.

(iii) X and Y are homeomorphic if there exists a homeomorphism between them.

Note that the quotient topology is constructed precisely so that f : X — Y is continuous.

Definition 1.1.9: A few more topological definitions

Let X be a topological space. Then

(i) X is compact if every open cover of X admits a finite subcover. That is, for any collection {U;} of open
sets with |J; U; = M, there exist i1, ...,ip sothat M =U;, U--- U U;

n*

(i) X is connected if X cannot be written as a union of disjoint open sets.

(iii) A path ¢ in X is a continuous map ¢ : [0, 1] — X, where [0, 1] is viewed as a subspace of R under the
Euclidean topology. We say that c is a path from x to y if ¢(0) = x and ¢(1) = y.

(iv) X is path-connected if for any points x, y € X, there exists a path ¢ from x to y.

Exercise 1.1.10. Let X,Y be topological spaes and Z C X an arbitrary subset. Show that Z (equipped with the
subspace topology) is alos Hausdorff and second countable.

Exercise 1.1.11. Let X,Y be topological spaces and f : X — Y be a continuous map. Show that if X is
compact/connected/path-connected, then f(X) is also compact/connected/path-connected.
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1.2 Smooth Manifolds

From now on R” is always equipped with the Euclidean topology and subsets of R” are equipped with the
corresponding subspace topology, unless stated otherwise. For open subsets U ¢ R™,V c R", we call a map
¢ : U — V adiffeomorphism, if it is infinitely often differentiable (we say C*, or smooth), bijective, and the
inverse is also infinitely often differentiable.

Definition 1.2.1: Manifolds & Charts

A topological space M is a manifold of dimension » if the following hold:
(i) M is second countable.
(ii)) M is Hausdorff.
(iii) For every p € M, there exists an open neighborhood U of p such that U = R".

Let M be a manifold and p € M. Let ¢ : U = R" be a homeomorphism. The pair (U, ¢) is called a chart of
M.

Two charts (Uy, ¢1), (Uz, ¢2) are C*-compatible if U; N U, = @ or the transition map

2007 101 (U NUy) — ¢2(U; N V)

is a diffeomorphism.

Any transition map is a priori just a homeomorphism. Thus, C*-compatibility demands much more.

Notation 1.2.2

(i) If we want to emphasize the dimension of a manifold, we sometimes w rite M".

(ii) If (U, ¢) is a chart, we get component functions x’ : U — R such that

x=(p) = (x"(p),....x"(p)).

If we want to emphasize the component functions, we sometimes write (U, ¢ = (x!,...,x")).

Definition 1.2.3: Atlas

Let M be a topological manifold. A set &f = {(U;, ;) : i € I} of charts of M is called a C*-atlas(or smooth
atlas of M if

(i) the charts are pairwise C*-compatible,

(i) M =U; Ui

Two C™-atlases &f| and &/, of a topological manifold M are equivalent, written &/; ~ </, if any two charts in &
and &/, are C*-compatible. In other words,

A~ Ay = o Ud,isaC™ atlas.

We will verify this forms an equivalence relation.

Proof. Reflexive: Follows from Defn. 1.2.3.
Symmetric: Follows from the definition of C*°-compatibility.

Transitive: Suppose o] ~ &> and o/, ~ 3. Let (Uy, ¢1) € &1 and (U3, ¢3) € 3. Suppose U; NU3 # @. Recall
w30 901_1 2 1(Up NU3) — ¢3(U; NU3) is a homeomorphism. We will show ¢3 o gol‘l is a diffeomorphism.
It will thus suffice to show that for all x € ¢;(U; N Us3), there is an open neighborhood V of x such that
@309 lv 1V — @307 (V) is a diffeomorphism.
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Letx € ¢ (U NU3) and set p = 1,01’1 (x) € Uy N Us. Since &5 is an atlas, there exists a chart (Ua, ;) € o/
such that p € U;. Set

U=UNU,NU3
and define V = ¢ (U). Since o/, ~ 3, we see that (¢3 o 9"2_1)|<pzo<p;‘(V) is a diffeomorphism. Since
gl ~ o>, we see that ¢, o gal’l |y is a diffeomorphsim. Hence,

@30 07 v = (03003 Mo (v) 0 P20 07 Iv
is a diffeomorphism. This shows &f| ~ 3. m}

Usually, it is straightforward to see that transition maps are diffeomorphisms. However, checking the Hausdorff and
second countable conditions and that the charts are homeomorphisms is quite tedious in general. We will discuss
some criterions which will give us these conditions for free.

Remark 1.2.4. If M is a priori just a set, we can turn it into a smooth manifold as follows: Suppose that there exist
an index set / and for each i € I a subset U; C M, an open subset V; € R" and a bijective map ¢; : U; — V; such
that

@) UietUi=M
(i) ¢;(U;NnU;) c R" is open for all pairs i, j € I
(iii) All transition maps ¢; o <pl._1 1 9i(UinUj) — ¢;(U; NUj) are continuous

Now we define a subset U C M to be open if and only if ¢; (U; N U) is open for all i € I. The obtained topology 0
is unique topology in M for which all U; € M are open and the maps ¢; : U; — V; are homeomorphisms, i.e. the
unique topology which satisfies (ii) in Definition 1.2.1 of a topological manifold. If additionally

(iv) I is countable, then O is second countable

(v) If for all p,qg € M p # g, there exists U; such that p, g € U; or disjoint sets U;, U; such that p € U; or
q € U}, then the topology is HausdorfT.

Thus, if (i)-(v) hold, (M, 0) is a topological manifold. Finally if

(vi) All transition maps ¢; o gai‘l cei(UinUj) — @j(UinUj) are C*, o = {(U;, ¢;) 1 i € I} is a C™-atlas on
M, so that (M, [¢/]) is a C*-manifold.

In view of this remark, we can also forget about any potential a-priori topology on M since the maps ¢; do not
leave much choice for the topology on M.

Example 1.2.5. We start with some examples one usually has in mind when thinking about manifolds.

(i) The atlas & = {(R",id)}, induces a smooth structure on R", called the canonical smooth structure on R”.
All the points (i)-(vi) in Remark 1.2.4 are obvious. Unless stated otherwise, R” will from now on always be
equipped with this smooth structure.

(ii) We define the following maps on S' := {x e R? : ||x|| = 1}:

p1:U ={xe stoxl > 0} — (-1,1), p1(x) =x2,
0 :Ur={xeS:x*>0} - (-1,1), ©2(x) = x!
03 Uz :={xesS':x! <0} - (-1,1), 03(x) = x2
04Uz ={xesS x> <0} — (-1,1), a(x) = x!

It is obvious that M = U?:l U;. The sets ¢; (U; N U,) are all of the form (—1,0) or (0, 1), hence open and
the transition maps are all of the form ¢ — +V1 — ¢2, thus smooth. Finally (iv)-(v) in Remark 1.2.4 are also
clear.

In this example, it is also pretty straightforward to see that the topology induced by the maps ¢; (according
to 1.2.4) coincide with the subspace topolgy coming from R?.

The advantage of the abstract notion of manifold that we are using is that it allows more sophisticated constructions,
as the following examples show:
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(iii)

@iv)

Define R/Z := {[x] : x € R}, where x ~ y if and only if x — y € Z. We define two (hence countably many)
maps
1: U =R/Z~{[0]} — (0, 1), [x] — unique representative in (0, 1)
wr Uy :=RJ/Z~A[1/2]} — (-1/2,1/2), [x] — unique representative in (—1/2,1/2).

Clearly, M = Uy U U,. It is straightfoward to check that
e1(U1Nnl2) =(0,1/2) U (1/2,1),
e2(Uy NU2) = (=1/2,0) U (0,1/2)
and thus are open. Furthermore,
. X, ifx <1/2
o X =
#2090 x—1 ifx>1/2,

- x+1, ifx<0
[e] X =

v x ifx >0,
which are both smooth. Thus we have verified all points in Remark 1.2.4 except (v), which also holds for
all pairs of points p, g € R/Z, except the pair p = [0],q = [1/2]. In this case, we check it manually: Let
g€ (0,1/4) and V; := {[x] : |x] < €}, Vo := {[x] : |x — 1/2| < &}. By the triangle inequality, these sets
are disjoint. One quickly verifies that ¢; (U; N'V;) is open for 1 < i, j < 2, hence V; and V, are the desired
disjoint open neighborhoods of p, g,respectively.

Consider the set RP" := (R" \ {0})/~, where
x ~y <= 31 € R\ {0} suchthatx = Ay.
This set can be often thought as being the set of lines through the origin. We use projective coordinates here,
thatis [x' : ... x"1] := [x],if x = (x!,---x"). In particular [x' : -+ : x""] = [Ax! : -+ : Ax"™*!] for any
A e RN {0}. Now fori € {1,...,n+ 1}, let
Upi={[x" - :x™1]:xf 20}

and define ¢; : U; — R" by

1 i-1 i+1 n+l
L i [ x x X
(,0[([)5 e x ]):(x—l,x—l, o
Clearly M = :?:11 U; since each point in RP" has at least one nonvanishing (projective) coordinate. Moreover,

the ¢; are bijective maps and

RPN {x/~1 =0} ifi<,
eiUinUj)=4_ ; e
R™"\ {x/ =0} if j <1,

hence open in all cases. Fori < j, the transition map is
piop iR {x/ 7 =0} - R"\ {x' =0}

1
(', .. X — (

X xi-b 1 Xt X7 X x"
T i U g e e g

while for j < i, itis

gojotp;I RN A{x =0} > RPN {7 =0}
¥l =1 i Kl 1 o xn)

1 n
X ey X — T e e e ey . . e e T T e T s e e T o
( ) 0 ) (xl’ ) _XJ ) _xJ 0 _XJ xj’_xj, _XJ

so the all the transition maps are smooth. Moreover, for any pair of points p, g, we find U; containing
both points, unless p, ¢ have no common nonvanishing coordinates. In this case, we have to add a manual
argument in the spirit of example (iii).
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Finally, we discuss two constructions where we obtain a new manifold from given ones:

(v) If (M, [¢/]) is a smooth manifold, any open set U C M is again a C*-manifold in a canonical way: If
o = {(Ui, ;) : i € I} is a smooth atlas of M, of|y = {(U; N U, ¢|ly,nv) : i € I} is a smooth atlas on U.
From now on we equip an open subset U of a smooth manifold (M, [&/]) always with [¢/|y], unless stated
otherwise.

@{v) If (M, [/p]), (N, [9/n]) are smooth manifolds, the product M X N can be equipped with a canonical C*-
structure as follows: If /p; = {(U;, ¢;) 1 i € I} and oAy = {(V}, ) : j € J} are smooth atlases of M, N,
respectively, then

Ayxn ={(Ui x Vi, 0 xp;) 0 (i, ]) € IXJ}

is a smooth atlas of M X N. We call (M X N, [¢/pxn]) a product manifold.

Notation 1.2.6

(i) From now on, we will usually write M instead of (M, [&/]) if the smooth structure is clear from the
context. If M is a smooth manifold, we will also say from now on that (U, ¢) is a chart of M if it
is C*-compatible with any chart in a given atlas &/ of M. The open set U is often called coordinate
neighborhood.

(ii) A I-dimensional manifold is called line, a 2-dimensional manifold surface.

Finally, in order to complement the above examples of manifolds, we also want to mention some spaces which are
locally homeomorphic to R” but not Hausdorff or not second countable.

Example 1.2.7. Let M be aset, U;, V;, ¢;, i € I asin Remark 1.2.4 and suppose (i)-(iii) in Remark 1.2.4 hold. Then
with the induced topology, M is not always a topological manifold as the topology will in general not be Hausdorff
or countable:

(1) Let M = RN {0} U {p1} Ups. Fori=1,2,set U; = R\ {0} U {p;} and define the map ¢; : U; — R as
@i(x) = x forx € R\ {0} and ¢;(p;) = 0. Then, we obviously have M = U; U U,, ¢;(U; N U;) = R\ {0},
hence open, and the transition maps are given by the identity, hence smooth and in particular, continuous.
Because we only have two charts, the topology is also second countable. However, it is not Hausdorff,
because p; and p; can not be separated by open neighborhoods: For any open neighborhood V; of p; i = 1,2,
¢1(V;) contains an interval of the form (—g,0) U (0, £) which means that V| NV, # @.

(ii) Consider M = R? with the sets U, = {x} xR, x € Rand the bijectivemaps ¢ : Uy — Vi =R, o, ((x,y)) = y.
Clearly M = |J,cg Uy and with the induced topology on M, each U, is an open set homeomorphic to R.
The U, are pairwise disjoint, so there are no transition maps. Thus, (i)-(iii) in Remark 1.2.4 hold and it is
also not hard to check that M is Hausdorff. However, it is not countable because M contains uncountably
many pairwise disjoint open subsets.

Definition 1.2.8: Smooth Manifold

Let M be a manifold and & an atlas. Then the pair (M, [¢/]), where [¢/] is the equivalence class of &, is
called a C*°-manifold (or smooth manifold). We call [&/] a C*-structure (or smooth structure) on M.

Remark 1.2.9. If M is a topological manifold, a C*-structure is uniquely determined by picking one C*-atlas &
on M. (This is because &/ determines [</].)

Lemma 1.2.10

Any C*-structure [&/] on a topological manifold M contains a countable atlas d e [<].

Proof. This follows from M being second countable and & being an open cover. )
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1.3 Smooth functions

Definition 1.3.1: Smooth map

Let M, N be C* manifolds. A continuous map f : M — N is called C* (or smooth) if for every p € M,
there exist charts (U, ¢) of M and (V,y) of N with p € U, f(p) € V such that

Yofop™ ieUn (V) = y(V)
is smooth (in the classical sense).
We adopt the notation

C*(M,N) = {M LN fis Cm}

C¥(M) := C®(M,R).

That is, C*(M, N) refers to the set of all smooth maps from M to N. The elements of C*(M) are called
C*-functions (or smooth functions) on M.

Definition 1.3.2: Diffeomorphism

Let M,N be smooth manifolds and f € C*(M,N). Then f is a diffeomorphism if f is bijective and
£~ € C*(M,N). In this case, we say M and N are diffeomorphic.

Example 1.3.3. (i) Any map f : R" — R™ which is smooth in the classical sense is also smooth in the manifold
sense. We can take the identity charts in this case to see that the composition

idofoid™'=f
is smooth.
(ii) If M is a smooth manifold and (U, ¢) is a chart on M, then ¢ : U — ¢(U) is a diffeomorphism.

(iii) The manifolds S' and R/Z are diffeomorphic (exercise).

Lemma 1.3.4

Let M, N be smooth manifolds and f : M — N. The following are equivalent.
(1) f is smooth.

(i1) For any chart (U, ¢) of M and (V, ) of N, the composition
yofop T ioUnfTI(V) —y(V). (1.3.1)

is smooth.

Proof. (ii) = (i): Clear.

(i) = (ii): Let (U, ), (V,¢) be as in (ii). Let p € U N f~'(V). It will suffice to show that s o f o ™! is C* in
a neighborhood of ¢(p). Since f is smooth, there exist charts (U, ¢) of M and (V, ¢) in N with p € U and
f(p) €V such that

Gofeg g (Tns (V)= (V)
is smooth. Since ¢, W are homeomorphisms and smoothness in R" is a local property, we may make U and
V smaller so that U ¢ U and V c V. (For example, replace U with U N U and V with V N V.) Since the

transition maps are smooth, we see that on ¢ (ﬁ nf -1 (\7)) we have

(//ofogo_l:((//01;_1)o(l;ofoa_l)o(aogo_l).
[ S N —
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This shows (1.3.1) is smooth. ]

Lemma 1.3.5

The collection of smooth manifolds with smooth maps forms a category.

Proof. We must show the identity map is smooth and that the composition of two smooth maps is smooth. Given
p € M, pick a chart (U, ¢) such that p € U. Then set (V,¢) = (U, ¢) since p =id(p). Observe

¢oido¢_l :(,00(,0_1 =1id

so that id is a smooth map.

Next, consider smooth maps M I, N % P. We must show g o fis smooth. (U, ¢) be a chart of M and (W, y) be
a chart of P. Pick p € U (g o f)~'(W). By Lemma 1.3.4, it will suffice to show
xogofoelioUn(gof)T (W) — x(W)

is smooth near ¢(p). Let (V, ) be a chart of N with f(p) € V. Then near ¢(p), on o(U N f~1(V N g~ (W))),
we have

xogofop '=xogoyloyofopt. o

Cc® Cc®
Remark 1.3.6. Let M be a smooth manifold.

(i) Let Diff(M) denote the set of all diffeomorphisms f : M — M. Under the natural composition of maps,
(Diff (M), o) is a group, the diffeomorphism group of M.

(i1) With the natural addition and multiplication of functions, (C* (M), +, -) is a commutative ring with a unit

(the constant function 1).

Remark 1.3.7. Let M be a topological manifold and </, and o/, two smooth atlases on M. If [&/] # [>], it may
still happen that the two smooth manifolds (M, [¢/|]) and (M, [/»]) are diffeomorphic. In this case we call the
two smooth structures [&/,] and [&/>] equivalent.

One can show that on R", with n # 4, there exists up to equivalence only one smooth structure. However, R* admits

uncountably many inequivalent smooth structures!

Exercise 1.3.8. Prove that two atlases /| and </, on a topological manifold M are equivalent if and only if the
identity map
id: (M, []) = (M, [g>]), x+—x,

is a diffeomorphism with respect to the smooth structures [¢/;] and [o/;].

Exercise 1.3.9. Find a smooth atlas for the unit sphere in R3, i.e. for
SP={xeR: x| =1}.
Show that the charts of your atlas are C*-compatible and cover all of S2.
Exercise 1.3.10. Consider the atlas &/} = {(R,id)} on R and recall that [/} ] is the canonical smooth structure on
R.
(a) Find a homeomorphism ¢ on R which is not a diffeomorphism (with respect to [¢/;]).
(b) Is there a smooth structure [o/>] on R such that ¢ : (R, [¢/1]) — (R, [#3]) is a diffeomorphism?

Exercise 1.3.11. Show that the manifolds S! and R/Z constructed in Example 1.2.5 are diffeomorphic, i.e. find a
bijection between these two manifolds and show that it is a diffeomorphism.

Exercise 1.3.12. Let M be a smooth manifold and G a group which acts on M via diffeomorphisms, that is we
have a group homomorphism ¢ : G — Diff(M). Prove that if G acts strictly discontinuously on M, the quotient
space M /G carries a unique smooth structure such that the projection map 7 : M — M /G is smooth.
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1.4 The Tangent Space

Definition 1.4.1: Smooth Curves

A smooth curve on a smooth manifold M is an element ¢ € C* (1., M), where I, = (—&, &) for some & > 0.
For p € M, let
Cp={ceC”UsM):c(0)=p}

be the set of all curves through p.

We say that two curves ¢y, ¢ € Cp, are equivalent if there exists a chart (U, ¢) with p € U such that

d d
- - = . 1.4.1
dt (poc) dt (poca) =0 ( )

t=0

Lemma 1.4.2

(i) If (1.4.1) holds for one chart, it holds for any chart.

(ii) ~ is an equivalence relation on C,.

Proof. (i) Let (V,¢) be another chart with p € V. The chain rule shows that fori = 1,2,

4

d _d -1 - -1
dt(woc’)zzo_dt(wo‘p O‘POCI)’I:O_D(‘!’O"D )|¢(x)dt

(po c,~)|t:0. (1.42)

Then (1.4.1) implies

d ., d
Zwoe|_ =DWoe),alwoen)|
d

1
=D(oyp )|<p(x) dt

(oo

d
- E(w ° Cz))z:o'

(ii) Symmetry and reflexivity are clear. We show transitivity. Suppose ¢; ~ ¢ ~ ¢3 and let (U, ¢) be any chart
of M with p € U. Then by (i),

d d d
E(‘Pocl)tzo—z(soocz) 120—5(90063) o' o

Definition 1.4.3: Tangent Vectors & Tangent Space

Let M be a smooth manifold and p € M. A tangent vector v to M at p is an equivalence class of C* curves
c € C,. Thatis, v = [c], for some ¢ € Cp,. The tangent space to M at p, denoted T,, M, is defined to be the
set of all tangent vectors to M at p. That is,

T,M=Cp/~.
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Proposition 1.4.4

Let M" be a C* manifold, p € M, and (U, ¢) be a chart of M with p € M. Then the map

Ty :T,M — R"

d
lelp = S-(po0)]

is well-defined and bijective. By defining
VA, W= (Tp(p)_l (Tpre(v) + Tpo(w))
AW i= (Tpt,o)_l(a'Tptp(w)),

T, M becomes a real vector space. This structure is independent of the choice of chart. This implies 7, M can
be equipped with a canonical vector space structure and dim 7, (M) = dim(M) = n.

Proof. (1.4.1) and Lemma 1.4.2 show T, ¢ is well-defined and injective. We will show T, ¢ is surjective. Let
w € R"; define ¢ € Cp, by

c(t) = p(p) +1w).
Note c¢(¢) € ¢(U) when ¢ is small. Observe that

d d
poa)| =S| =w.

The definitions of addition and scalar multiplication force T, ¢ to become a linear map. That is,

TpSD[C]p =

Tpp(v-+p w) = Tpp((Tp9) ™ (Tpp(v) + Tpo () ) = Tpp(v) + Tpp(w)

Tpe (0‘ K W) = TPS"((TpQ")_l (anSO(W))) =aTpp(w).

Thus, the vector space structure of R" is imported into 7, M in a way such that R" = T, M. Let (V, ) be another
chart of M with p € V. Then by (1.4.2),

Twlely = S w oo,

d
=D o 9071)|¢(1,)E(90 o C)it:O

= D(d’ o QD_I)LP(I,) ° Tpﬁo[c]p

so that
Tpylclp =DW oo™ )|, o Tpelelp. (14.3)
Note (1.4.3) is equivalent to

Ty o (Tpe) ™ =DWo ™|,

which implies
(Tpéo)_l = (Tp'vl’)_l o Tp'ﬂ ° (TpS")_l
= (Tp‘r//)_l o D('r// ° 90_1)|<p(p)'

We have thus shown

(Tpe) ™' = (Tpy) o Do) (1.4.4)

Now, let v, w € T, M. Then by linearity of D(y 0 ¢~ )| o(p),
vy w = (Tpu) " (T (v) + Tpu (w))
= (Tp¥) " (DW o ™), 0 TpeM) + DW o ™)),y o Tpe(w)), by (1.4.3)
= (Tpy) " o DWW o), (Tre(v) + Tpp(w))
(Tp @)™ (Tpp(v) + Tpg(w) ), by (1.4.4)

V+(p w.

e(p)’
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The argument for scalar multiplication is analogous. O

Remark. We could have started out by showing that the map
F:C, —»R"

d
e (poo)]

is surjective and that the equivalence relation defined on C,, is precisely the equivalence relation induced by F.
(That is, the relation ¢y ~ ¢ &= F(c1) = F(cz).) Then itis a standard result that F descends to a bijective map
(see Figure 1.1). We may then define T,M = Cp/~ and T, = F.

CPL)Rn

Figure 1.1

Remark 1.4.5. If M is a smooth manifold and U C M is open, then T,U = T,,M for every p € U. This is because
we could restrict ourselves to curves contained in U when constructing C),.

Definition 1.4.6: Coordinate Vectors

Let M™ be a smooth manifold and (U, ¢) be a chart of M. For all p € U, the coordinate vectors at p with
respect to (U, ¢) are given by

0 -1 .
il = (Tpe)™ (e;) €eTyM (1<i<n).
The collection % IR e , is the coordinate basis of 7), M with respect to (U, ¢).

Note the coordinate basis does indeed inform a basis since T, ¢ is a vector space isomorphism.

Definition 1.4.7: Tangent Map

Let f € C*°(M,N) and p € M. The map

Tpf :TpM — Tr(p)N
[clp = [foclrp

is called the tangent map of f at p.

We will show that the tangent map is well-defined and linear.

Proof. First,note that foc € Cy(p). Let (U, ¢) beachartof M and (V, ) beachartof N suchthatp € U, f(p) € V.
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Then by the chain rule and Prop. 1.4.4,
Tpflelp=[foclsp
= ()™ 5 o f o0
= (Trpy) ™ % (lﬁ ofogplogpo c) |2
= (Typw) ' D (wofog™) IW)% (9oc)],_
= (Trpyw)”' D (lﬁ ofo 90’1) oo Trelelp.
This implies
Tpf = (Trp#) " oD (Wo fo g™ )l © Tow - (1.4.5)

—_—— ~—— [m}
linear linear

linear

Remark 1.4.8. (1) For smooth manifolds M,N, the definition of T}, f also makes sense for functions that are
only defined on a neighborhood U of p.

(i1) For open subsets U ¢ R" and p € U, there is a canonical isomorphism

T,id: T,U = R"

d
[elp = S

s

t=0
where we identify a vector [c], € T, M with the vector %(id oc)\ o € R" that uniquely determines its
equivalence class.
(iii) Via this canonical isomorphism, the definition of 7}, ¢ for a chart in Prop. 1.4.4 coincides with the definition
of
Tpo:TpyM =T, U — Tpe(U)
[clp = [@oclep)
in Defn. 1.4.7 More concretely, the definitions coincide via

T,y idgn

1y
Y 22 Typ(p)9(U) R,

where elements get mapped by

Ty T,id d

[elp = [p o clypy = (00 0)| .
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Proposition 1.4.9: Functoriality of 7,

T}, is a functor from the category of pointed smooth manifolds to the category of real vector spaces. More
explicitly, this means

(1) Tp ldM = idTpM;
@) If M L N 2 Pare smooth, then

Tp(gof)sz(p)goTpf (peM).

Proof. (i) follows immediately from Defn. 1.4.7. To show (ii), observe that

Tp(go Nlclp =1go foclgerip) =Trp)&lf oclrp) =Trm8oTpflclp. o

Proposition 1.4.10

Suppose
(i) M™, N™ are C* manifolds,
(i) f: M — N is smooth,
(iii) (U, = (x!,...,x™))is a chart of M around p,
Gv) (V. = (y',...,y")is a chart of N around f(p),

Then the matrix representation of T}, f with respect to coordinate bases { 9 |p} and

i| 9
axTIp? "2 Bxm

is given by the Jacobian matrix of ¢ o f o ¢! at ¢(p). In other words,

Pl PP o
aytlf(p)y =2 oy™lf(p)

D (y/ofoeh)
Tpf ( axl) )—Z—x (¢(p) = i (146)
Proof. Recall that {%L?, R aTa"|p} is a basis of 7, M and {6%1|f(p), R (')yim|f(p)} is a basis of T (,)N. (See

Defn. 1.4.3.) The assertion follows from computing

)< eplo Y el e

= (Typu) ™ o D (”” °ofe 9"_]) | o) (€ by Defn. 1.4.6
- 0yl o fo

= (Trpw) ;%(go(p)) e;

8v/ o fop! . .
- Z % (¢(p)) (Tf(p)‘W) (ej) by linearity

j=1
eR

6y ofogp -1

- ]z:; T o (¢(p) 5 ayJ |f(p)’ by Defn. 1.4.6.

Remark 1.4.11. Prop. 1.4.10 has many interesting special cases.

(i) If M c R" and N ¢ R™ are open, then 7, f coincides with the standard differential D f|, via the canonical
isomorphism from Remark 1.4.8(iii). In that sense, the tangent map can be seen as a generalization of the
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Jacobian. More explicitly, set ¥ = ¢ = id and see that

pf(axl} )=§—ayj°f°id(p)-i) N 01y O f’

oxt ox/J 6x‘ oxJ1p

(i) If (U,o = (x',...,x") and (V,¢ = (y',...,y")) are two different charts of M with p € UNV, then (1.4.6)
with f = id yields
9 0 () op
9 ZZ—( )( (1) 5 | (1.4.7)

oxtlp =) oxt

Note that we have also used the functoriality of 7}, to obtain T}, id ( g | ) = %\p. Then (1.4.7) is the

transformation rule between coordinate bases. Compare with (1.4.3).

(iii) If M = I C R is an open interval, ¢ the standard coordinate on I, and ¢ € C*(I, N) a smooth curve, we

denote
Jdc

0
E =T;c (EL) € TC(,)M.

In this case, (1.4.6) yields

dc dyloc
gc _ — 1.4.8
ot Z:; g )6y1 e(r)’ ( :
(iv) If N =R, then the theorem shows that (under the identification T¢(,)R = R)
d(foe™) d(foe™)
pf(axl ) - e g = T e,
Thus, if v = 37 v - %LJ € T,M, then
n -1
9 (f 2 )
Tpf () =T, f (Z o ) = Z ———— (¢ (p)). (1.4.9)
We also write
O f =v(f) =Tpf(v).
This is the directional derivative of f in the direction of v.
(v) Sometimes, we write (9x,-| for W or even 6i|p if the coordinates being chosen are understood. For
f € C®(M), we often Write (by abuse of notation)
of fogp
ﬁ(p) = ¥ (e(p)) -
X
Sometimes we also write 9; f(p) := 8x‘ ( p). These abbreviations allow us to write the transformation rule
(1.4.7) as
0
o, = 2 7
ox'lp 6x oy’ lp

Exercise 1.4.12. Let M, N be smooth manifolds and consider the product manifold M x N. Use the tangent maps
of the inclusion maps

i :M3p— (p,q), ip:N3ip:q9—(p,q)
and the projection maps
am :MXN>(p,q) — p, an M xN>(p,q) —q
to construct a (canonical) isomorphism

Tip.g)(MXN) =T,M &T,N.
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Exercise 1.4.13. We equip the manifold M = R\ {x ¢ R? : x, =0 and x; < 0} c R? with the charts (M, ¢) and
(M, ) where ¢(x) = (x2,x1) and

w1 (0,00) X (=, 1) = M, (r,0) — (rcos6,rsinf).

Show that ¢ and ¢ are compatible and express the coordinate vectors dy, |, and dy, |, associated with ¢ as well as
the coordinate vectors 0, |, and dg|,, associated with i at a point p € M in terms of the canonical basis vectors e
and e, in T, M = R?.

1.5 Submanifolds

Definition 1.5.1: Immersions and Submersions

Let M™, N" be C* manifolds and f € C*(M, N). Then f is called
(i) immersion if m < n and T, f is injective for all p € M,
(ii) submersion if m > n and 7, f is surjective for all p € M,

(iii) embedding if f is an injective immersion which is a homeomorphism onto its image.

Example 1.5.2. Let M =R™ N =R".

@ m<nand f:x=(x',...,x") — (x!,...,x™,0,...,0) is an injective immersion since
o .
0 0
0 1
Tpf = Df|p =1 ol -
0 0
0 0]
Note f is also a homeomorphism onto its image g : (y!,...,y™, y™ ... y") — (y',...,y™) restricts to
a continuous inverse of f.
) fm=n, f:x= (xl, Cx ,X™M) (xl, ...,x™) is a (surjective) submersion since
1 --- 0 O 0
Tof=Dfl,=lo . 0 0 . of
0 - 1.0 --- 0

(iii) The map

f:(0,27) — R?
t +— (sin2t,sint)

is not an injective immersion. Note f’(f) = (2cos2t,cost2) # (0,0) for all r € (0,27), but f is not a
homeomorphism onto its image.

Lemma 1.5.3: Inverse function theorem for manifolds

Let M, N be smooth manifolds of the same dimension and f € C*(M, N).
(i) If f is a diffeomorphism, then T), f is a linear isomorphism and (Tpf)_l = Tf(p)f‘l.

(ii) If T}, f is a linear isomorphism for some p € M, there exist open neighborhoods U ¢ M,V C N of p
and f(p), respectively, such that f(U) =V and f|y : U — V is a diffeomorphism.
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Definition 1.5.4: Submanifolds

Let M™ be a C* manifold. A subset N C M is an n-dimensional submanifold if for every p € N, there is a
chart (U, ¢) of M around p such that

e (UNN) =) N R"x{0}").

Such a chart (U, ¢) is called a submanifold chart of N. The number m — n is the codimension of N in M.

Example 1.5.5. (i) N c M is a submanifold of codimension 0 <= N is an open subset of M.
(i) N € M is a submanifold of dimension 0 <= N is a discrete subset of M.
(iii) Affine subspaces: Let M = R™ and N = N’ + p, where N’ c R™ is an n-dimensional subspace and p € R™
is fixed. Pick A € GL(m,R) such that A(N’) = R" X {0}. Then ¢ : U = R™ — R given by
¢(q) = Alq - p)
is a submanifold chart. Such an A exists because N’ is an n-dimensional subspace.

(iv) Graphs: Let M, M, be C* manifolds and f € C*(M;, M5). Let M = M, X M, and
N=Ty:={(p,q) e MixMy=M: f(p) =q}

the graph of f. For i = 1,2, choose charts (U;, ¢;) around p; € M; such that f(U;) ¢ U,. Forx €
01 (U1),y € p2(Ua), set

) =[xy = (p20 foer!) @),
Then ¢ = ¢ o (¢1 X ¢7) is a submanifold chart. Note that for all (x,y) € (U; x Uz) NIy, we have

o(x, ) =¥(p1(x), 02(y))
= (010,020 = (20 fo 97N (01 ()
P1(x), 92(y) = 2(f(x)))

= (
= (¢1(x), 02(y) — 2(»))
= (¢1(x),0).

This shows
@ (U xUx)NTy) =@ (U xUp) N (R" x{0}).

Lemma 1.5.6: Generalized inverse function theorem

LetU c R™, letx € U, and let f € C*(U,R").

(1) If m < nand D[], is injective, there exist neighborhoods V c U, W c R” of x and f(x) respectively,
with f(V) c W and a diffeomorphism ¢ : W — ¢(W) c R”" such that

(,00f|V=i:(x],...,x'”)n—>(xl,...,xm,O,...,O).

(i) If m > n and Df], is surjective, there is a neighborhood V c R™ of x and a diffeomorphism
¢ :R™ > W — V such that

. 1 n _n+l m 1 n
f04,0|W=pr.(x,...,x S T )H(x,...,x).

Proof. Exercise. O
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Theorem 1.5.7

Let M™ be a C* manifold and N ¢ M a subset. The following are equivalent
(i) N is an n-dimensional submanifold.

(ii) For every p € N, there is an open neighborhood V € M of p and a submersion f : V. — R™™" such
that N NV = £~1(0). Such a function f is a locally defining function for N.

(iii) For all p € N, there exists an open neighborhood V C M of p, an open subset U ¢ R”, and an
embedding ¢ : U — V such that ¢ (U) = N N V. Such a map ¢ is called a local parametrization.

Proof. Throughout the proof, let

i:R"<—R"
(xl,...,x") — (xl,...,x",O,...,O)
pr:R™ — R™™"
Gl XX - (X

(i) = (ii) Let p € N and ¢ : U — R be a submanifold chart with p € U. Then f = prog is a submersion. This
is because

Tpf =Tep)prolpe,

where Ty, () pr = D pr|,(p) so that Ty, () pris surjective. Since ¢ is a chart, T}, ¢ is surjective and hence so is
T, f. Itremains to show UNN = f~1(0). By choice of the chart U, we have o(UNN) = ¢(U)N(R"x{0}"~™).
Since ¢ is bijective and its domain is U, this means

UNN=¢"' (¢ UnN)=¢~" (¢ (U) N (R" x {0}"")).
Then by definition of pr, we get pr=' (0) = R” x {0}"". Thus,
O =¢" (7 )
=7 (R"x {0}"7")
= o7 (o(U) N (R" x {0}"""))
=UNN.

(i) = ():

—

<N T4

—

Y5 o(U) —2— y(p(U))

[

Rm
ipr fop~loy™!
f y Rm-n

T)
T,M — T,V —»‘f Tr(p R

Let (U, ¢) be a chart of M and suppose U C V with V as in (ii). Since f is a submersion, we have T), f
is injective; since Tp,¢ an isomorphism, we have that f o ¢~ ! o(U) — R™™ is a submersion. Since
@(U) c R™isopenand fog™': @(U) — R™ " is such that T, () (f o ¢~ ') is surjective, we may apply the
inverse function theorem (Lemma 1.5.6) to obtain open subsets U c U, W c R™ such that

w:w(ﬁ)—ﬂ’T’
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is a diffeomorphism satisfying
fop oy ) =pr(x)  (xeW).
By identifying U = U and ¢ = ¢|, we may suppose ¢ : ¢(U) — ¢(¢(U)) and f o' oy~ = pron
¥ (o(U)) ¢ W. Since pr'(0) = R" x {0}"*" and f is a locally defining function, we have
peUNN < f(p)=0
= fogp oy oyop(p)=0
-1

= yop(p)e (f op~lo w‘l) (0)

&= yop(p) epr ' (0) = (R" x {0}"")

= yop(p) € (Yop)U)NnR"*x{0}"™").
Thus, (¥ o )(UNN) = (¥ o ¢)(U) N (R"™ x {0}™). This implies ¢ o ¢ is the desired submanifold chart.

(i) = (iii):

AN
J
<
14

> o(U) © > R™

z—R

+—— UNN —2 % o(U)Nn(R"x{0}) —— R"x {0} +——— R"

Let p € N. If (U, ¢) is a submanifold chart, let y = ¢~ ' oi : @(U) N (R" x {0}"™") — U be the embedding.
Set V.= o(U) N (R" x {0}"™). (¢ is indeed an embedding since ¢ is a homeomorphism and i is an
embedding.) ¥ is an immersion because ¢ is a diffeomorphism and i is an immersion.

It remains to show (V) = U N N. This can be done in two ways. Since the diagram above commutes, we
see (by following the arrows on the bottom) that (V) = im(¢~! 0i) = U N N.

Alternatively, since ¢ is a submanifold chart, we have
y(V) =9 oi(p(U)N R x{0}"™"))
= ¢ (e (U) N (R" x {0}""))
=¢ ' (¢ (UNN))

=UNN.
(iii) = (i): This is the setup:
R" < i s R
M
ve—-=>" v R\ 5 x(e(V))
o c Ly J/ Ty \ m To)X M m
T.U > T,M — Ty(p)R" ———— Ty(po(p)R

Plugging in for images of maps, we obtain:

R" « d $ R™ x {0}

M

, 1

U——=—3VAN —F % o(VAN) ——% x(¢(VNN))
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Let p e M and ¢y : U — V be as in (iii). By making U and V smaller if necessary, we may pick a chart
(V,p) of p. The map ¢ oy : U — R™ is an embedding since ¢ is an embedding and ¢ is a chart. By
Lemma 1.5.6, (making U and V smaller if necessary) there is a diffeomorphism y : ¢(V) — x(¢(V)) such
that y ooy =ionU.

We now verify y o ¢ : V. — y o ¢(V) is a submanifold chart. Letg € V. Weshow g € VNN
x © ¢(gq) € R* x {0}. Since ¢ is a local parameterization, we have  (U) =V N N. Thus,g e VNN
there exists x € U with ¥ (x) = g. For this x, we have (also by definition of i),

xop(g)=xopoy(x)=i(x) e R" x {0}"™".
m}
Remark 1.5.8. A submanifold N ¢ M of a C*-manifold is itself a C*°-manifold. If (U, ¢ = (xl, oL X o x™)

is a submanifold chart, then
y=xh. .., x"):UNN—R"

is a chart of N. The set of such charts forms a C*-atlas of N. Note here that by the proof of Theorem 1.5.7(i) =
(iii), the map ¢~ : (U N N) — U N N is a local parametrization of N since ¢y ™' = ¢! 0.

Theorem 1.5.9

Let M, P, Q be smooth manifolds with N ¢ M a submanifold of M and ¢ : N — M the inclusion map. Then
(i) te C*°(N,M)and Tt : T,N — T, M is injective.
(ii) If f € C*(M, P), then |y € C*(N, P).
(iii) If g € C*(Q, M) and g(Q) C N, then g € C*(Q, N).

Proof. (i) Let p € Nand (U, ¢ = (x!,...,x™)) be a submanifold chart of M with p € U. Let (V =UNN, ¢ =
(x',...,x™)) be the corresponding chart for N. Note that

N;)M
v ¢
R Ly Rgm

sothatt = @oioy~!; this shows ¢ is smooth. The injectivity of T, »t follows from the chain rule, the injectivity
of Dl'|l/,(p) = T(/,(p)l., and

T.N #} T M

P P

~ Tpl// ~Lfp®
Ty p)i

Ty(p)R" ————— Tioy(p)R™

(ii) Since ¢ and f are smooth, sois f|y = f o

(iii) Let p = g(g) and (U, @), (V, ) be as in the proof of (i). Since g(Q) c N, we have g(g~'(U)) cUNN =V.
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Since ¢ is a submanifold chart, the following diagram commutes:

N ; > M < 2 o
V=UNN « —— U — g~'(U)
7]

v 4 R™

R' — =3 R" x {0}

In particular, the compositions g' = x’ o g are smooths on g~!(U) for 1 < i < n. The assumption
g(Q) c N implies (g',...,¢™) = (g',...,g"0,...,0) since ¢ is a submanifold chart. Consequently,
wog=(g',...,g") is a smooth map and g € C*(Q, N). o

Remark 1.5.10. (i) One identifies T, N with T,,¢(T,N) C T, M and thinks of it as a vector subspace of 7, M.
In particular, if N C R is a submanifold, then 7, N C R™.

(i1) If ¢ is alocal parameterization of N € M and f is a locally defining function for N, then
TpN =im Ty =kerT, f,
where ¢ (x) = p.
Example 1.5.11. (i) LetS" = {x € R"™*! : ||x||* = 1}. Define
fiR" SR
x— |Ix]|® = 1.

Note S = f£~!(0). Observe that the tangent map

T,f =Df|, :R"! =R
n+l

CARUIR LSS W ZZ vipt
i=1

is surjective for p # 0. In particular, this shows f is a submersion on the neighborhood R"*! \ {0} of S™.
By Theorem 1.5.7, this shows S" is a submanifold of R"*!, of dimension n. The tangent map

T,f = Dflp.

By the remark, we have that

n+l
T,S" =kerT, f = {v eR™ . Zvipi = 0} =pt.

i=1
(i1) If My, M, are smooth manifolds and Ny € M, N, C M, are submanifolds, then Ny X N C M; X M, is a
submanifold as well.

(iii) If M is a smooth manifold with N ¢ M a submanifold and P ¢ N a submanifold, then P C M is a
submanifold.
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Theorem 1.5.12

If My, M, are manifolds and f € C*(M;, M>) is an embedding, then the image f(M;) C M, is a submanifold
of M». In this case, we call M| an embedded submanifold of M.

Proof. For every chart (U, ¢) of My, themapyy = f o ™! : o(U) € R™ — M, is an embedding Note that ¢ is a
local parametrization because

Y(U)=fop ' op)=f).

More explicitly, let f(p) € M, and let (V, x) be a chart around f(p). Since f is continuous, we may pick a chart
(U, ¢) around p so that U = £~ (V). Pick a chart U around p such that U ¢ f~'(V). Theny = foo™!: p(U) —
M, is an embedding and

Y(U)=fog o) =rfU)=f(f (V) =Vnf(M).

This shows i is a local parametrization. O

Theorem 1.5.13: Whitney embedding

If M™ is a smooth manifold, then there exists an embedding ¢ : M — R2",

The above theorem means we can view every n-dimensional manifold as a submanifold of R?".
Exercise 1.5.14. Prove Lemma 1.5.3

Exercise 1.5.15. Prove Lemma 1.5.6.

Exercise 1.5.16. Prove Remark 1.5.10 (ii).

Exercise 1.5.17. Prove that the Examples 1.5.11 (ii) and (iii) are indeed submanifolds.

Exercise 1.5.18. Show that the orthogonal matrices O (n) := {Q € GL(n) | QTQ =1d} form a "("2_1) -dimensional

submanifold of the manifold of n X n-matrices mat(n) = R™. Show also that
ToO(n) = {B € mat(n) | (Q7'B)" = -Q"'B},

and hence, in particular,
TiO(n) = {B|BT = -B} =: skew(n).



Chapter 2

Fields on Manifolds

Throughout the whole chapter, let M be a smooth manifold with dimension 7, unless stated otherwise.

2.1 Vector fields
Definition 2.1.1: Vector Field

A vector field X on M is a map defined on M such that X(p) € T,M forall p € M.

A vector field X is called smooth if for all p € M, there exists a chart (U, ¢ = (x!,...,x™)) around p such
that the coefficient charts X’ : U — R defined by

n ] P
X=X @yl (aev) 2.1.1)

are C™.

We denote by X (M) the set of all C* vector fields on M.

Lemma 2.1.2

Let X be a vector field on M. Then the following are equivalent
(D) X € X(M),
(i) For any chart (V,y = (y',..,y™)), the functions X' :V — R defined by

no__ g
X(q):;qu)a—y,wq (qev)

are smooth.

Proof. (i) = (ii): By Defn. 2.1.1, there is a chart (U, ¢ = (x',...,x™)) around p such that (2.1.1) is smooth. We
will show the X* are smoothon U NV,

By Remark 1.4.11, we have forallg e U NV,

d, o 0(yop™ d
arle = 2 g — @@ g5,

J=1

23
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Thus,

n.o_ 9
;Xf(cnﬁ .= X(@)
n . 9
= 2 X @,
—th( >Za(y D (ot D)l

By fixing j, expanding out the above sum, and collecting coefficients, we have
Sieoy op~!) .
X/ (q) = Zx (q)—(go(q)) (1<j<n).

In particular, this means that for each j,

so that X/ € C®(M).

(i) = (i): Clear. o

Remark 2.1.3. (i) Wehave X € ¥X(M) < X|y € %(U) for all open U Cc M.

(i) If (U, ) is a chart on M, the coordinate vector fields =%, defined on U by

619

ﬁ(P) —l| eTp,M

are smooth vector fields on U.

(iii) Let X,Y € X(M) and f € C*(M). Forall p € M, we have f(p) € Rand X(p),Y(p) € T,M. Since T, M
is a real vector space, we may define X +Y and f - X by

(X+Y)(p)=X(p)+Y(p) and  (f-X)(p) = f(p)-X(p).

These definitions of addition and multiplication turn X(M) into a C*°(M)-module.

Definition 2.1.4: X(f)

For X € X(M) and f € C* (M), we define X(f) : M — T, (also denoted by dx f) to be the map

X(f): M — |_| Tr (R
pPEM

p—T,f(X(p) €Tr,»R=R

We also use the notation dx () f =T, f(X(p)).

Note. X(f) is smooth: if (U, ¢) is a chart of M and X = 3}, Xi%, we have

X(Hly = lea_;{i € C™(M), (2.1.2)
i=1

where we have used the shorthand notation

of
Oxt

6(f¢)

(p) = (¢(p)),
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so that the above becomes

X(Plo(p) = 3 %1y 222D

i=1

(¢(p)).

This is because each X' : M — R is smooth and because f : M — R is smooth. Alternatively, we can see the map
X(f) as “sort of” being the composition

M X(f) R

on

M

Example 2.1.5. If M c R™ is a submanifold, then any X € X(M) can be viewed as a smooth map X : M — R™.
In particular, we may deduce a very explicit expression for coordinate vector fields. Let U c R", V c R, and
W : U — V be alocal parametrization. The proof of Theorem 1.5.7 shows ¢ = ¢ ynv : M NV — U is a chart
of M. Then its coordinate vectors p € M NV are given by

0
ﬁ‘p - (Tp¢)7](ei) = TW(P)¢71(ei) = T(p(p)l,b(el‘).

Viewing ¢ as a map U — V, the tangent map agrees with the Jacobian, giving us (by Prop 1.4.10),

0(id’ oy o id
e = 3. 28220 (o)

9
ﬁ) (91dj|(',0(90(l7)))

J

Z%so(p)e eR™

xl
j:

Since ¢ o ¥ (p) = p, the above may be rewritten as
-— = - (p)e] e R™.
Oxtly(p) 4 Ox!

For example, if M = $? ¢ R3, a local parametrization is given by

v (0, 27r)><( = 5)—>M
cos(¢) cos(6)
(¢,0) — | sin(¢) cos(0)
sin(6)

Its inverse is a chart with coordinate functions ¢, 6, and we have

—sin(¢) cos(8)

9 = ( cos(¢) cos(6) ) and —sin(¢) sin(8) |.
0

69)‘”((1’ 9) ( cos(6)

cos(¢) sin(8)
Oply(e.0)
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Definition 2.1.6: Lie-bracket

Given X,Y € X(M), we define a vector field [X,Y] € X(M) locally as follows: If (U, ¢ = (x!,...,x"))isa
chart of M with respect to which we have

_ i —
Xy = El X'o—  and Y|y = El o
i= j=

for smooth functions X!, Y/ : U — R, we set

SEESN ) ) ¢
X ¥llw=>" D> (Xl—l. —Yl—i)
el e 0x Ox

The vector field [X, Y] is called the Lie-bracket or commutator of X and Y.

0

oxJ’

Lemma 2.1.7

For X,Y € X(M), the map [X, Y] is well-defined, i.e., its definition does not depend on the chosen chart.

Proof. Exercise. o

Theorem 2.1.8

Let X,Y € ¥X(M) and f € C*(M). Then

[X,Y](f) = XY (f) =Y (X(S)). (2.1.3)

In other words, if we view X, Y as R-linear maps on C* (M), we have [X,Y] =X oY -Y o X.

Proof. Observe that the function

X(M)xC®¥(M) — C*(M)
(X, f) — X(f)
is local in the sense that X(f)|y = (X|y(fly)) for any open set U containing p. (This is a consequence of

T,M =T,U.) Thus, it will suffice to prove (2.1.3) for coordinate neighborhoods; so let (U, ¢ = (x',...,x") bea
chart of M and write

XlU: Xl—l and YlU: Yj—.,
i ox = OxJ
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where X!, Y/ : U — R are smooth since X,Y € X(M). Observe that

XY()lu =Xlv¥lu(flv))
=X|U(Zn;yf%), by (2.1.2)
=
_; (Z 6xl) by (2.1.2)
WL
Jj=

ol of . 9f
i j
X (ﬁx‘ oxJ v 6xi(9xf)’

i

M= %’M=

oy’ (9f
(9x’ OxJ Z 8x 6x1

'\
||

Similarly, we get

B (9X 5f
XDl =- Y ¥ S os Z i

by the product rule

i,j=1
Observe that
N0 N0 f
iy B i .
i%; X'y o - iZ:: X'y ST ol by swapping indices
n o azf
= Z XY ——, by Schwartz theorem.
= oxtoxJ
Thus,

6Yf6f S i].azf N 0XT of
Zyax’ Ox/

: z—fz o,

i xJ
= 5 Oxi Ox

— zn] Xia_w_yialj ﬂ
} Ox! Oxt ) OxJ

ZY’

i,j=1

sz
Oxt'oxJ

27
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Lemma 2.1.9

The Lie bracket admits the following properties:
(i) Itis an (R-) bilinear and antisymmetric map [.,.] : (M) X X(M) — X(M).
(ii) Forall X,Y,Z € X(M), we have the Jacobi identity

[X,[Y,Z]] +[Y,[Z X]] +[Z, [X.Y]] = 0. (2.1.4)

(iii) For all vector fields X,Y,Z € X(M) and functions f, g € C*(M), we have the identity

[f-X.g-Y]=/e[X.Y] -gY (/)X + fX(g)Y. (2.1.5)

(iv) For coordiante fields of a chart, we have the identity [%, %] =0forl <i,j<n.

Proof. Exercise. m

We now give a different definition of vector fields.

Definition 2.1.10: Tangent Bundle

The disjoint union
™ = | | T,M
pPeEM

is the tangent bundle of M. We have a natural map

n:TM > M
Evp  ifE€T,M

called the footprint map.

Note. The footprint map works as follows: given & € TM, we have & € T, M for exactly one p € M. Then w(£) = p
so that it recovers the index of the disjoint union to which & belongs.

We can give TM a smooth structure as follows:

(i) Given a chart (U, ¢), we define a chart (TU, T¢) as follows:

-1 —
TU :=n un_LJQM
peU

and
Te:TU — ¢(U) xR" c R*"
£ (po (&) Taier9(0)

Basically, Ty takes in a point & € TM and decomposes it into the pair (p,v), where p = n(£) and
v=¢ €T,M. We then map p into R" via ¢ and v into R" via T, 0. As both ¢ and T}, ¢ are bijective, and the
map & — (p,v) is bijective, we see that T is bijective.

More explicitly, we may compute
(Te)™": o(U)xR" = TU

@) (Te) ®)
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Note (T¢)~! takes in a pair (x,v) € R" x R"; then, we map

wa‘l(x)=p€U

v i (T ) (v) =T '(v) €T, U CTU.
Basically, x acts as the index for which tangent space the vector v should be mapped to.

(i) We now check that transition maps are smooth. Let (V, ) be another chart and set W = U N V. Note that

-1
our discussion on (T¢)~! shows that 7 o (Twl(x)tp) (v) = ¢~ '(x). Thus,
Ty o (Te) ™' - (W) xR — y(UNV) xR"

(o0 = (poro (Tog) 0.7 vo (Time) o)

ofT, l(x)w) )

( Yo (x), Tyt (¥ o ( —l(x)<P) (V))
(Wow @ Ty oTi(¢7) )
(Voo @. T (voe) o)

Since ¢ o ¢~! is smooth, and since Ty ( 0 ¢~ ') = D(y o cp‘1)|x is smooth, we see that Ty o (Tp)~! is

smooth.
Thus, the transition maps are smooth. We can thus equip TM with a topology as in Remark 1.2.4; it turns

out TM is Hausdorff and second countable because M is. Thus, TM is a smooth manifold. Given a smooth
atlas o = {(U;, ¢;)} of M, we have that Tof = {(TU;,T¢;)} is a smooth atlas of TM.

Lemma 2.1.11

(1) me C°(TM,M).
(ii) Amap X : M — TM is a smooth vector field & X € C*(M,TM) and m o X =idy,.

Proof. Let (U, ¢ = (x',...,x")) be a chart on M.
(i) Observe that

pomo(Te)™": (U)X R" — ¢(U)
-1
(x9) = gomo (Tyrne) ()

=pop ' (x) =x
Thus, 7 is smooth by definition.

(ii) The condition 7 o X = idps says X(p) € T, M for all p € M. Next, let X|y = X’ . Note that for all
p € M, (since o X = idyy) the definition of the coordinate vectors % |p and hnearlty shows

Zx<m—|) wap)w( ) Zx%p)e,

TopoX(p) =Ty

Since 7 o X(p) = p, we have
Too X o™ () = ((r(X (6™ (D). Taxmt () #X (67 (6))
= (66 (). T 0 (X (67" (1))
(x TprmpoXop (x))
-

x X oo (x),.. "o I(X))
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Note that X € C®(M,TM) if and only if T o X o ¢! is smooth for an arbitrary chart (U, ¢). The above
shows this holds if and only if every X* is smooth. Thus, the result follows by Defn. 2.1.1. )

2.2 1-forms

We will now define objects that are dual to vector fields. For this purpose, we recall some facts from linear algebra.

Definition 2.2.1: Dual Space

Let V be an n-dimensional real vector space. Then the space V* := £(V,R) with natural addition and scalar
multiplication of maps is also an n-dimensional real vector space, called the dual space of V. Given a basis

{e1,...,e,} is a basis of V, then we define the collection of maps el e V¥ by

. . 1 ifi=j

e'(e;) =0 =

(ej) =9 {0 ifi # j,

and linearly extend these maps to V. The collection {el, R e”} is a basis of V*, called the dual basis.
The dual basis is in fact a basis. To see this, let v* € V* and define v; = v*(e;). Letv = 31, Ale; € V. Then
vi(v) =v* (Z /liei) = Z/liv*(ei) = Z /livjej(el-) = Z vjej (Z /liei)
i=1 i=1 i,j=1 j=1 i=1

This shows v* = 37 v;e'.
Remark 2.2.2. (i) We have isomorphic vector spaces V = V* = R" as they are all n-dimensional vector spaces.
However, the spaces are not canonically isomorphic. This is why we have to treat them separately.
(i) The map
it V— (V)"
v (Ve vt (v)

is a canonical map which is linear and injective. As dim(V) = n < co, we have dim((V*)*) = n and thus i is
an isomorphism. This shows V = (V*)*.

Definition 2.2.3: Cotangent Space

Let p € M. The space T,M := (T, M)" is the cotangent space of M at p. An element & € T,M is a
cotangent vector at p.

Example 2.2.4. If f € C*(M), then T}, f : T,M — Ty(,)R = Ris a linear map, and hence an element in 7, M.
If we regard T}, f as a covector, we use from now on the notation df |, € T, M. The notation 7}, f will still be used
for maps between manifolds.

aflp
T,M —"—+ R

s

TrpR

This example gives rise to an important definition.
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Definition 2.2.5: Coordinate Covectors

Let (U, ¢ = (x!,...,x™)) be a chart of M. Consider the smooth functions x',...,x" € C*®(U). For p € U,

we call dx!| ps---»dx"|p € T;M the coordinate covectors of (U, ¢) at p.

Lemma 2.2.6

Let (U 0 = (x!, ")) be a chart of M and p € M. The set {dx'|,,...,dx"|,} is the dual basis of
<ax | o, axn ). In particular, it is a basis ofT M.

Proof. Let cj(t) = o N e(p) + tej) so that [c;], = %|p. Let ¢ : Tr(p)R = R be the canonical isomorphism.
Then

(8 .
dxt|P (ﬁ p) =g oTpx'[c]
=[x o cjlp
d
7

' ocs)]

dt (7r ocpop (go(p)+tej))|t20

= gl
_ 61 ,

This shows dxi|,, is a dual basis for % . m]
x'lp

Definition 2.2.7: 1-form

A 1-form w on M is a map
w:M— | | oM
PEM
p— w(p) e T;M
that satisfies 7 o w = idps. It is called a C* 1-form (or smooth 1-form) if for all p € M, there is

a chart (U,¢ = (x!,...,x")) with p € U such that the coefficient functions w; : U — R, defined by
wi(q) = w(q) (%Lv) are smooth.

The set of all smooth 1-forms on M is denoted by Q! (M).

Note. For g € M, we have w(q) € TyM so that w(q) : TyM — R. Thus, for any basis vector %Iq, we have a

real number x = w(q) (%Iq). The coordinate function w; : U — R is defined precisely so that
0
wi(q) =x =w(q) (ﬁb) .

That is, the functions w; indicate which real number the basis vector—| gets mapped to by w(q). This real

number also coincides with the representation of w(q) with respect to the dual basis {dx‘ |q} of TyM.

We also have the identity

w(g) = Y wilg)dd|,  (qel), 2.2.1)
i=1
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Lemma 2.2.8

Let w be a 1-form. The following are equivalent.

() we Q'(M).
(ii) For any chart (V,y = (y',...,y")), the corresponding coefficient functions g — w(q) (aiyl|q) are
smooth.
Proof. Kind of like Lemma 1.3.4 and Lemma 2.1.2. O

Many things we talked about for vector fields are completely analogous for 1-forms.

Remark 2.2.9. (i) We have w € Q! (M) = w|y € Q' (V) for all open U c M.

(ii) For any chart (U, ¢ = (x',...,x™)), the coordinate 1-forms

dx':U—T'M
p— dxi|,, eT,M
are smooth 1-forms on U.

(iii) Q!(M) may be given a C*(M)-module structure by the natural operations
w+1n:p+— w(p)+n(p)
frw:ipe f(p)-w(p),

for w,n € Q1 (M), f € C*®(M). These operations are well-defined because T,M is a vector space and thus
an abelian group, and because f(p) € R for all p.
(iv) The disjoint union
M= | | oM
PEM
is the cotangent bundle. We can equip 7*M with a C*-structure such that the canonical projection
m:T*M — M is smooth and

weQ (M) &= weC®(M,T*M)and o w =idy; .

Example 2.2.10. For f € C*(M), the map

df M —T'M
p—dfl,eT,M
is a smooth 1-form because for any chart (U, ¢ = (x!,...,x™)), the coefficient functions
0 af (fop™h)
d —_— = — =
p = dfl, (6x’ I,,) 77 (P) o (#(P)

are smooth. The first equality follows from (1.4.9).
We call df € Q'(M) the differential of f.
Remark 2.2.11. Let w € Q'(M) and X € X¥(M). Then for any p € M, we have X(p) € TpyM and w(p) € T,M;
thus, w(p)(X(p)) € R. This means we may define a map
wX): M —R
p — w(p)(X(p))

If w = df for some f € C*°(M), then for all p € M,

df (X)(p) = df1,(X(p)) =T, f(X(p)) = X(f)(p).
This shows df (X) = X(f).
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Exercise 2.2.12. Let M be a smooth manifold and (U, ¢ = (x!,...,x")) and (V,¥ = (y!,...,y")) two charts
with U NV # . Find a formula which relates between the coordinate 1-forms {dx'}, _._ and {dy'}, e

Lemma

Let M be a smooth manifold and (U, ¢ = (x',...,x")) and (V,y = (y',...,y")) two charts with U NV # @.
Then

: 2 ooxt .
i_ J
dx' = E 1 574 (2.2.2)
Jj=

Proof. Letp e UnV andlet ¢ : T,R = R be the natural isomorphism. Then forall [c], € T,M andall 1 <i < n,
we have

. d .
dxllp = E(xl ° C)|t:0
d . _
- 4oy oveal,,

. d
= DO oy Dy 5 W o0l

(0x' oy
dyJ

W) 507 00,

~
I
—

xl

v/

[
1=
Q:|Q:

(p)dy’|,.

[
1l
—_

In particular, this shows that for all p € M,

Exercise 2.2.13. Let M = R> and U = R\ {x € R?|x? = 0 and x; < 0} c R?. Consider standard coordinates
(M, ¢ = (x',x?)) = (M, id) and the polar coordinates (U, = (r, 8)) from Problem 13.

(i) Express dr and d@ in terms of dx!, dx* and functions in x' and x>. Conversely, express dx' and dx? in terms
of dr, df and functions in r and 6

(ii) Let f € C*(R?) be given by f(x!,x?) = (x')> — (x*)%. Express df in terms of the coordinate 1-forms of
both charts.

Exercise 2.2.14. Let M be a smooth manifold and w € Q!(M). Let [a,b] C R be a closed interval and
v : [a,b] — M be a smooth curve. We define the path integral of w along y by

b
= ’ d
Lw Ltwwmwa»r

(1) Show thatif ¢ : [c,d] — [a, b] is a diffeomorphism of intervals with ¢’ > 0, then

[ o-[o
Yoy Y

(ii) Show that for f € C* (M), we have

'/Wffwwh—ﬂﬂwl
Y

2.3 Tensor fields

Recall that a map is multilinear if it is linear in each of its arguments.
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Definition 2.3.1: (7, s)-tensors

Let V be an n-dimensional real vector space and V* its dual space. A multilinear map

FiVIX- o XV*XVX--- XV =R

r-times s-times

is an (7, s)-tensor on V. We denote the set of all (7, s) tensors on V by V/.

Under the natural addition and scalar multiplication of maps, V! becomes a real vector space.

Example 2.3.2. (i) An inner product (—,—) : V XV — R (see Section 3.1) is a (0, 2)-tensor.
(i) The map
det: R"xR" - R
Viyenyvp) = det(vy,...,vy)
is a (0, n)-tensor on R",

These examples motivate why we need to define tensors also on manifolds. We need them to study lengths, angles
and volumes. It will turn out later that also curvature is described by tensors.

Definition 2.3.3: Tensor Product

Let V be an n-dimensional real vector space, t; € V] and 1, € Vsr,/. The tensor product of ¢; and t,, denoted
11®1 € V:::, is defined by
(11 ®12) (Vs o s Vi WTs oo s Wh VL, Ve, W e, W)

*

= 0OV LV VL V) (W WL W W),

Remark 2.3.4. (i) The tensor product is associative but not commutative. That is, for t; € Vstf, i=1,2,3, we
have
(h®n)®t =1 (L®1h),

but in general we do nothave 1| ® 1, # 1, ® 1.

(ii) Given vector spacesV, Vi, ..., Vi, denote by M (V| X - -XVy, V) the set of multilinear maps V; X- - -xXVy — V.
There is a natural identification

MVS, V) = M(V* x V5, R) = V]
Given A € M(V*,V)and vy,...,vs € V, we have A(vy,...,vs) € V; we may thus define
t:VxVS =R
(V51 vs) PV o AV, L, vy)

Asv* : V — Ris linear and A is multilinear, we have ¢ € Vsl. Conversely, given t € M(V* x V5 R), we see
that for all fixed vy, ..., v € V, the function t(—, vy, ...,vs) : V¥ — Riis linear. That is,

t(=vi,...,vs) € LV, R) =V 2V,
In particular, we may view the map t(—, vy, ..., vy) as an element of V by the natural isomorphism V** = V.,
Since ¢ is multilinear, the map
A: V=V
Viyeoyvg) 2 (=, V1, .00y V)
is multilinear; thus A € M(V*5,V).

It is clear from the definition that these maps are mutual inverses.
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(iii) Since M(V,W) = L(V, W) for any vector spaces V, W, we have

Vo=L(V,R)y=V* =V
V)= L(V,R)=V".

We define Vg := R. (Note this means dim Vg =0.)

Proposition 2.3.5

Let V be an n-dimensional real vector sapce, {ey, ..., e,} abasis for V and {el, R e"} its dual basis. Then
{ej|a®"'®ejr®eil ®"'®eis 1 Sil»u-,is,jls”"jr Sn}

is a basis for V! and dim(V}) = n**. In particular, this means every ¢ € V! can be uniquely expressed as

t= Y e @ee 0 @@l (2.3.1)

Ttsewesdr _ i
t’ .r_t(é‘JI,...,ejraeil""’eis)'

Proof. This follows from the multilinearity of the elements of V}, and the independence of the sets {ej,...,e,}
and {el, R e"}. The details are left as an exercise. O

Remark 2.3.6. We will now use the Einstein Summation Convention. This means we automatically sum over
indices that appear in both upper and lower positions. With this convention, (2.3.1) becomes

=t e e @ @@ e
t=1;7"""%" ;@ e;, @@ --Be”.

Now we are ready to define the corresponding objects on manifolds.

Definition 2.3.7: Coordinate Tensors & Tensor Fields

(i) For p € M, the space (T, M), is the space of (r, s)-tensors at p. If (U, ¢) is a chart of M with p € U,
the tensors

Oy ®-®09; |, dx"|, ®- - ®dx"|,, (1 <ilyeeeyissflseeesjr < 1)

are called coordinate (r, s)-tensors with respect to (U, ¢) at p.

(ii) A map t on M with t(p) € (T, M)} for all p € M is called tensor field on M. It is called a C* (or
smooth) tensor field if for all p € M, there exists a chart (U, ¢) with p € U such that the coefficient
functions

q — t(q)(dx’ lps- .. ,dxjflp,ai1 lps.-s0ilp)
are smooth. We denote the set of smooth tensor fields on M by 7," (M).

(iii) The maps

9; ®"'®ajr®dxi]®“-®dxi‘:UH I_I(T‘IMK
qelU
pHajl|”®'”®ajr|r)®dxil|p®-~®dxis|ﬁ

are smooth tensor fields on U, called the coordinate tensor fields.
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Note. (i) By Proposition 2.3.5, the coordinate (r, s)-tensors form a basis of (T,M);.

(ii) As with vector fields and 1-forms, a tensor field is smooth if and only if its coefficient functions with respect
to any chart are smooth.

(iii) Given a tensor field t, Prop. 2.3.5 shows the coordinate functions tIJ defined in Defn. 2.3.7(ii) satisfy

tq)=t] 93lg® - ®0)|g®dx"|, ® - ®dx'"|,.

(iv) Finally, fort,t1,to € 7, (M), and s € 7;,r’(M), we have natural operations
n+nip—ti(p)+nlp),  f-te f(p)-1(p), 1®s:p—=1t(p)- s(p),
which yields smooth tensor fields t| +t, € T;" (M), f -t € ;" (M) andt ® s € 7;::,” (M). Analogous to the
cases of vector fields and 1-forms, (7;" (M), +, ) is a C*®(M)-module.
Remark 2.3.8. (i) We have r € 7;" (M) if and only if t|i; € 7, (U) for each open subset U C M.

(ii) The disjoint union TgM := | |,cp(TpM)5 can be equipped with a C*-structure such that the canonical
projection 7 : Ty M — M is smooth and ¢t € 7, (M) if and only if 1 € C*(M,T; M) and m o t = idps. We
call T; M the (r, s)-tensor bundle on M.

(iii) As special cases, we have ‘761(M) = X(M) and 7IO(M) = Q!(M). Furthermore, because (T,,M)g for all
p €M, we get ‘7(")0(M) = C®(M). (See Remark 2.3.4(iii).)

For our purposes, it will later be useful to have another (algebraic) characterization of the space of tensor fields.

Definition 2.3.9: L, M) (M)

We denote by L., (v (M) the set of all maps

A Q' M) x - x QUMYX X(M) X ---x X(M) — C®(M),

r—times s—times

which are C*°(M)-multilinear in each slot.

Defn. 2.3.9 means that for all wy,...,w,,n € .QI(M), all Xy,...,X;,Y € X(M), all f € C®(M), and all
k,t e {l,...,n}, we have

Alwi,...,ok+f 1,00 X1, .., Xs) = A(W1, .+ ., Wiy e oo Wr, X1,y X)

+f AW,y wr, X1, e, X)),
Alwy,...,0nX1,.... Xe+ - Y,...,Xs) = A(wr, ..., 0r, X1, ..., Xpy oo, Xs)

+f -Alwi,. . w0, X1, Y, X)),

We claim that for each t € 7 (M), we get an element A, € L%, (v (M) defined by

A QM) x - x QU M) X X(M) % --- X(M) — C®(M)

(wl’~--3wr’Xl3~-~9XS) = At (U.)],...,(/.)r,Xl,...,Xx),

where

A (w1, .. 00, X150, Xg) : M — R

p = t(p)(@i(p),....wr(p), X1(p),.... Xs(p)) (232
Given wi,...,w, € Ql(M) and X, ..., X € X(M), note that for all p € M, we have
t(p) € (T,M), = M ((T;;M) x (T,M)"* ,R)

wi(p),...,w (p) € T,M
Xi(p),....Xs(p) e T,M.
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Keeping wy,...,w,, X1, ..., X, fixed, we may thus define the map (2.3.2). It remains to check that the map
f=A(wi,...,wr, X1,...,X;) is smooth. We will do so in local coordinates. Let (U, ¢ = (x',...,x") be a
chartof p. For 1 <iy,...,is, j1,...,Jr < n, we then get smooth functions

Xi‘,...,XiS,a)j,,...,a)jr,t{l‘ """"""" ; J; :U—R

suchthatfor ] <k <sand1<{<r,

Xi(q) = X" (61)3ik|q,

we(q) = wj, (@)dx’| .

i .f;(q):z(q)(dxfl|q,...,dxfr Ol ,....0m

|y Ol -

)

(Note the use of the einstein summation convention in the first two terms.) Using the multilinearity of #, we then
get that on U,

f(@) = 1(@)(@1(9), - .., (9), X1(q), - . ., Xs(q))
= 1(g) (05 @ .. @y, (@ | X (@] X (3],

=w;(q) - w;, (@) - X" (q) - X" (q) 't(q)(dxf‘lq,...,dxfr|q,6n o O

A

This shows [ = A;(w1,...,wr, X1,...,Xs) € C®°(M). Varying wy,...,ws, X1, ..., Xs, we may thus define the
map

.....

A (Q‘ (M)) X (X (M))® — C®(M)
(U)l,~ . -’Wr7Xl’~ . -7Xs) = At ((Ul,~ . -7(‘)r’le~ . ~’Xs)
The C*(M)-multilinearity of A, is a direct consequence of the R-multilinearity of ¢.

We can thus regard any tensor field ¢+ € 7;" (M) in a natural way as an element of Lgi( M) (M). The following
theorem shows that the converse is also true.

Theorem 2.3.10: Tensor field reconstruction theorem

For each A € Lgi(M) (M), there is a tensor field ¢ € 7.” (M) such that A = A,.

Proof. In order to simplify the proof and avoid too many indices, we restrict to the case r = s = 1. The general
proof is completely analogous. Now let A € Llc’olo( M) (M), w € Q' (M) and X € ¥(M). We divide the proof into
four steps.

Step 1. For an open subset U C M, the restriction A(w, X)|y € C*(U) only depends on w|y and X|y.

Let @ € Q'(M) and X € X(M) be so that @|y = w|y and X|y = X|y. We will show A(w, X)|v = A(@, X)|u.
For p € U, let V be an open neighborhood of p such that p € V ¢ V c U and choose a cutoff function y € C*(M)
such that

xlv=1 and supp(y) c U.

: x(p) #0}.) Since X|y = X|y and w|y = @|y, and since xlm~u = 0, we have

(Recall suppy = {p €
x - X = x - X. Using the C*(M)-multilinearity of A, we compute

X W=y wand

A(w, X)(p) = (x(p))*A(w, X)(p) = A(x - w, x - X)(p)
=A(y-@,x X) = (x(p)*A(@,X)(p)
= A(@, X)(p)

and thus, A(w, X)|y = A(@, X)|u.
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Step 2. The map A restricts to an element A|y € L (U)(U) such that A(w, X)|u = Alu(wlu, X|v).

Forw € QI(U) and X € X(U), we define Aly (w, X) € C*(U) as follows. For p € U, pick a neighborhood V of p
such that V c U, then choose @ € Q' (M) and X € X(M) such that @|y = w|y and X|y = X|y. (Such fields @, X
can be found by multiplying w, X with the cutoff function y from the proof of Step 1 and then extending by zero
to all of the manifold.) Now set

Alu(w, X)(p) = A(@, X)(p).

By Step 1, the map (A|y (w, X)) |y € C*(V) is well-defined since it does not depend on the chosen extension of
w and X. As the above argument works for all p € U, we get A|y(w, X) € C*(U).

We now prove C°°(U) multlhnearlty Let wy,ws € QY (U), X € ¥(U) and f € C®(M). Given p € U, choose
extensions wi, wy € Q! (M), X € X(M) and f € C* (M) which coincide with the respective objects of U on a
neighorhood V of p with V ¢ U. By the C*(M)-multilinearity of A, we get

Aly(w1 + fw2, X)(p) = A(@1 + f@2, X)(p)
= A(@1, X)(p) + f(p)A(@2, X)(p)
= Aly(w1, X)(p) + f(p) - Alu(w2, X)(p).

As the above equalities hold for all p € U, we have
Aly(wi + fw2, X) = Aly(wi, X) + - Alu(w2, X).

The C*(U)-linearity in the second argument is completely analogous. The identity A(w, X)|v = Alv(w|v, X|v)
follows from the definition of A|y since w and X are extensions of w|y and X|y.

Step 3. For p € M, the real number A(w, X)(p) only depends on w and X evaluated at p.
Choose a chart (U, ¢) of M with p € U. Write w|y = w;dx’ and X|y = Xfa.,». By C*(U)-multilinearity,
A(w, X)u = Aly(wlu, X|v) = Aly(widx', X7 0;) = w; - X - Aly(dx', 9;)
In particular,
A(w, X)(p) = wi(p) - X7 (p) - Alu(dx', 9;)(p). (23.3)
i.e. A(w, X)(p) depends only on w(p) and X (p).
Step 4. A defines a tensor fieldt € T;” (M) such that A = A;.
Letpe M. £ € Ty;M and v € T, M. Pick w € Q' (M) and X € X(M) so that
w(p)=¢ and  X(p) =v.

Then define
t(p)(&,v) = A(w, X)(p).

By Step 3, t(p) € (T,,M)l1 is well-defined since A(w, X)(p) depends only on w(p) = & and X(p) = v. The
multilinearity of ¢(p) follows from the multilinearity of A. For proving smoothness, we note that with respect to
any chart (U, ¢), _

1] (p) = t(p)(dx'lp, 9jlp) = Alu(dx',3;)(p)  (p € V).

As Aly(dx', ;) is smooth, so is . Lastly, note that the construction of # shows

A (w,X) (p) =1 (p) (w (p). X (p)) = A(w,X) (p) . o

Remark 2.3.11. (i) Note that not every tensor field (in particular function, one-form or vector field), defined on
an open subset U C M can be extended to all of M as its coeflicients with respect to a chart a priori diverge
as we approach the boundary of U. This is the reason why we use a smaller neighborhood V and a cutoff
function y in the above proof.
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(ii) The principle of Theorem 2.3.10 can be summarized as follows: A C*(M)-multilinear structure on M always
induces a pointwise structure at each p € M.

(iii) LetA € ch; (M) (M). Then the proof of Theorem 2.3.10 shows that the local coefficients of the corresponding
tensor field ¢+ with respect to a chart (U, ¢) are given by

oI = Al (e, dx 8 B;),

I]geuns ls
where A|y is the natural restriction from A to U according to Step 2 of the proof of Theorem 2.3.10.
(iv) In view of Remark 2.3.4 (ii), we can adapt the proof of Theorem 2.3.10 to get a natural identification
T (M) = Li. ) (M, X(M))
={A:X(M)x---xX(M) — X(M) | Ais C*(M)-multilinear}

s—times

For A € Lscw( M)(M ,X(M)), the coefficient functions of the corresponding tensor field ¢ € 7! (M) with

respect to a chart (U, ¢) are given by

iy = A (A9, 5,).

From now on, we will always use the identifications
T (M) = Lgl (M), TH(M) = Ly ) (M, X(M))

and regard tensor fields simultaneously as objects in both spaces.

Notation 2.3.12

Fort € 7" (M), we will from now on also simplify the notation as follows. For U ¢ M open and w; € Q! (U),
X; € X(U), we write

t(wl,...,wr,X],...,Xs) = t|U(w],...,wr,X1,...,Xs) (S COO(U).
Similarly, for p € M, &; € T;M andv; € T, M, we write

t(E1, o Era Ve, vs) =) (€L €0 VL., V) ERL

Depending on the context, it will be clear whether we consider the tensor field on all of the manifold, on an
open subset or on a point. Thus we don’t have to indicate formally that we restrict it to the respective set.

Exercise 2.3.13. Prove Proposition 2.3.5.

Exercise 2.3.14. Let M be a smooth manifold and (U, ¢ = (x!,...,x™")) and (V,¢ = (y',...,y")) be two charts
such that U NV # @. Find a formula which relates the coordinate tensor fields of the two charts.

Exercise 2.3.15. Let x!' and x2 be the standard coordintes on R? and 7 = dx' @ dx! + dx? ® dx? the standard inner
product. Express ¢ in terms of polar coordinates.
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Semi-Riemannian manifolds

We will now introduce a central concept which will allow us to define and measure lengths, angles, and curvature
on manifolds later on.

3.1 Scalar products

Definition 3.1.1: Bilinear Forms

A bilinear form is a (0,2)-tensor g € V3. We say g is
(1) symmetric if g(v,w) = g(w,v) forallv,w € V;

(ii) non-degenerate if g(v,—) =0 <= v = 0; that is, for all v # 0, there exists w € V with g(v,w) # 0.

(iii) a scalar product if it is symmetric and non-degenerate.

Remark 3.1.2. (i) Let {e;} be a basis of V and {e'} its dual basis. Given g € V3, we have
8= gijei ®el,

where g;; = g(e;, e;) € R. Then g is symmetric &= the matrix { gi j} is symmetric; g is non-degenerate
<= the matrix { gl-j} is invertible. If g is non-degenerate, we denote the inverse matrix by

.. -1
{g"} = {sis} -
We then have _ _ _
gijg’f = (id)f =6, =gMg.
(Here we used the einstein summation convention.)

(i1) A scalar product g induces a map
Wi=g(v,-) € V',

It then also induces the map

b:V —-V*

V’—>Vb.

Since g is non-degenerate, b is injective and thus an isomorphism of V and V*. In this manner, we obtain
a (g-dependent) identification V = V*. Letv = v'e; e Vand w = Ve V. Write w = wje/. We obtain a

relation between the components of v and w as follows:

wi=w(e) =v(e;) = g(v,e;) = giiv) = gip’, (3.1.1)

40
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where the last equality follows from the symmetry of g. In this manner, we can say that { gi j} “lowers the
indices” of v, which explains the notation b. The inverse of b is denoted by

4= 0)"!
and is a map V* — V. With v and w as above, we have v = wh. Applying the inverse matrix { g } to both

sides of (3.1.1) yields
k

gkiwi = gkigijvj = 6§vj ="
In this manner, we say that { g } raises the indices (explaining the notation ).
(iii) If g Vg is symmetric, there is an associated quadratic form g : V — R given by ¢(v) = g(v, v). It contains
the same information as g due to the polarization identity

g =3 [q (v +w) —g (1) ~g ()]

Definition 3.1.3: Positive/Negative (Semi-)definite

A scalar product g on V is called
(i) positive definite if g(v,v) > 0 for all v # 0. In this case, we say g is an inner product.
(ii) positive semidefinite if g(v,v) > 0.
(iii) negative (semi-)definite if —g is positive (semi-)definite.

We further define the index of g, denoted ind(g), by

ind(g) := max {dim W : W C V is a subspace and g|wxw is negative definite} .

Note 0 <indg < n.

Example 3.1.4. Let V = R? and {e}, e, } its standard basis. Let v = vie;, w = w'e; € R%. Then

() ge(v,w) = viw! +1v2w? is positive definite and hence ind(geuct) = 0.

(i) gmin(v,w) := —v'w! + v?w? has ind gmin = 1.

Theorem 3.1.5: Sylvesters law of inertia

If g is a scalar product on index v on V, there exists a basis {¢;} of V such that

-1 if1 <i<v,

gij = g(eie;) =&y and 8‘:{1 ify+l<i<n

Proof. Linear algebra. O

Remark 3.1.6. Such a basis is called a pseudo-orthonormal basis . With respect to a pseudo-orthonormal basis,
any v € V can be uniquely written as

n
V= Z cig(v,ee;.
i=1

Note. indg =0 < g is an inner product.

It is clear ind g = 0 if g is an inner product, so we will show the converse. Suppose indg = 0; we will show
gv,v) > 0forallv # 0. By Theorem 3.1.5, we can pick a pseudo-orthonormal basis {e;}. Since g > 0, it will
suffice to show g(e;, e;) > 0 for all i. By our choice of {e;}, we then get g(e;, e;) = 1, as desired.

From now on, let V be equipped with a scalar product.
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Definition 3.1.7: Orthogonal

Two vectors v, w € V are orthogonal if g(v, w) = 0. In this case we write v L w. For v € V, we call
vi={weV:wLv}
the orthogonal complement of v. For a subspace W c V, we call
Wt={veV:viw VYweW}

the orthogonal complement of W.

Lemma 3.1.8

Let W C V be a subspace. Then
(i) dimW +dim W+ = dim V.
(i) WhHt=w.

Proof. (i) Letk =dimW and {e, ..., ex} abasis of W. Extend this to a basis {ey, ..., e, } of V. With respect
to this basis, we have '
veWr & g/ =g(v,e;) =0 (1 <i<k).

As { gi j} is invertible, the solution space to this equation has dimension n — k. Therefore, dim W+ =n—k =
dimV —dimW.

(ii) By definition, we have W c (W%)*. On the other hand, (i) implies dimW = dim (W*)*. Thus, W =
(WhH*. o
Example 3.1.9. (i) If V = R? is equipped with gy and v = (v!,v?) € R, then vt =R - (v2, —v1).

(ii) If V = R? is equipped with g, and v = (v!,v?) € R?, then v+ = R- (v2,v!). In that case, it can happen that
V=Vt

Definition 3.1.10: Non-degenerate subspaces

A subspace W C V is non-degenerate if g|w«w is non-degenerate.

Lemma 3.1.11

The following are equivalent.
(i) W c V is non-degenerate.
(i) V=We W
(iii) W+ is non-degenerate.

Furthermore, if any of the above hold, we have

ind g = ind (g|lwxw) +ind (glw:xw+) .

Proof. (i) & (ii): We have
dim (W + W=) +dim (W n W*) = dim W + dim W+ = dim V.

This means
V=Weo W' < wWnw'={0}.

Since WNWt={veW:g(v,w)=0 Vw € W}, the result follows.
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(i) & (iii): By (i) and Lemma 3.1.8, we have

W is non-degenerate &= V=W o W* = (Wl)l ® W' <= W is non-degenerate.

Lastly, take pseudo-normal bases {e;} and { f]} of W and W+, respectively, ordered so that

glei,e)=g(fj, fi)) =-1 &= 1<i<ind(glwxw),1l <j <ind (glwrxw:).

The union of these bases is a pseudo-normal basis of W @ W+ =V, with the right number of scalar products being
equal to —1. O

3.2 Semi-Riemannian metrics

Definition 3.2.1: (semi-)Riemannian & Lorentzian metrics & manifolds

Let M be a smooth manifold and g € 9”20(M). If for all p € M, the bilinear map g(p) : T,M xT,M — Ris
a scalar product (of index v), we call g a semi-Riemannian metric (of index v) on M and write ind g = v.

(1) Ifind g = 0, we call g a Riemannian metric.
(i) Ifind g = 1, we call g a Lorentzian metric.

The pair (M, g) is called a semi-Riemannian manifold, Riemannian manifold, or Lorentzian manifold in
the respective cases.

Example 3.2.2. (i) Equip M = R" with the standard coordinates, pick v € {1,...,n} and let

-1 ifl <i<v,
&i = .
1 ifv<i<n.

Then

n
gy = Z siéfdxi ® dx’
i,j=1
is a semi-Riemannian metric of index v on R”. We often abbreviate the pair (R", g,) as R”"77,
* The metric geuel = go is called the Euclidean metric, R%" is called Euclidean space.

* The metric gmin = g1 is called the Minkowski metric, R'""~! is called Minowski space.

(i) Let (M, g) be a semi-Riemannian manifold and N ¢ M a submanifold. Define g|y € PIZO(N ) by
v (P) =8P gy TPNXT,N =R (p € N).

Then the pair (N, g|ny) is a semi-Riemannian manifold if and only if 7,N C T,M is a non-degenerate
subspace for all p € N. In that case, we call (N, g|) a semi-Riemannian submanifold of (M, g).

Note that if (M, g) is a Riemannian manifold, every subspace of 7,, M is non-degenerate since g(p) is an
inner product; thus, (N, g|n) is always a Riemannian manifold in this case.

(iii) If (M, gar) and (N, gn) are two semi-Riemannian manifolds, we can on the manifold M x N define the
product metric gy y € 7,"(M X N) as

gmxn(p,q) = (gm +gn) (p.q) = (gM()(p) gNO(q))

with respect to the decomposition T, )(M x N) = T,M & T,N. More explicitly, this means that if
v, Wy €TpM and vy, wy € TyN sothatv =vay +vn,w=wy +wy € T,M ®T;N, then

gmxn (P @) (v,w) = gmxn (Vi + V. W + W)
= 8MxN(VM,WM) +gM><N(VM,WN) +8MxN(VN,WM) +ngN(VN,WN)
=gm(p) Vm,wm) +gn(q) (YN, wN).
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If we additionally have a positive function f € C*(M), we can define a warped product metric

_ [(em(p) 0
(gm + fen) (p,q) = |7 () - an(@)]”

In this case, we have
gmxn (p,q) (vow) = gm(p) Vmswm) + f(p) - gn(q) (v, wh) -

Note. In the above remark, the matrix representations of (gpr +gn) (P, q) and (gp + f(p)gn) (p, q) do not denote
linear maps into R?, instead they refer to the matrix representations of scalar products as defined in Section 3.1.

Definition 3.2.3: Isometry & Isometry Group

Let (M, g) and (N, h) be semi-Riemannian manifolds and ¢ € C*(M, N) be a diffeomorphism. Then ¢ is
called an isometry if

g, w) =h(Tpe (v),Tpe (W)) (v,weT,M,peM).

The set
Iso (M, g) := {p € Diff(M) : ¢ is an isometry}

is a subgroup of Diff (M) (see Remark 1.3.6), called the isometry group.

Remark 3.2.4. Let (M, g) be a semi-Riemannian manifold and (U, ¢) a chart. Then we write
glU = g,-jdxi ® dxj, where 8ij ‘=8 (6,-,6,) .

The functions g;; € C*(U) are called the coefficient functions of the metric g with respect to the chart (U, ¢).
More explicitly, we have

8ij - U—R
0 0 ’
= | s .

p g ox? p ox/ P

Quite often, especially in the physics literature, g is given given in such a local form. One often abbreviates
(d')’ =dd @dx’  and  2dx'dx) = dx' ® dx +dx! + @dx’
so that . o
glu = Z gii (dx')” + 22 dx'dx’ .

i i<j

Example 3.2.5. Let M = S? € R3, g5» 1= geyet|s2 and the local parametrization

g (0,2m) X (- /2,m/2) = M

cos ¢ cos 8
(¢,0) — | sinpcos 6
sin 8
from Example 2.1.5. Recall that
—sin¢cosd —cos¢sinf
0 0 . .
%% =| cos¢cosb and 20 =| sin¢gsiné

¢ 0 cos 6

are the coordinate vector fields form the chart (U, ¢) := (imy, ¥ ~'). Now we compute

gM:gSz(i 6):gR3(6 a):cosz(e)[sin2¢+cosz¢]=00529

99’ 9 o¢’ 3¢
_ 0 0 _ 0 0 ) ) 2 2 _
ggg—gsz(ae,ag) _gR3(89’69) = sin” (0) [sm ¢ + cos ¢]+cos 0=1

Y KA A N A T
8060 = 809 = 852 5¢’39 = 8Rr3 6(1)’60 =0,
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which means we can write the metric in these coordinates as

glu = d6* + cos? (6)d¢*
=d0®df+cos’0-dp ® dg.

3.3 Gradient vector fields

Throughout this section, let (M, g) be a semi-Riemannian manifold.

Notation 3.3.1

Whenever the semi-Riemannian metric g is clear from context, we write M instead of (M, g). We also write

v,w) =g(v,w) and [v] == (v, v)].

(Here we are using the convention g(v, w) = g(p)(v,w) for v,w € T,M; see Notn. 2.3.12.)

Definition 3.3.2: Gradient

The gradient of a function f € C*(M) is the vector field grad f € X(M) given implicitly by the equation

(grad f, X) = df (X) = X(f) (X € X(M)).

More explicitly, this means that for all X € X(M) and all p € M, we have

((grad ) (p), X (p)) =g (p) ((grad f) (p), X (p) ) = df (X) (p)
=df|, (X (p))
=T,f (X (p)).

From now on we write grad f(p) instead of (grad f) (p).

Recall. If (-, =) is a scalar product on a vector space V, then we have a g-dependent isomorphism
b:V = V*
Vi (v, —) = VP
with inverse
v =v
fre 5
where f* € V is such that f (=) = (f*, =), ie, such that

fm=hyy  (vev).
(See Remark 3.1.2(ii).)

Going back to Defn. 3.3.2, we see that grad f is such that grad f (p) = (dflp)ti forall p € M. If (U, ¢) is a chart
of M, we have B
grad fly = g" 0, f0;,

where {g/} is the inverse matrix of {g;;}. To see this, write
8ij =8 (01, 9))
grad fly = X'0;
df = wjdxj.
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Observe that of
wj (p) =dfl, (0;) = == (p) =0, f(p)
ox/J
so that w; = 8, f. By Remark 3.1.2(ii), g¥ w; = X'; hence,
grad fly = X'0; = g w;0; = g 9; f0;.

Lemma 3.3.3

Let f € C*(M) and assume grad f(p) # O forall p € M.

(i) Forall ¢ € R, the level set N := f~!(c) is a submanifold of codimension 1 and TpN. = (grad f (pH*
forall p € N..

(ii) The pair (N¢, g|n, ) is a semi-Riemannian submanifold if and only if |grad f(p)| # 0 for all p € N..

(iii) If (Nc, gln,) is a semi-Riemannian submanifold, then

ind g if (grad f(p), grad f(p)) > 0O on N,
indg -1 if (grad f(p), grad f(p)) < 0on N,.

indg|NL, = {

Proof.

(1) If grad f(p) # O for all p € M, the function f — ¢ is a submersion. Therefore, by Theorem 1.5.7, N. is a
submanifold of codimension 1 for every ¢ € R. By Remark 1.5.10, the tangent space is given by

TpN. = ker (df |,) = ker ((grad f(p), -)) = (grad f(p))" .

(i) By Lemma 3.1.11(ii), T, N. € T, M is non-degenerate if and only if (7,N.)* = R - grad f(p) c T,M is
non-degenerate. The latter holds precisely when |grad f(p)| # 0.
(iii)) By Lemma 3.1.11(iii), we have in this situation
indg (p) = ind g(p)|TchprNc +ind g(p);(TpNC)LX(TPNC)L.
Because (T, N.)" = R - grad f(p), we have

ind g( )| _ )indg if {grad f(p), grad f(p)) > 0 on N, q
8P, NoxT, N, = indg — 1 if (grad f(p), grad f(p)) <Oon N..

Example 3.3.4. Consider R”" and the function f,, € C*(R") , given by

A = glron) = Dl = =) = (1) 6 (0

i=1

In this definition, we implicitly used the identification 7xR" = R" and standard coordinates. Now again in standard
coordinates, we have

n
df, = Z 2eixidx
i=1
and the gradient is

grad f, = Z 2 (gv)i-i sixiaj =2 Z sidijsixia,- = Zija,-

i,j=1 i,j=1 J=1

and the right side is not vanishing on R" \ {0}. Now we get

(grad f, (x), grad f, (x)) = 42 g ()cj)2 =4f,(x).
Jj=1

Now we can apply Lemma 3.3.3 to the function f, |gn (0} and its level sets N. = f ~I(c¢) which are subsets of
R™ \ {0} for ¢ # 0. Let r > 0. We obtain the following:
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@) S’;‘l (r) = (er, gyl er) is a semi-Riemannian manifold of index v, called pseudo-sphere of radius r and

index v.

(ii) Hﬁ:} (r) : (N_,2,8y|_,2) is a semi-Riemannian manifold of index v — 1, called pseudo-hyperbolic space of
radius r and index v — 1.

As some interesting special cases of these, we have the following:
(i) The Riemannian manifold S3(1) c R% is the standard two-dimensional sphere.
(i) The Riemannian manifold H(z)(l) c R%3 is the hyperbolic plane.
(iii) The Lorentzian manifold S{(1) c R'* is the de-Sitter space. It is a model in cosmology.

(iv) The Lorentzian manifold H‘ll(l) c R?3 is the anti de-Sitter space. It is used in the so-called AdS-CFT
correspondence.

3.4 Riemannian and Lorentzian Manifolds
Definition 3.4.1: Length of Curve

Let M be a Riemannian manifold and ¢ : [a, b] — M be a C* map. Then the length of ¢ is

b
L(c) = / |c' (1) dt.
a
If M is connected, we define a function

d:MxM—R
(p.q) — inf{L (c) : ¢ € C* ([0,1]. M) ,c(0) = p.c(1) = ¢4}

(1) L(c) is a reparametrization invariant quantity. That is, if ¢ : [c,d] — [a, b] is a diffeomorphism, then
L(c o ¢) = L(c) (integral substitution).

(i) One can show (M, d) is a metric space. It is complete if and only if the infimum in the definition of the
d is always attained. For example, with the function d induced by geuc, R? is a complete metric space but
M =R?\ {0} is not.

Theorem 3.4.2

Every C* manifold admits a Riemannian metric.

Definition 3.4.3: Partition of Unity

Let M be a C* manifold and of = {(U;, ¢;) : i € I} an atlas. A family of nonnegative smooth functions
{xi};er» where each y; € C*(M), is called a partition of unity subordinate to & if

(1) supp (x;) c U; for all i,
(i) For all p € M, there exists a neighborhood V such that V N supp y; # @ for only finitely many i.
(i) Xierxi(p) = 1.

Such a partition always exists because M is Hausdorff.
Proof of Theorem 3.4.2. Take an atlas &/ = {(U;, ¢;) : i € I} and a partition of unity {y;},c; subordinate to <.
For all i € I, define

dx! @ dx/ € T (Uy).
1

8i =

n

J
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(Note that the definition of g; above depends on the chart U;.) Then g; is a Riemannian metric on U;. If we extend
by 0 on M \ U;, we see that y;g; € %O(M) is positive semidefinite on M. Set

8= Z/\/igi-

iel

We claim g is a Riemanninan metric. As {y;} is a partition of unity and y;g; € 9720(M ) for all i, we have
g€ %O(M ). Since each g; is a positive semi-definite scalar product on U; and {y;} is a partition of unity, we have
that g(p) is a positive semi-definite scalar product for all p € M; it remains to show g(p) is positive definite. To
that end, let p € M. Note y;(p) > 0 for all i with y;,(p) > 0 for some iy € I where p € U;. This implies that for
ally € T,M \ {0},
g(p)(v,v) = Z)a(p)gi(p)(v, V) 2 Xip (P)&is (P)(v,v) > 0,
iel

where the last inequality follows from g;, (p) being positive definite on U;. Hence, g(p) is positive definite. As p
is arbitrary, we see that g is a Riemannian metric. O

Definition 3.4.4: Lorentzian metric definitions

Let M be a Lorentzian manifold and v € TM. Then v is called
(1) timelike if (v,v) < 0.
(ii) lightlike if (v,v) = 0butv # 0.
(iii) spacelike if (v,v) > 0Qorv =0.
(iv) causal if it is timelike or lightlike.

¢ € C*(1, M) is timelike/spacelike/lightlike/causal if ¢’ (¢) is timelike/spacelike/lightlike/causal for all ¢ € 1.

Recall. Forc e C*(I, M), we define ¢’ (t) = Tyc (%lz) =", (Ci), 0;.

Remark 3.4.5 (Physical interpretation). Lorentzian manifolds model spacetimes. Massive particles move along
lightlike curves. Light moves around lightlike curves. Physical observers move along causal curves. We say

P = [I ol
I
is the proper time of the observer along the causal curve.

Example 3.4.6 (Physically relevant Lorentzian manifolds). (i) M = Rx(2m, co)xS? equipped with the Schwarzschild
metric given by
2m 2m\ ™!
- (1 - —) d* + (1 - —) dr? +r’gq,
r r

where ¢ € R, r € (2m, o0), models the exterior of a static black hole with mass m without charge or angular
momentum.

(ii) Let (M, g) be a Riemannian manifold, / ¢ R open interval, f € (I) positive. Then (I x M, dt> + f(1)g)
is a Lorentzian manifold. These manifolds are called Friedman-Lemaitre-Robertson-Walker spacetimes in
cosmology.

Theorem 3.4.7: Existence of Lorenzian metrics

Let M be a C* manifold. The following are equivalent.
(i) M admits a Lorenzian metric.

(ii) There exists X € X (M) such that X(p) # O forall p € M.

(iii) M is non-compact or M is compact and has Euler-characteristic y (M) = 0.
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Proof. See the O’Neill text.

Remark 3.4.8. S? does not admit a Lorentzian metric since (ii) does not hold due to the Hairy ball theorem.
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Chapter 4

The Covariant Derivative

Goal: We want to take the derivative of vector fields in the direction of other vector fields.

Naive approach: Write X,Y € X(M) in local coordinates as X = X'9;,Y = Y/9; and write dxY = X'9;Y/4;.
However, this is not independent of the choice of coordinates and hence not well-defined!

4.1 Definition of the covariant derivative

Throughout this section, let M be a fixed semi-Riemannian manifold.

Definition 4.1.1: Connections

A connection of M is a map

V:iX(M)XX(M) — X(M)
(X,Y) — VxY
such that for all X, X;,Y,Y; € X(M),a € R, f € C*(M),
() Vixerx)Y =Vx Y + fVx,Y,
(i) Vx (Y1 +aY,) = VxY| +aVxYs,
(iii) Vx(fY) = X(f/)Y + fVxY.
If, in addition

@iv) VxY - VyX = [X,Y] (X,Y € X(M)), 4.1.1)
V is called torsion-free.

v) X(Y,Z))=(VxY,Z)+{Y,VxZ) (X,Y,Z e X(M)), 4.1.2)
V is called metric.

Conditions (i)-(iii) say V is C*°(M)-linear in the first slot, R-linear in the second slot, and satisfies a sort of product
rule.

Recall. X(f) is the smooth function defined by X(f)(p) =T, f (X (p)).

Theorem 4.1.2: Existence and Uniqueness of Torson-free metric connections

There is exactly one torsion-free and metric connection on M. It is implicitly given by the Koszul formula

UVxY,Z) =X (Y, Z))+Y ((X.2)) - Z((X. ) +(Z,[X,Y]) + (Y, [Z,X]) — (X, [Y, Z]). (4.1.3)

50
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Proof. Uniqueness: By (4.1.2), we have

X(Y,Z))=(VxY,Z)+{Y,VxZ). 4.1.4)

By (4.1.1) and (4.1.2), we have
Y(Z,X))=(VyZ,X)+(Z,VxY) - (Z,[X,Y]) (4.1.5)
Z({X,Y)) =(VxZ,Y)+{([Z,X],Y)+(X,VyZ) - (X, [Y, Z]). (4.1.6)

The equation (4.1.4) + (4.1.5) — (4.1.6) implies (4.1.3). More explicitly, we have

X (V. 2) +Y (Z.X) = Z((X.Y)) = ((Vx¥, 2) + (L. 9xZ)) + (TVyZ-X) + (Z,VxY) = (Z, [X.Y])

~ (D277 + (12, X1, 0) + X2~ (X, [, 2)
= (VXY Z) + (Z,Vx¥) ~ (Z, [X.¥]) = (Z. X1, ) + (X. [V, Z])
=2VxY,Z)—(Z,[X,Y]) - ([Z,X],Y) + (X, [V, Z]).

Thus,
XY, Z)+Y ((Z,X)) - Z((X.Y)) +(Z,[X.Y]) +([Z, X].Y) = (X, [V, Z]) = 2(VxY, Z),

which is equivalent to (4.1.3) since (—, —) is symmetric.

Existence: Define VxY by (4.1.3) and check all properties. O

Definition 4.1.3: Covariant derivative (Levi-Civita connection)

The torson-free and metric connection on M satisfying (4.1.3) is called the covariant derivative or the
Levi-Civita connection.

Remark 4.1.4 (Locality). (i) The Koszul formula shows that V is local in the sense that (VxY) |y = Vx|, Y|u
for any open subset U ¢ M. This holds because (—, —) and [—, —] are also local.

(ii) If (U, ¢) is acharton M and X|y = X%8;, Y|y = Y/9;, then

VxYlu = Vxi, Ylu = Vxig, (Y/0;)
= X'V, (Y/9), by Defn. 4.1.1(i)
= X'0; (Y/) 0; + X'Y/V,0,, by Defn. 4.1.1(ii) & (iii).

If we define functions F{‘j :U — Rsothat Vy,0; = Ffjﬁk € X (M), this reads
VxY|y = (x"aiyk + Xiyfr,.kj) ok (4.1.7)

(iii) Letc : I — M is a smooth curve satisfying ¢(0) = p and ¢’ (0) = X(p). Then the chain rule (Prop. 1.4.9(ii))
shows

X (o], = X' (pT,Y* (o], ) = T,0* (X () il ) = TY* (" (o)
= (rko c)' 0).
Combining the above with (4.1.7), we obtain
VyY(p) = [(yk o c)' (0) + (X' 0 ¢) (0) (Y7 o c) (O (c(O))] Ol 0)-

Thus, (4.1.7) implies that VxY (p) only depends on X(p) and the values of Y along a curve ¢ satisfying
¢(0) = pand ¢’(0) = X(p).
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Definition 4.1.5: Christoffel symbols (I'};)

The functions szj : U — R in Remark 4.1.4(ii) are called the Christoffel symbols with respect to the chart
U, ¢).

Lemma 4.1.6

Let (U, ¢) be a chart of M and g;; : U — R be the coeflicient functions of the metric. Then we have

I
Tij = 58 (0igje + 0;ic = egiy) - (4.1.8)

Proof. Since [c')i, Bj] = 0 for coordinate vector fields, (4.1.1) shows V5,d; = V,8;. Since V is metric and (-, —)
is symmetric, we get
2(Va,0;,0c) + 0 (9, 9;) = (Vo,0;, 0c) + (V3,07 0 ) + (V.04 9;) + (91, Vo, 0)
<V3i6j, @[) + <Vaj6[, 0[) + <0j, Vai05> + <(3,~, nga(>
0; <aj, (9[) + 6J~ (0, 0p) .

We have thus shown 2 (V,8;,0¢) + 8,gij = 8;8 ¢ + 0;8ic. Inserting X = 8;, Y = 0, Z = §; in (4.1.3) yields
2Iigme =2 <Fg'lam3 (9£> =2(Vy,0;,0¢) = 0igjc +0;8ic — Ocgij.

Multiplying with gX¢ yields

ZF{} = 2651F1-"]? = 2gk€gm,gl“l-"} =gkt (0igje +0jgie — 0egij) - O

Example 4.1.7. The Christoffel symbols of R”>"~” with respect to the standard chart are I" ij = 0foralli, j, k This
is because g;; = const for all 7, j so that by (4.1.7),

VxY(x) = X' (8;Y))d; = DY |(X).

4.2 The Covariant Derivative of Submanifolds

Throughout, let (M, §) be a semi-Riemannian manifold and (M, g) a semi-Riemannian submanifold of (M, g).

The goal Wﬂl be to compare the Levi-Civita connections 6, V of these manifolds at p € M C M. For peEM,
T,M c T, M is a non-degenerate subspace. Thus by Lemma 3.1.11(i),

T,M=T,M & (T,M)". 4.2.1)

This means that if v € T, M, then v may be decomposed as v = (vT,v*)
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Definition 4.2.1: Vector fields along M, normal fields, & extensions

(i) The space of vector fields in M along M is
x (M,M) - {X eC™ (M, TM) . X(p) € T,M forall p M}
(i) The space of normal fields on M is

X (M)* = {X o (M, TM) L X (p) € (T,M)* forall p e M}

(iii)) Let X € X (M M) A vector field X € X (M) is called an extension of X if X|y; = X. Such an
extension always exists (use local coordinates and partition of unity).

Note that (4.2.1) induces a splitting

x (M,M) =X (M) ® X (M)*
X— (X7, X"

Definition 4.2.2: VyY

LetXeX(M),YeX (MM) Then we define VxY € X (M,M) by
ng = 6}?‘]‘/[,

where X,Y € X (M) are extensions of X and Y.

By Remark 4.1.4(iii), VY does not depend on the chosen extension.

Lemma 4.2.3

Forall X, X, X, €e X(M),Y,Y,Y>,Z € X (M,M) ,a €R, f € C*(M), the map in Defn. 4.2.2 satisfies
(i) Vx+rxY = Vx, Y + fVx,Y,
(i) 6){ Y1 +aYr) = ngl + CleYQ,
(ifi) Vx(f¥) = X(f)Y + fVxY,

(v) X(3(V,2) =3 (ﬁxy, Z) +37 (Yﬁxz).

Proof. Choose extensions of the vector fields, use the rules of the Levi-Civita connection of g, and restrict to
M. m]

Lemma 4.2.4

Let X,Y € X(M) and X,Y € Y(M) be extensions of X, Y respectively. Then [X,Y]|p = [X,Y]; that is,

[X,Y] € X(M) is an extension of [X,Y] € X(M) and [X, Y]|s € X(M) C X (M,M).

Proof. Exercise. m
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Lemma 4.2.5

— — T — 1
Let X,Y € X(M) and decompose VxY = (VXY) + (VXY) . Then
— T
(i) (V XY) = VY (the Levi-Civita connection on M).

— 1
) (X,Y) — (VXY) is C*(M)-bilinear and symmetric.

Proof. (i) We will show that
X(M)xX(M) — X(M)
— T
(X,Y) — (VXY)

— T
is a torsion-free and metric connection on M ; this will imply (VXY) = VxY by uniqueness. Apply (=)' to

Lemma 4.2.3(i-iii) to see that the map is a connection. If XYeX (M) are extensions of X,Y € X(M), we
have by Lemma 4.2.4,

Vi = VX = (V¥ - 95X |, = [X.7] |, = [x.71.
Thus,

(?XY)T - (ﬁyx)T - [X.Y]" = [X,Y].

This shows the connection is torsion-free. If in addition, Z € X (M) is an extension of Z € X(M), then

X@.2) =% (3(7.2)) |, =7 (T Z) 1y +3 (7. V%Z) I
-3 (_Xy, z) +3 (Yﬁxz)
-3 ((_XY)T + (?XY)l , Z) +37 (Y, (?XZ)T + (ﬁxz)L)
-3 ((_XY)T : z) +3g (Y, (VXZ)T) .

This shows the connection is metric.

(ii) By (i), we have VxY — VyX = [X,Y] so that
— Nl L
(VXY) - (vyx) = [X,Y]* =0;

— L
this shows symmetry. By Lemma 4.2.3(i), the map X — (VXY) is C*-linear. By the symmetry we have

— 1
just shown, the map ¥ — (VXY) is also C*-linear. )

Definition 4.2.6: Second Fundamental Form

The symmetric C* (M)-bilinear map
IM: X(M) x X(M) — X(M)*
— 1
(X,Y) — (VXY)

is called the second fundamental form.
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By C*(M)-multilinearity we see that for all p € M, it induces a pointwise map
I (p): T,M xT,M — (T,M)" .
(The proof is similar to the proof of Theorem 2.3.10.) We will see that it measures how M is “curved” in M.

Note. Combining Defn. 4.2.6 with the ccontent of Lemma 4.2.5, we see that VxY decomposes as

VxY = VxY +I1(X,Y).

Remark 4.2.7. Lemma 4.2.5 a posteriori explains the definition of the Levi-Civita connection: If M c R"
is a submanifold equipped with the metric g = geyci|as, We could have defined the Levi-Civita connection for
X,Y e X(M) as

8VxY (p) := (anY?)T (p) = [Dﬂp (Y (p))]T ’

where X,Y € X (R™) are extensions of X, Y respectively. (See Example 4_ 11 .) For example, if p € st c R”, we
have v (p) =v — (v, p)p € T,S"! for v € R". In particular, if v = ®" V%Y, we get

This was the first definition of the Levi-Civita connection. Our (axiomatic) definition has the advantage that it does
not need an embedding into R".

Definition 4.2.8: Weingarten map (Shape Operator)

For a normal field & € X(M)*, the Weingarten map (or shape operator) S¢ € ,'(M) is defined by the
equation

FIL(X,Y),6) =g (55 (X0),7).

(Here, S¢ is considered as a map S¢ : ¥(M) — X(M).)

Proposition 4.2.9

The Weingarten map fulfills the Weingarten equation: For X € X(M) and & € X(M)=*, we have

(?Xg)T = _S¢(X). 4.2.2)
Proof. LetY € X(M) be arbitrary. Then
— T —

g ((fo) ,Y) =3 (fo, Y) , since Y is tangential
=X(g(&Y)) —§(§,6XY), since V is metric
=-g (f,va) , since é LY
=-g (f, ﬁXY)i) , since £ € (X (M))*
=g (s (x).Y) o

Definition 4.2.10: Semi-Riemannian Hypersurfaces

A subset M C M is called a semi-Riemannian hypersurface if dim M = dim M + 1.
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Lemma 4.2.11

If M c M is a semi-Riemannian hypersurface, then for each p € M, there exists a neighborhood U ¢ M of
p and up to sign a unique £ € X(U)* such that

() [g(£.&)l=1

Such a ¢ is called a unit normal field. It also satisfies
— 1
(i) (ng) = 0forall X € X(U),

(iii) S¢(X) =-Vxé forall X € X(U),

(iv) TI(X,Y) = -8 (£,€) - g (ng, Y) & forall X,Y € X(U).

Proof. (i) Let U c M be a neighborhood of p such that there exists a locally defining function f € C*® (ﬁ)

with U := U N M = f~1(0). We claim grad f(q) # 0 for all ¢ € U. Since f is a locally defining function,
Remark 1.5.10 shows

TpM =kerdf |y = ker (g (-, grad f (¢))) = (grad f ()" .

In particular, this means dim (grad f (¢))* = dim7, M < dim T,,M so that grad f(g) # 0.
We may thus apply Lemma 3.3.3(i). Since grad f € X(U)*, we see that

. grad f
© |grad f|

fulfills (i). Uniqueness follows from the fact that dim (T, M)" = 1 for all p € M.

(ii) For all X € ¥(U), we may apply the product rule to get that on U:

0=X(3(6.9) =2-7(Vxt.¢).
+1

This implies _
Vxé(q) € (£())" =TyM (g €l).

— 1
Thus, (vxg) - 0.
(iii) By (ii) and Prop. 4.2.9, we have
— — T
Vx¢ = (Vxé) =-5(0).

(iv) The set {¢ (¢)} is a pseudo-orthonormal basis of (7, M )l for all g € U. This implies that we can write any
normal field 7 as

n=886 - gmEE (meXU)).
In particular, the above equality holds for normal fields of the form n = [1(X,Y), where X,Y € X(U). Then
M(X,Y) =3 (£,6) -1 (X,7),¢) - ¢
=g(£9) -g(Sf (X),Y) <€, by Defn. 4.2.8

=-g(£&¢8) g (ﬁxé‘, Y) <€, by Lemma 4.2.11(iii). o
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Definition 4.2.12: Totally Geodesic & Totally Umbilic hypersurfaces

A semi-Riemannian hypersurface is called
(i) totally geodesic if IT = 0.

(ii) totally umbilic if there exists @ € R such that [1(X,Y) = ag(X,Y) - ¢ for some (and hence every)
choice of unit normal field.

(If £ is a unit normal field, then (ii) holds for the only other unit normal field (—¢) by replacing a with —a.)

Example 4.2.13. (i) Let M = R", equipped with geuq and M = vt for v € R” \ {0}. Then & := ﬁ e X (R")

is a (constant) vector field such that & = £| is a unit normal. This implies
Vxé (x) = Déx (X (1)) =0 (x € R", X € X(M)).

By Lemma 4.2.11(iv), we have

M(X,Y) = -F (£.6) - (Vx&.Y) - £ =0
—— ——
=0

and hence M is totally geodesic.

(i) The spaces S7~'(r) ¢ R~ and H"~{(r) C R”"~” are totally umbilic. (Exercise.)

Remark 4.2.14. Recall that IT is symmetric and g (T1 (X,Y), &) = g (S¢ (X),Y) (Lemma 4.2.5(ii), Defn. 4.2.6,
& Defn. 4.2.8). This means that for all normal fields £ € X(M)*, the map

S¢X(M) — X(M)

is self-adjoint. (This means that g (S (X),Y) = g (X, S% (Y)) forall X,Y € X(M).) More precisely, we have

¢ (S€00.Y) =EMXLY). 6 =MLY, X).6) =g ($¢ (V). X) =g (x.5¢ (1))

Since S¢(p) is self-adjoint, the spectral theorem implies that S¢ (p) admits eigenvalues A1 < ... < A, (with
n = dim M) and T, M admits a pseudo-orthonormal basis of eigenvectors of $¢(p).

Definition 4.2.15: Principal Curvatures

Let M C M be a semi-Riemannian hypersurface, let p € M, and let & be a unit normal field near p. Then the
eigenvalues of S¢ (p) are called principal curvatures of M at p.

The eigenvectors are called principal curvature directions.

Note that the principal curvatures of M at p are well-defined up to sign since S™¢ (p) = =S¢ (p).
Example 4.2.16. Let f € C*(R") be givenby f(x) = 3 T, A; ()c")2 and
M=T(f) ={(x,f (x)) : x € R"} c R™!
(equipped with geuer). Let F : R — R be the locally defining function
F (xl, .. ,x"”) =x"—f (xl, . ,x") .
Then M = F~1(0). By the proof of Lemma 4.2.11(i), £ = grad F/|grad F| is a unit normal field. Observe,

grad F (=Aixl, ..., =2,x", 1)

- lgrad F|

1+ 30, (ix)?
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Fix p =0. For 1 <i < n, by Lemma 4.2.11(iii), we have

S€(9;) (0) = =V,& (0) = =DE&|o (6;)

1 1 5
_|a: -grad F(0) + —————V, grad F(0
’(|gradF|)0 ed PO ferad Foy % 84O
1 1
-6 |——=]| -(0,0,....1) + —2;6;
[ {gaam] | 000 e
=0
=/li6i.

This means the principal curvatures are given by A; and the principal curvature directions are 0.
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Note that if M c R™*! is an arbitrary hypersurface and p € M, it is, up to rotation and translation, of the above

form (with f (x) = 1 3, 4 ()c")2 +0 (|x|3).



Chapter 5

Geodesics

Intuition: Geodesics are parametrized curves with no acceleration. On R”, this means that ¢’ =0 forc : I — R".
Thus, ¢(t) = at + b fora, b € R".

On a manifold, we already defined ¢’ for ¢ € C*(I, M), but not ¢”’. Thus, we need to differentiate vector
fields which are only defined along a parametrized curve ¢ (in particular ¢”).

From now on, let M be a semi-Riemannian manifold.

5.1 The Covariant derivative along curves

Definition 5.1.1: X(M).: Vector fields along curves

Let I C R be an interval and ¢ € C*(I, M). Define

X(M). ={XeC(I,TM) : X(t) € T.(xy M Vtel}.

Then X € X(M), is called a vector field along c.

Remark 5.1.2. We have ¢’ € X(M).. (See Remark 1.4.11(iii).) For Z € ¥(M), we have Zoc € X(M).. However,
not every X € X(M), is of this form.

Theorem 5.1.3

Let I c R be an interval and ¢ € C* (I, M). Then there exists a unique map
v X(M) X(M)
- c c
dt

X VX
s
dt

such that for all X,Y € X(M).,Z € X(M), and all f € C*(I),
() ¥ (X+Y) =X+ 3Y;
i) 7 (fX)=f'X+f- 37X
(i) 3 (Zoc) =V Z.
We call % the covariant derivative along c. It also satisfies

(v) (X, Yy = (T X, Y)+(X, Y).

Remark. The expression V.-Z in Theorem 5.1.3(iii) can be interpeted as an element in X (M), in the following

59
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way. The map
X(M)xX(M) — X(M)
(W,Z) — VwZ
is C*(M)-linear in the first slot. Thus for fixed Z € ¥(M), the vector VwZ(p) € T, M only depends on W(p).

Therefore, it makes sense to define V,Z := VwZ, where W is any vector field satisfying W(p) = v. As a
consequence we obtain a well-defined linear map

oM — T,M
vi—>V,Z.
We may extend this to a C*(I)-linear map
X(M)e — X(M)c
X +— VxZ

by setting VxZ(t) = Vx()Z € To;)M. Setting X = ¢’ in the above, we see that V. Z is a C*(I)-linear map.

Proof. UniqueneSS' A cutoff function argument (such as the one given in the proof of Theorem 2.3.10) shows that

dt
following Remark.)

Take J so small that ¢(J) c U for a chart (U, ¢) of M. Write X|; = X'd;ocand goc(t) = (c'(¢),...,c" (1))
fort € J, where 8; o c(t) = 8;|¢(r). Then ¢’|; = (¢/)'; o c (see (1.4.8)). Then

\Y \Y
(EX) ‘, (X|J) (X d; o c)

is local, i.e. (%X ) | ;= % (X]y) for an open subinterval J c I. (For a more detailed proof of this, see

’

= (X' 8,-oc+XlZ(6,~oc), by (i) & (ii)

(X)

= (X) di0c+X'Vu0;, by (iii)

= (X') 8 0 ¢+ X'V ey 0;000r
(X)
(X)

’

= (X) dioc+ X () Voot
= (X) docr X () - (Tfioc) - @hoe), by
— [(Xk), + Xt (Cj)/ . (sz] o c)] (Okoc).

This implies uniqueness. In particular, we have

v i’ i " vi
(EX) (] = (X)) ;0 c+ XV (eiypc (B0 €) = [(Xk) + X7 (cF)' T oc] (B oc). (5.1.1)

Existence: Define %X locally by (5.1.1) and check the properties (i)-(iv). By uniqueness, this defintion does not
depend on the chosen chart. O

Remark. Here we give a more detailed proof of the locality property of %.

Step 1. The restriction (%X ) ‘ depends only on X|;.
Let 7 € J and pick an open interval K with 7 € K and K c J. Pick a cutoff function y € C®(I) with supp xclJ

and y|x = 1. Suppose X € X(M), satisfies X|; = X|,. Since y’(s) =0 forall s € K and since y - X = y - X, we
have for all 5 € K,

(X @ = wxw e (Fx)o=(F 0]

=(%( ))(s)—( )(s>

This shows (%X) |K = (%f) )K whenever X|; = X|; for any ¢ € J and any such neighborhood K of 7.
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Step 2. The map % restricts to a map %| ;

X (M), — X(M)., in such a way that (%X) |J = %|J (X1)).
Given % : X(M). — X(M),, define

v

;s XMy, — XMy,

vV
X —X|,
'_)(dt )]

where X is an extension of X. By Step 1, this map does not depend on the chosen extension. It remains to show %
satisfies (i)-(iv) of Theorem 5.1.3. To show (i), observe that for X,Y € X(M).|, with extensions X,Y € X(M),,

s

Vie o Vo Vo V v
(X+Y):Z(X+Y):—X+—Y:E|J(X)+E|J(Y).

7
dt"’ dt dt

The verification of (ii)-(iv) is similar. For all X € X(M),, since X is an extension of X|;, see that
\Y \%
—|, x1)=[=x ( :
dt|1( l7) (dt ) J

as desired.

Definition 5.1.4: Parallel Vector Fields

Letc € C® (I, M). A vector field X € X(M), is called parallel if %X =0.

Theorem 5.1.5

Letc € C¥([a, b],M),v € T.(4)M. Then there exists exactly one parallel vector field X € X(M), such that
X(a)=v.

Proof. Case 1: Suppose first that there exists a chart (U, ¢) such that ¢([a, b]) c U. (For example, such a chart
exists if a, b are chosen so that b — a is small.) Then for X € ¥(M)., X = X'9; o c, the condition %X =0is
equivalent to the ODE system

(x4) +xi (@) ThE =0 (<isn), (5.12)

(See (5.1.1).)

Write v = v/0;|c(a) € Te(ayM. By ODE theory, there exists a unique solution {X € C* ([a,b],R)},_;_,
of (5.1.2) with X*(a) = v'. This implies X = X'; o ¢ € X(M), is the unique parallel vector field on ¢ such
that X (a) = v.
Case 2: For the general case, the compactness of ¢ ([a, b]) lets us choose finitely may (U;, ¢;) (1 < j < N) and
a=ty <t <---<ty =bsuch that
c([tj-1.1;1) € U;.

The result follows from N applications of the argument in Case 1. o

Definition 5.1.6: Parallel Transport

For ¢ € C* ([a, b], M), we define a map

PYTowyM — Tep)M
v = X(b),

where X € X(M). is the parallel vector field such that X (a) = v. We call P the parallel transport.
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Lemma 5.1.7

The map P% : To(q)M — T.(»)M is a linear isometry.

Proof. Linearity: The relation P2(v +aw) = P2(v) + aP2(w) follows from the fact that the ODE-system (5.1.2)
is linear.

Isometry: Letv,w € T.(,)M and X,Y € X(M). be the parallel vector fields with X (a) = v,Y(a) = w. Then
d v v
—(X,Y)=(—X,Y)+(X,—=—Y) =0,
5 (KT = (X Y) +(X, )
o)

(PG(v), PL(w)) = (X(b),Y (b)) = (X(a),Y(a)) = (v, w). =

5.2 Geodesics
Definition 5.2.1: Geodesic

A curve ¢ € C®(I, M) is called geodesic if %c’ = 0. That is, if ¢’ is parallel.

Lemma 5.2.2

Let a € R. Foreach p € M and v € T, M, there exists an interval I with a € I and a unique geodesic
c: 1 — M with c(a) = pand ¢’(a) = v.

Proof. Let (U, ¢) be a chart around p. By (5.1.2), ¢ : I — U is a geodesic if and only if the functions ¢/ : I — R
defined by @ o c(¢) = (c' (1), ..., c" (1)) satisfy

(ck)"+(ci)’(cf)’rfjoc=0 (1<k<n). (5.2.1)

(See (5.1.2).) Standard theory of 2nd order ODE-systems yield a unique solution ¢(z) = (c!(2),...,c" (1)) for
given initial data (c!(a),...,c"(a)) := ¢(p) and ((c')’(a),...,(c") (a)) := Tpp(v), defined on an interval /
around a. This implies ¢ := ¢~! o ¢ is the desired unique geodesic. o

Example 5.2.3. (i) On R¥"7Y, we have F{‘. = 0 for all i, j, k in the standard chart. This means that for
x e R”" Y andv € T,R”"™” = R", the geodesic with ¢(0) =x and ¢’(0) =visc:t+— x +1v.

(ii) The cylinder M = {(x,y,z) € R} : x? + y* — 1 = 0} is covered by charts of the form

¢ : (cosb,sinb, z) — (6,2) (zeR,0 € (a,a+2m)).

0 —siné
In each of these charts, 0, = |0 |and 9y = cos8 |. If we equip M with the Riemannian metric g := geucl|m»
1 0

we get
1 0
{gij}i,je{z,e} = {geucl (ai’aj)}i,je{z,e} = (0 1) = szj =0.

This means ¢ : I — M is a geodesic <= In each of these charts, the components (c?,c?) satisfy
(c?)” =0 = (c?)”. This means c?, ¢? are of the form a + tb.

Thus, if ¢(0) = (cos 69, sin Gy, zo) and ¢’ (0) = adgl(0) + b0;|c(0) (in a chart of the above form around ¢(0)),
then
c(t) = (cos (6p + at) ,sin (6y + at) , zo + bt) .

(iii) For an arbitrary semi-Riemannian manifold, the geodesic ¢ : I — M with ¢(0) = p and ¢’(0) =0 € T, M is
the constant curve c(¢) = p for all t € I. We call all other geodesics nonconstant
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Lemma 5.2.4

Let ¢y, c2 1 1 — M be geodesics such that ¢ (a) = c2(a) and ¢} (a) = ¢ (a) for some a € I. Then ¢| = c;.

Proof. LetJ :={t € I: ¢,(t) = c2(1), ¢} (1) = ¢}(1)}. Then the following are true.
(i) J + @sincea € J.
(i1) J is closed since it is defined by a continuous equation.

(iii) J is open. To see this, let b € J, then by Lemma 5.2.2, there exists € > 0 such that ¢, (¢) = ¢,(¢) for all
t € (b—¢&,b+¢). This means ¢ (t) = c¢)(¢) forallt € (b—¢&,b+¢) sothat (b—¢&,b+&) C J and J is open.

As I is connected, we have J = I. |

As a consequence, we obtain

Proposition 5.2.5

For p € M and v € T, M, there exists a unique geodesic ¢, : I — M such that

(@) ¢v(0) = p, ci,(0) =v,

(i) The domain of ¢, is maximal, i.e. if ¢ : J — M with O € J is another geodesic with ¢(0) = p and
¢’(0)=v,thenJ Cc Iand ¢ |y =c.

Definition 5.2.6: Maximal Geodesics & Geodesically Complete

We call the geodesic ¢, from Prop. 5.2.5 maximal. If for each p € M,v € T,,M, the geodesic c, is defined
on R, then M is called geodesically complete.

Example 5.2.7. (i) R”"7" is geodesically complete.

(i) RV \ {0} is not geodesically complete.
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Lemma 5.2.8

let ¢ : I — M be a nonconstant geodesic and & : J — [ a diffeomorphism of intervals. Then the following
are equivalent

(i) c o his a geodesic.

(ii) h(t) =at+bfora,b e R.

Proof. (ii) = (i): Chain rule & (5.2.1).

() = (ii): Let t; € J and s := h(t;) € I. Then (c o h)(t1) = c(s1) and (c o h)'(t1) = ¢’(s1) - A/ (t1). Set
a=h(t1),b =s; —aty and h(t) = at + b. Then c o h is a geodesic by the implication (ii) = (i) with

(coB) () =c(s1) = (c oM@,
(C oﬁ), (t))=c'(s1)-a=c" (h(t)) - W (t1) =(coh) (t1).

By uniqueness, we have ¢ o h = ¢ o h. As c is nonconstant, this means & = h. m}

Lemma 5.2.9

Letp € Mandv € T,M C TM. Then there exists an open neighborhood U of v in TM and an interval I
around O such that the mapping

UxI—M

(w, 8) = ¢y (8)

is C*.

Proof. ODE-theory (smooth dependence of ODE’s with C*-coefficients on initial data). O

5.3 The Exponential Map

Definition 5.3.1: Exponential map (exp,,)

Forp e M,setD,, = {v € TpM : c, is well-defined on [0, 1]}. We call the map

exp, :Dp = M
Vi oy (1) (53.3.1)

the exponential map at p.

Remark 5.3.2. (i) D), is the maximal domain of exp,,. If M is geodesically complete, then D, = T}, M for all
pEM.

(ii) Forv € T,M,t € R, the map — ¢, (¢ - 5) is a geodesic (by Lemma 5.2.8) with initial point p and initial
velocity 7 - ¢/,(0) = ¢ - v. This implies ¢, (¢ - 5) = ¢;.,(s) if both sides of the equation are defined. This gives
the relation

exp, (1 -v) =cn(1) = ¢, (7). (5.3.2)

(iii) D, contains an open neighborhood of 0 € T, M. To see this, let U € TM be the neighborhood of 0 € T, M
in Lemma 5.2.9. Then there exists € > 0 such that (-g,&) c I (with I as in Lemma 5.2.9). The set
U, :=UNT,M is an open neighborhood of 0 € T, M. For all v € U,, ¢, is defined up to (-¢, &). Thus,
for £-v,v € Up,copy : 5+ Conv(s) = cv(g/2,5) is defined up to (-2,2) so that {£v:veU,}isa
neighborhood of 0 € T, M contained in D ,.



5.3. THE EXPONENTIAL MAP 65

Theorem 5.3.3

Let p € M. Then there exist open neighborhoods V C T, M of 0 and U € M of p such thatexp,, : V — U is
a diffeomorphism.

Proof. AsT,M is a vector space, there is a canonical identifcation T, M = T, (T, M), given by

oM — T, (T, M)
we [cit—v+iw], eT,(TpM).

Now we compute
Ty epr : To(TpM) = TpM — Texpp(O)M = TPM.

Letv € T,M and ¢ : t — t - v a straight line in 7, M. Then by the chain rule,

) ’ d
Toexp, (v) = Toexp, (¢' (0)) = (expp oc) (0) = E‘t:{) exp, (1v)

2| e =co=v.

Thus, Ty exp,, = idr, p and thus is a linear isomorphism. The assertion now follows from Lemma 1.5.3. O

Definition 5.3.4: Geodesic Chart

Let p € M and % = {e,...,e,} be an ordered basis of T, M. Then we have an isomorphism ¢ : T, M —
R™ v =vie; — (v',...,v"). With U and V as in Theorem 5.3.3, we call (U, ), with ¢ = ¢z = (exp, [y)~!:
U — R" a geodesic chart of M centered at p with respect to the basis Z.

Proposition 5.3.5

Let p € M and & = {ej,...,e,} be a pseudo-orthonormal basis of T, M (ie {e;,e;) = £;6;;,&; € {x1}).
Then in the geodesic chart at p with respect to &, we have for all i, j, k,

() gij(p) = €idij,
(i) Tj5(p) =0,
(iii) digjr(p) =0

This implies g;; o o l(x) = £i0;; +0 (lxlz).

Proof. (i) Let {fi,..., fu} be the standard basis of R". Then Topgz(e;) = Dy, lo(e;) = fi for all i. Since
-1
(T() expp) =id, we get

-1
Tyg(en) =Tows o (Toexp,) (e =Tppa(en) = fr
This means ¢;|, = (Tpcp)_l(f,-) = ¢; so that
8ij(p) =(0ilp,0jlp) = (ei, ej) = €i0;;.

(ii) Forv =v'e; € T, M, the corresponding geodesic ¢, : t — exp,, (#v) haslocal components (c'(t),....c"(1) =
poc(t) = (tv!,...,tv"). By (5.2.1) witht = 0, we get 0 = vivfl“ikj (p) for all k. Then the symmetric bilinear
form Q% : (v, w) — vkwfl“fj(p) satisfies QX (v,v) = 0 for all v € T, M. By polarization, we get 0¥ = 0 so
that T, (p) = 0 for all i, j, k.



5.4. GEODESICS IN SUBMANIFOLDS 66

(iii) Observe

88k (p) = (8:(0;, 0x)) (p)

=(V5,0;,0k)(p) + (0}, V4,0}), since V is metric
= (Ffjgfk) (p) + (kagjf) (p)
=0, by (i). o

Remark 5.3.6. The properties of geodesic charts in Prop. 5.3.5 are sometimes very useful for calculational purposes.
Example 5.3.7. On R¥>"~” and x € R”""7", the exponential map is given by

exp, v oy(l)=x+1-v=x+v.

5.4 Geodesics in Submanifolds

Let M be a semi-Riemannian submanifold of the semi-Riemannian manifold M. We denote the covariant derivatie

along curves in M and M by % and %, respectively.

Lemma 5.4.1

Letc:I — M c M be smooth and X € X(M). C X(M).. Then

v, Vv

—X=—X+II(X, ). 5.4.1

5% = X +1X. ) (5.4.1)
In particular, _

v v

—c'=—c +11(c, ). 4.2

dtc dtc +I1(c’, ¢’) (5.4.2)

Proof. Let (U, @ = (x',...,x", ..., x™)) be a submanifold chart Then on J C I with ¢(J) c U, we have

v V(&
Ty Xio:
dt dt ; 9 e c)
n n . o
= Z (XY 8;0c+ Z X'(¢!)Vg0j0c|, by Theorem 5.1.3

i=1 =1
= Z (Xi), dioc+ Z XY [Va,.aj +11(0;, 6]-)] oc, byLem.4.2.5and Defn. 4.2.6
i=1 Q=1

= —VX+H(X ") O
- dt s

Corollary 5.4.2. Let c € C®(I,M) c C*(I, M). Then c is a geodesic in M if and only if %c’ is orthogonal
to M.

Proof. cis a geodesic in M if and only if %c’ = 0; by (5.4.2), this is equivalent to %c’ =TII(c’,c") L M. O

Corollary 5.4.3. The following are equivalent:
(i) M C M is a totally geodesic submanifold.
(ii) Every c € C®(I,M) c C*(I, M) which is a geodesic in M is also a geodesic in M.
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Proof. (1) = (ii): If c is a geodesic in M then

v v
—c'= — +I1(,c')=0
dt dt —
—— .
-0 by ()

so that ¢ is a geodesic in M.

(ii) = (i): Letp € M andv € T, M be arbitrary and let ¢, be the geodesic in M satisfying ¢, (0) = pand ¢},(0) = v.
By (ii), c is a geodesic in M so

v v
0= EC,(O) = EC/(O) +II(v,v);
~——
=0
thus IT(v,v) = Oforallv € T, M and all p € M. By the symmetry of I and polarization, we get I1(v,w) =0
forallv,w € T,M, p € M. This shows (i) holds. O

Example5.4.4. Let M = (R", geyet) and M = (S"!, gon1 = geucellsn1). Letp € S" Landv € T,8" ! = p*,v £ 0.
Then the maximal geodesic ¢, € $"~! with ¢,,(0) = p, ¢/,(0) = v is given by

cy 1R — §"1
%
t—cos(|v|t)-p+ ﬁ sin (|v|?).
%
Then

s (cy(t),cy(t)y = -+ = 1 implies ¢, € C= (R, S"71).
e Check ¢, (0) = p,c,(0) =v.

. %c’v(t) = (1) == v[* - ey (t) € Rey(r) = (T, (;yM) ™ so that ¢, is a geodesic.



Chapter 6

Curvature

As usual, let M be a fixed semi-Riemannian manifold with Levi-Civita connction V.

6.1 The Riemannian Curvature Tensor

Definition 6.1.1: Hessian

The Hessian of a function f € C*(M) is

Vif:X(M)xX(M) — C®(M)
(X,Y) = Vi yf = XY () = (VxV) (/).

Lemma 6.1.2

(i) V2f € T)(M).
(ii) Vi yf = Vi xf forall X,Y € (M).
(iii) V%, f =(Vxgrad f,Y) forall X,Y € X(M).

Proof. (i) It follows from the definition that
Vixyf=hVxyf  (heC®(M),X.Y € X(M)).
Then

V2 = X(h-Y () = (Vx(h-Y))(f)

= XU (TT+h-Y(f) - [XUD-F(T) + h- (VxY)(f)]

=h- V%(,Yf .
This shows V2 f is C*(M)-bilinear, hence a tensor field.

(i) Observe that

Vi = Vexf = XX () = (IxV)(f) =Y (X(/) + (FyX)(f)

= [X,Y](f) - [(VxY) = (Vy X)](f)
~—
=[X.Y]

=0.

(i) V3, f = XY (f) = (VxY)(f) = X ((grad £, Y)) - (grad f, VxY¥) = (Vx grad f.Y).

68
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Remark 6.1.3. Lemma 6.1.2(ii) asserts that the Schwartz thereom also holds in manifolds, i.e. covariant derviatives
commute when applied to functions. This is no longer true if f is replaced by a vector field Z. Our first notion of
curvature measures the failure of commutativity.

Definition 6.1.4: Riemannian Curvature Tensor

The map
R:X(M) x X(M) x X(M) — X(M)
(X,Y.Z) = RxyZ :=V%yZ -Vy yZ (6.1.1)
= Vx(VyZ) = VywZ - (Vy (VxZ) — Vy,xZ)
=Vx(VyZ) - Vy(VxZ) - Vixy|Z

is called the Riemannian curvature tensor.

Lemma 6.1.5

R is C*(M)-trilinear, hence defines a (1, 3)-tensor field.

Proof. The C*(M)-bilinearity of (X,Y) — Vg( vZ = Vx(VyZ) — Vy,yZ is shown as in Lemma 6.1.2(i). Thus,
(X,Y) — RxyZis C*(M)-bilinear. It remains to show C*(M)-linearity in Z. Observe that

Viyr(f2) = Vx(Vy(f2)) - Vo (f2)
=Vx (Y () +fVyZ) = (VxY) (f) - Z - fVvyZ
=XY(N+Y () IVXZ+X(f)VyZ+Vx (VyZ) = (VxY) (f) - Z - fVyyZ
=Viyf Z+Y(H)VxZ+X(f)VyZ + V%, 2.

Antisymmetrizing in X, Y and Lemma 6.1.2(ii) yields Rx y (fZ) = fRxyZ. O

Lemma 6.1.6

Let (U, ¢) be a chart of M and write
Rly = R0 ® dx’ @ dx* @ dx"

Then R%, = 9,1, — T, + Ty — T80

Proof. We compute

= dxi Vaj (Vakag) - Vak (Vaja[)) s since [8j, ak] =0
= dx’
= dx' (917 - G+ TE4TY, 0y = 0T~ T0T, 3

=0,T}, + r,';;r;im - akrj.[ - r;';r,im. o
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Theorem 6.1.7

For all X,Y,Z,W € X(M), the Riemannian curvature tensor satisfies
(1) RxyZ =-Ry xZ,
(i) RxyZ + Ry zX + Rz xY = 0 (First Bianchi identity),
(iii) (Rx,yZ,W) = —(RxyW,Z),
(iv) (RxyZ,W) = (Rz wX,Y) (pair symmetry).

Proof.
(i) Immediate from the definition.

(i1)) Observe that

RxyZ+Ry zX+ Rz xY =VxVyZ -VyVxZ - Vixy|Z
+VyVzX - VzVyX - Viy 71X
+VzVxY - VxVzY -V z xY
=Vx[Y,Z]+Vy[Z,X]+Vz[X,Y] - Vixy1Z-Viy,21X - Vizx1Y
=X, [Y.Z]]+ Y, [Z, X]] + [Z, [X. Y]],

where the last two equalities follow from V being torsion-free. Then the result follows from Lemma 2.1.9.

(iii) By polarization, we have that (iii) holds if and only if (RxyZ,Z) = 0 for all X,Y,Z € X(M). Since V is
metric, we have

(RxyZ,Z) =(VxVyZ - VyVxZ -Vixy|Z,Z)
= X (V2. 2)) ~ (WZ,xZ) ¥ (VxZ, 2)) 4 (VxZ, Ty Z) = 5 [X. V] (2.2)
= X0V (Z.20) - 3¥ (X (Z,2)) - 3 [X.¥] (2, 2))
=0.

(iv) By (i),
(RxyZ,W)+{(Ry zX,W)+(Rz xY,W) =0

(1) (27) (5)
(Ry zW,X)+(RzwY,X)+(RwyZ,X)=0

(2) (3") (6)
(RzwX,Y)+(RwxZ,Y)+(Rx zW,Y) =0

(3) (4) (5)
(RwxY,Z)+(RxyW.,Z)+(Ry wX,Z) =0.

(€] (1) (6)
Then (iii) implies (k) + (k) = 0 for k = 1,2, 3,4. By (i) and (iii), we have (k) = (k) for k = 5,6. Adding
up the four equations above yields
0=(RzxY,W)+(RwyZ, X)
= (RZ,XY’ W) - <RY,WZ’ X>’ by (1)

This implies (iv). ]
Remark 6.1.8. Often, we consider the Riemannian curvature tensor as a (0, 4)-tensor field by setting R(X, Y, Z, W) =

(RxyZ,W). Both tensor fields contain the same information and it will be clear from the context whether R is
considered as a (1, 3) or a (0, 4) tensor field.
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Definition 6.1.9: Flat Manifolds

A semi-Riemannian manifold is flat if R = 0.

Example 6.1.10. R”"~” is flat: In standard coordinates on R", we have Ffj =0foralli,j, k; by Lemma 6.1.5, we
have Rj.k[ =0foralli,j,k,{sothat R = 0.

Remark 6.1.11. One can show that in geodesic coordinates centered at p € M, we have

- 1
8ijo¢p l(x) =g;0;j + §Rikjg(p)xkx€ +0 (|x|3) .

This implies that R measures the deviation of the metric from being the standard (flat) semi-Riemannian metric g,
on R".
6.2 Sectional Curvature

Let V be an n-dimensional real vector space equipped with a scalar product (—,—), o0 C V be a 2-dimensional
subspace (2-plane) and {u, v} C o be a basis of 0. Define

O(u,v) = u,u){v,v) — {u, v)z.

If (—, —) is positive definite, then Q(u, v) measures the area of the parallelogram spanned by « and v.

Recall. o C V is non-degenerate if and only if (—, —)| is a scalar product, i.e. still non-degenerate.

Lemma 6.2.1

A subspace o C V is non-degenerate if and only if Q(u,v) # O for any basis {u, v} of o.

Proof. With respect to a basis {u, v}, (—, —)| s has the matrix representation

[(uyuy  (u,v)
A= ((u,v) (v,v)) ’

By linear algebra, we have o is non-degenerate if and only if Q(u,v) = det A # 0. O

Definition 6.2.2: Sectional Curvature

For p € M, the sectional curvature of a non-degenerate 2-plane o~ C T, M is

R(u,v,v,u)

K(o) :=K(u,v) := W,

where {u, v} is a basis of o.

Lemma 6.2.3

K (o) is well-defined, i.e. independent of the chosen basis {u, v} of o.

Proof Sketch. Let {u, v} be another basis of o and write u = au + bv,v = cu + dv. Then by the symmetries of R,
we have R (i,7,7V, %) = (ad — ¢b)* R (u, v, v,u). Similarly, Q (,V) = (ad — cb)* Q (u,v). O
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Definition 6.2.4: Gauf3 Curvature

For a two-dimensional semi-Riemannian manifold M, we call K € C* (M), given by K(p) := K(T, M) the
Gaub curvature.

Remark 6.2.5 (Interpretation). If M is a Riemannian manifold and u, v an orthonormal basis of a 2-plane o C T, M
for some p € M, then one can show that

d(exp,, (1), exp,, (1)) = 2 lu = v||* - %K(o-)t“ +0 (ﬁ) .

Proposition 6.2.6

The Riemannian curvature tensor and the sectional curvatures are equivalent. More precisely, the following
holds for all p € M:

(i) R(p) determines K (o) for all 2-planes o € T, M.
(i) K (o) of all 2-planes determines R(p).

Proof.

(i) Follows from the definition.

(ii)
Step 1. The sectional curvatures determine R(u,v,v,u) for allu,v € T, M.
R(u,v,v,u) = K(u,v) - Q(u,v) for all linear independent u, v, which span a non-degenerate 2-plane. The
set of such pairs (u,v) is dense in T, M X T, M, so R(u, v, v, u) is determined by continuity.
Step 2. The expressions R(u,v,v,u) determine R(u,v,v,w) for all u,v,w € T, M.
By Theorem 6.1.7, B, (u,w) — R(u,v,v,w) is a symmetric bilinear form, through polarization determined
by the associated quadratic form which we know from Step 1.
Step 3. The expressions R(u,v,v,w) determine R(u,v,z,w) + R(u,z,v,w) forall u,v,z,w € T, M.
By Theorem 6.1.7, B, v (z,v) — R(u,v,z,w)+ R(u, z, v, w) is a symmetric bilinear form determined by the
associated quadratic form which we know from Step 2.
Step 4. The expressions R(u,v,z,w) + R(u, z, v, w) determine R(u,v,z,w) forallu,v,z,w € T, M.
Observe that

R(u,v,z,w) + R(u,z,v,w) = R(v,u,z,w) = R(v,z,u, w)
=R(u,v,z,w) + R(u,v,z,w) —R(z,u,v,w) — R(v, z,u, w)

=R (u,v,z,w) by Theorem 6.1.7(ii)
=3R(u,v,z,w). O

Corollary 6.2.7. Let p € M and k € R. Then the following are equivalent.
(i) K(o) = « for all non-degenerate 2-planes oo C T, M.
(ii) R(u,v,w,z) =« ({u, 2)(v,w) — (u, w){v, z)).

Proof. Exercise. O
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Definition 6.2.8: Constant Curvature

A semi-Riemannian manifold is of constant curvature if there exists k € R (independent of p € M) such
that Corollary 6.2.7(i) and (ii) hold for all p € M.

6.3 Curvature of Submanifolds

Let (_M, %) be a semi-Riemannian manifold with curvature tensor R and (M, g) a semi-Riemannian submanifold
of (M, g) with curvature tensor R.

Proposition 6.3.1

For all X,Y,Z,W € X(M), we have

R(X,Y,Z,W)=R(X,Y,Z,W)+g (I (X, Z), 1 (Y,W)) —g (I1(Y,Z), 11 (X, W)).

Proof. By Lemma 4.2.5 and Defn. 4.2.6, we have

z (Vﬁyz, W) -z (ﬁx (VyZ+T1(Y,Z)), W)

=B VXV Z+TL(X, ¥y 2), W |+ 3 (Vx (11 (Y,2)), W)

~— ——
1M
=3 (VxVyZ. W) -g (S““’Z) (X), W) , by Lemma 4.2.11(iii)
=g (VxVyZ, W) -2 (I1 (Y, 2) , 11 (X, W)), by Defn. 4.2.8.

Analogously, we have
2 (TxTyZ, W) = —¢ (VyVxZ, W) +Z (L (Y, W) T (X, Z))

Finally, by Lemma 4.2.5 and Defn. 4.2.6 we get

2 (Vixn1Z W) = =8| Vi Z + TL(IX, Y], 2), W | = —¢ (Vpxew) Z, W)
~—— ——
1M

and adding up yields the result. O

Corollary 6.3.2. The sectional curvatures K(v,w) and K (v, w) of a basis {v,w} of a non-degenerate 2-plane
o CTy,M C T,M are related by

_ E(H (V’V)’H(W’W)) _g(n (V,W),H (V’W))
gv,v)g(w,w) —g(v,w)? '

K(v,w)=K(v,w)

Proof. Immediate from Prop. 6.3.1. O

Example 6.3.3. (i) Let (M,2) = (R?, geuet) and (M, g) be a 2-dimensional (Riemannian) hypersurface. Let
peMCcC R3, & a unit normal field around p, and {ey, e2} be an orthonormal basis of 7,M. Then by
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Corollary 6.3.2,
0=K(ey,ez) =K(er,ez) —g (I (er,e2) , I (ea,e2)) + g (I (1, e2) . I (e, €2))
= K(er,e) =5 (3 (S5 (en) 1) - .8 (5% (e2) 2]
+g (g (Sf (e1), ez) -&.8 (Sf (e1), ez)) , by Defn. 4.2.8 and & unit normal

= Ker,e2) ~ 8 (¢ (1), e1) & (5 (e2),2) g (¢ (en) 2]
= K(p) — det (S ¢ ) , by definition of Gauf} curvature.
This implies
K(p) = det (Sf) = A1 Ay,
if A1, A, are the principal curvatures of M at p.

Next, suppose M = {(x, f (x)) : x e R*} c R? with f(x) = } (/11 (x1)2+/12 (xz)z). Then by Exam-
ple 4.2.16, K(0) = A, - .

(i) Let (M,5) = (R",g,) and (M. 8) = (£, (¢) gyl (c))> With £y (x) = gy (x,) for ¢ # 0. Thati,

sl (ye) ifc>0

(M. g) = {Hﬁ:} (v=c) if ¢ < 0.

X _ gradf, _ gradf,
(X,Y)-&, where & = [erad 7] = el For

(See Example 3.3.4.) By Problem 24, we have T1(X,Y) = \/ﬁg"

any non-degenerate 2-plane oo ¢ TM, Corollary 6.3.2 implies

2
0=K(0) = K(0) - | ——| 5(6.6) = K(o) - Lsgn(o).
NEl i

Thus, (M, g) has constant curvature Fl‘ sgn (c) = % In particular, "~ !(r) has constant curvature rlz and
H"~!(r) has constant curvature —
r

6.4 Ricci and scalar curvature

Definition 6.4.1: Ric and Ricci tensors

For p € M and v,w € T, M, we define

Ric(v,w) :=tr ( U — Ru’vw) = trg ( (u,z) — R (u,v,w,2) )
———
e(TyM)! e(T,M)}

The function Ric € 7,0 (M) is called the Ricci tensor.

(See Problem 17.) If {e;} is an orthonormal basis of T, M, we have

n n

R(v,w) = ) ei(Reuw ey = D &iR (ei,v,w,€)).

i=1 i=1
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Lemma 6.4.2

Let p € M. Then we have
(i) Ric(v,w) =Ric(w,v) forallv,w € T,M.

(ii) If v € T,M is such that (v,v) # 0 and {es,...,e,} is an orthonormal basis of v*, then R(v,v) =
(vov) S, K (v, ).

Proof. Let {ey,...,e,} be a pseudo-orthonormal basis of 7, M.

(i) Observe that

n

Ric(v,w) = > &i(Re, W, €;)

i=1
n

= Z gi{Re, wv, €i), by Theorem 6.1.7
i=1

= Ric(w, v).

(i1) Without loss of generality, we may assume that g(v,v) = +1 and {ey,...,e,} is chosen such that e; = v.
Then

RiC(V, V) = Z 8i<R€,‘,VV, €i>
i=1

n
= Z gi(Re; vv, €i), by Theorem 6.1.7
i=2

——— ——

= Zn: SiK(V, ei) <V, V> <eiv €i> - <V, ei>
i=2

=& =0
= ) ; K ) i M i 2 .
(v,v) ; (v,e;) - (&) m]

=1
Remark 6.4.3 (Interpretation of the Ricci curvature). (i) Lemma 6.4.2(ii) asserts that Ric(v, v) is the “mean”
of all sectional curvatures of 2-planes containing v.

(it) If M is a Riemannian manifold, p € M, v € T,,M, then Ric(v, v) measures volume distortion of a cone at p
pointing in the direction of v.

Definition 6.4.4: Scalar curvature

The scalar curvature is the function scal = trg Ric € C*(M).

With respect to a pseudo-orthonormal basis {ey, ..., e,} of T, M, we have
n n
scal(p) = Zs[ Ric (e;, e;) = €igjR (e, e e ¢j) .
i=1 i,j=1

Remark 6.4.5 (Interpretation). (i) Since

n

scal(p) = Z gig;R (ej,e,-,e,-,ej) = ZK (e[,ej) s

i,j=1 i#j

we have that scal(p) is the “mean” over all i # j sectional curvatures of non-degenerate 2-planes in 7, M.
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(i) If M is a Riemannian manifold, scal measures the volume growth of small geodesic balls. That is, for
B,(0) c TpM and r small, exp,, (B, (0)) ={q € M : d(p.q) <r} =: B,(p) and

I
vol (B, (p)) = [1 - %ﬂ +0 (r4)) -vol (B, (0)) .

Remark 6.4.6. In general, Ric and scal contain less information than R and K.

(1) In 1-dimensional spaces, R = K = Ric = scal = 0 (since all vectors are linearly dependent and so R, ,w =0
by Theorem 6.1.7).

(ii) In2-dimensional spaces, we have by Corollary 6.2.7 that R(X,Y,Z, W) = K [{Y, Z)}{X, W) — (X, Z){Y,W)],
where K is the GauB curvature. This implies Ric(X,Y) = K - (X,Y) and scal = 2K. Thus, all quantities
contain the same information.

(iii) In 3-dimensional spaces, one can compute R (and hence K) out of Ric.

Summarizing,

dim M 2 3 >4

R R R

) g )

K K K

i} |} U
Ric | Ric | Ric

) U U
scal | scal | scal

Definition 6.4.7: Einstein’s equations (with cosmological constant A)

The equations are

1 &G
Ric—=scal-g + A -g = 2T, (6.4.1)
2 ct
N——
geometry matter

where T is the energy momentum tensor, G is the gravitational constant, and c is the speed of light.

Lorentzian manifolds solving (6.4.1) for a suitable matter model 7' are models of our universe.

Example 6.4.8. (i) If M" is a Lorentzian manifold of constant curvature «, then by Lemma 6.4.2(ii), Ric =
(n — 1)kg so that scal = n(n — 1)k. Thus, (6.4.1) holds with T =0 and A = %(n -2)(n—1)«k.

In Minkowski space, de-Sitter space S‘l‘(l) and anti de-Sitter space IH[} (1) are solutions (see Example 6.1.10
and Example 6.3.3).

(i1) The Schwartzchild metric in Example 3.4.6(i) is a solution of (6.4.1) with A =0and T = 0.
Remark 6.4.9. Einstein’s equation form in local coordinates a highly complicated system of partial differential

equations in n(n+1) yariables. Even in the (most relevant) case n = 4, we have 10 variables involved. The equations
are far from being well understood and their analysis forms a very active area of current research.




Chapter 7

Differential Forms and Stokes’ Theorem

7.1 Alternating Tensors

Throughout this section, let V be an n-dimensional real vector space.

Definition 7.1.1: Alternating Tensors

A tensor 1 € V is alternating if
t(vl,...,v,-,...,vj,...,vk):—t(vl,...,vj,...,v,-,...,vk) Vi€V, 1<i<j<k).

The set AV := {r € V) : 1 is alternating} is a subspace of V.

Lemma 7.1.2

Letr e V,?. Then the following are equivalent.
(i) t is alternating;
>ii) ¢ (vo.(l), R v(,.(k)) =sgn(o) -t (vy,...,vg) for every permutation o € Sy;

Gii) (= ..., = V,— ..., —V,—...,—) =0forallv e Vandall 1 <i < j < k, where the v’s appear in
the ith and jth positions.

(ii) = (i): (i) asserts that (ii) holds for each transposition.

(i) = (ii): Write o € Sy as a product of transpositions o = o o - - - o o. Then sgn(c-) = (=1)¢ and (ii) follows

by applying (i) £ times.
(i) = (iii): By setting v = v; = v; in Defn. 7.1.1, we see that
(== V== V=, =) ==t (== V= = V= )
sothatt (—,...,—,v,—...,—Vv,—,...,—) =0.

(iii) = (i): Polarization: by (iii),

O=t(—,...,vi+vj,...,v,-+vj,...,—)
:t(—,...,vi,...,vi,...—) +t(—,...,vl~,...,vj,...,—)
=0
F (=i Vs Vig ey =) (= Ve Vo)

Remark 7.1.3. We set A°V = V) =Rand A'V = V) = V",

77
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Definition 7.1.4: Wedge Product

The wedge product of vi,...,v, € V* = AV is a map

VIA- AV (ug, ... uy) = det ((vf (”.f))lsi,jsk)
= Z sgn (o) V*(,-(l) (uy) - ‘Vt,-(k) (ur)
oeCy
= Z sgn (o) v*(r(l) ® - Q® v;(k) (ug,... ug).
oeCy

Remark 7.1.5. By the properties of the determinant, viA---Av} € A*V and v (1

YA -/\v’;r(k) =sgn(o)viA---AVy
for each o € G.
Proposition 7.1.6
Let {ey,...,e,} be abasis of V and {el, R e”} its dual basis. Then {eil Ao A eik}lgi]<m<ik§n is a basis

of AKV. In particular, dim A*V = (}) and A*V = {0} for k > n. For w € AFV, written as

w= E Wi, i€ AN Ne'k

(7.1.1)
1<ij<--ig<n
the coeflicients are given by
wil ..... [kzw(eil,...,e[k).
Proof. Exercise. O
Proposition 7.1.7
Lete!,...,ef e V*and fl, . ..,fk € V* such that fi = aj.ef for some matrix A = {a’j} Then
FYA- A fR=det(A)e! A--- A eR.
Proof. Forvy,...,vi €V arbitrary, we have (by the multiplicity of the determinant)
FUA A v = det (1 () 2 i)
= det ( Tel (v; )
y ( ape” (vj) 1<i,j<k
- j ¢
et () ) et (¢ 09) L)
=det(A)e' A--- Ak (vi, ... vE). )

Theorem 7.1.8

There is exactly one bilinear map
A ARV X ATV — ARY
such that

(vl/\~-/\vk)/\(vk+l/\--~/\vk+€)=v1/\«--/\vk+[ . v e v,
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Proof. Lete!,...,e" be abasis of V*. For
w = Z Wi, e Ao Aet and  op= Z i€ Ao Ae,
1<ij<--<ig<n 1<ij<--<ix<n
set
WAN= D Wi Mjeie€ A€ AT AN (7.1.2)

l<ii<—<ix<n
I<ji<-<jesn

With this definition, A is bilinear and satisifes the desired property. It is unique as it is determined by how it acts

on the bases {eil/\~~/\e and {ejl/\-~~/\ef"} O

ik}
1<ij<--<ip<n 1<ji<--<jesn’

Lemma 7.1.9

For w € AV, € A’V and 1 € A"V, we have
@A) (WA AL=wA(nA)

() wAng=(=D)*nAw.

Proof. Straightforward from (7.1.2). O

7.2 Differential forms and the exterior derivative

Throughout, let M" be a C*-manifold (but not necessarily semi-Riemannian).

Definition 7.2.1: Differential k-form

A tensor field w € Z{O(M ) is called a differential k-form (or k-form for short) if w(p) € AkTpM for all
p € M. We denote by QX (M) the C*(M)-module of differential k-forms on M.

Remark 7.2.2. (Compare with Lemma 7.1.2.) Let w € .Ofko(M ). Then the following are equivalent.
(i) w e Q(M);
i) w(— ... Xy o s Xjy ooy ) =—w (= .., Xy oo Xpy oo, —) forall Xp, X; € X(M), 1 < i< j<m
(i) @ (Xeo1),--» X)) =sgn(o)w (Xi,..., Xy) forall Xy, ..., Xx € (M) and all o € Gy;
i) w(-,....X,—,...,—X,...,—)=0forall X € X(M).

Remark 7.2.3. (i) We have an operation A : QX (M) x QY (M) — Q**(M) by setting

(wAn)(p) =w(p) An(p).

(ii) With respect to a chart (U, ¢ = (x!,...,x™)), we can express w € QX (M) as

w|U - Z Wiy,..., ikdxll Ao A dx’k,

1<ij<---<ix<n

where (see 7.1.1), w;,,._i, =@ (0yir, ..., 0y ) € C(U).

(i) Q(M) := C*(M) and Q' (M) = F,°(M). (This is why they are called 1-forms.)
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Definition 7.2.4: Pullback

Let M, N be C®-manifolds and ¢ € C*(M, N). Then we have a linear map ¢* : Q*(N) — QK(M) defined
by

(@*w) (p) Vi, ... vi) = w (@ (P) (Tre (V1) ,.... Tpe (Vi) (peM,vi,....,vk €TpM).

The map ¢*w is called the pullback of w under ¢.

Remark 7.2.5. (i) For f € C®(N) = Q°(N), we have ¢*f = f o ¢ € C®(M).

(ii) For w € QX(M),n € QY(M),
P (wAn) =(p'w) A (') .

Notation

Given arbitrary sets A, B, elements ag, ...,a, € A, and amap ¢ : I—[Jm: | A — B, we will use the shorthand

‘p(anusEl\i,--«»am):‘P(aO»-«-,ai—laai+1»-«-,am)~

In otherwords, the term a; denotes “removing the input a;”.

Definition 7.2.6: Exterior Derivative

The exterior derivative d is the map d : QK(M) — Q**1(M) defined by

dow (Xo, ... Xp) = Zk:(—l)fx,- CIERS 'A)
Jj=0

+ Do ([Xa X Ko K K X

0<i<j<k

Lemma 7.2.7

d is well-defined.

Proof. Check that dw : X(M) X --- X X(M) — C®(M) is C*(M)-multilinear (so that dw € 9‘,&1(M)) and
antisymmetric in all variables (so that dw € Q¥*1(M))). Then the result follows from an exercise. m]

Remark 7.2.8. Fork =0,d : Q*(M) = C®°(M) — Q'(M) = ZO(M ) coincides with the differential of functions.
For f € C*(M),df (X) = X([).

Lemma 7.2.9

Let f € C*(M), N another C*-manifold and ¢ € C*(N, M). Then
(i) d(¢*f) = ¢"df;
(i) d(df) =0.

Proof. (i) Forp e N,g € C*(N), dg(p)(v) =v(g) =Tpg(v) forallv € T,N. Thus,

d (@ f)(P) (V) =T (9" f) (V) =Ty(p) (f 2 90) (v) =T, f(Tp) (v) = df (¢ (P)) (Tpp (v))
= (¢"df) (p) (v)
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(i1) If w = df then

dw (X,Y) =X (w0 (¥)) =Y (0 (X)) - w ([X,Y])
=X (df (Y)) - Y (df (X)) - df ([X.Y])
=X (/) -Y (X () - [X.Y](f)=0. o

Lemma 7.2.10

Let w € QX(M) and (U, ¢) be a chart of M. Then if

wly = Z Wiy i XA A X
1<ij<--<irp<n
we have
doly= > dwi i Adx" - Adx,
1<i|<---<ix<n
Proof.
n
dwiy, iy N A NdxE = N Gywpy g de A A A
io=1
i0#{i1,e ik }
= Z (O wiy..ip) AX™ A dx™ A -+ A dx'
ip<i]
- Z (Biywiy..... ,-k) dx" Adx' A A dx'E
i1 <ip<ir
D S SR
I <ip<i3 i3<ip<iy
= dwi,,.. i, N dx A - A dxE, by changing indices
1<ij<---<ig<n
k
— _ mq. _ i() . ik
- Z Z( 1) almwio ,,,,, Iptseees ix dx A A dx
1<ip<i|<---<ix<n m=0
=dw(0y.-...0i,, ) by def of d
= dw|U. (]
Lemma 7.2.11

Letw € QK(M), n € QY(M) and ¢ € C*(N, M). Then
(i) d(wAn) =doAn+ (=D wAdny;
(il) d*w =d(dw) = 0;
(iii)) ¢*'dw =d (¢*w).

Proof. Because d and ¢* are R-linear operations, it suffices to check these identities for forms supported in a
coordinate neighborhood. (Otherwise, use a partition of unity and write w = Y; y;w.)

(i) Write
wAR= Z Wiy, in Mo jedX™ Ao Adx™ AN dxV A - A dxC

i1<--<ig
Ji<-<Je
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Then
d(wAn) = Z (dwiy. e Moo + @iy~ AN jyj) AXT A - AdX™ A dXTT A A do

11 <---<ig
Ji<:<Je

.....

e dx A A dX) Adig g AT A A de ]

.....

=dwAn+(-D)*w A dy.
(i) By Lemma 7.2.9(ii), we see that (ii) holds for k£ = 0. Then

ddw)=d| > dwi i Ad" A A

i1<---<ig

k
= > |Pwn g At A Adx T+ (<D dwyyedx A A A A dE

i1<--<ip W o R \E)_/
=0 =
=0.
(iii)) By Lemma 7.2.9(i), we see that (iii) holds for k£ = 0. Then
20" dw = Z ¢* (dwiy,._ i Adx" A~ A dx'®)
[1<-<ig
= Z (¢ dwi, i) A (@"dx) A A (p"dx'™), by Remark 7.2.5(ii)
<<l
= Z d (¢ wiy, i) Nd (X)) A=+ Ad (g"x), by (iii) for k = 0
1<---<ig
= d( P wi i d (X)) AN d ((,D*xik)) , by (i) & (ii)
1<--<ig
=d ((,0* ( Z Wi dXTA A dxik)) , by (iii) for k = 0 and Remark 7.2.5(ii)
i1 <--<i
=d(¢p'w). O
Lemma 7.2.12

There are identifications Q'(R3) = X(R3),Q*(R%) = X(R?),Q*(R%*) = C*(R?) such that we have a
commutative diagram

QO (R3) d s Q! (R3) d ; Qz(Ra) d ; 93(R3)

H L I I

= (R} 29 x(rY) —ly x(R3) —dy co(RY)

Proof. Exercise. )

by (i)
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Definition 7.2.13: Closed & Exact k-forms, k-th de-Rham Cohomology, k-th Betti number, & Euler
Characteristic

(1) The space of closed k-forms is
Ce(M) = {we QX (M) : dw =0} =d™" ({0}).
The space of exact k-forms is the set

Ex(M) = {w € QK(M) : w = dn for some ;7 € Qk’l(M)} =d (Qk’l (M)) .

(ii) The k-th de-Rham cohomology is the set Hy (M) = Cx (M) /Ey(M).
(iii) The k-th Betti number is by (M) := dim H; (M).

The Euler characteristic is N

X (M™) =" (=1)* bi(M).

k=0

Note that by Lemma 7.2.11(ii), we have Ex (M) C Cy (M) so the quotient Cx (M) /Ey (M) is well-defined.

Remark 7.2.14. (i) If ¢ : M — N is a diffeomorphism, then by Lemma 7.2.11(iii), ¢* restricts to an isomor-
phism

¢ 1 Ck(N) = Cr(M), ¢" : Ex(N) = Ex(M), and  ¢": Hi(N) = H(M).

Thus, by (M) = by (N) and y (M) = y(N). These equalities hold even for homeomorphisms.
(ii) If M is compact, then by (M) < oo and y (M) < co.

7.3 Integration on Manifolds

We first need the concept of orientation. Let V be an n-dimensional real vectore space and w € A"V \ {0}. Then
for each basis ey,...,e, of V, w1, == w(er,...,en) # 0 (as w = wy,... ne' A--- Ae", where {¢'} is the dual
basis). Then w induces an orientation on V as follows:

.....

(i) A basis {eq,...,e,} of V is called positively (negatively) oriented if w(ey,...,e,) > 0 (< 0).
(i) Two bases {ey,...,e,} and {fi,..., fu} are equally oriented < the matrix A = (aj )1 with
<i,j<n
fi= a;.e,- satisfies det A > 0. Note that by Prop. 7.1.7, we have w (f1, . .., fn) = det Aw(e1, ..., ey,).

From now on, let M be a C*-manifold.

Definition 7.3.1: Orientable, Oriented Manifolds, & Orientation-preserving diffeomorphisms

(i) M is called orientable if there exists w € Q" (M) such that w(p) # 0 for all p € M. The pair (M, w)
is an oriented manifold.

(i) Let (M, wps) and (N, wy) be oriented manifolds and ¢ € C*(M, N) a diffeomorphism. Then ¢ is
orientation-preserving if there exists a positive function f € C*(M) such that p*wy = f - wpy.

Notation

We often just write M instead of (M, w) when the map w is clear from context.
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Lemma 7.3.2

The following are equivalent.
(i) M is orientable.

(ii) There exists an atlas & = {(U;, ¢;) : i € I} of M such that

detD(¢io¢;1)|x>o (xew (UNU;).i.jel).

Proof. Exercise. )

Example 7.3.3. (i) S! = I is orientable. Mobius strips are nonorientable.
(i) Any open subset U C R" admits a canonical orientation, induced by
dxl Ao A dx™ e QU(U),

where (x!,...,x") are the standard coordinates. From now on, open subsets U C R” are always equipped
with this orientation unless stated otehrwise.

Lemma 7.3.4

Let U,V c R" be open and ¢ : V — U a diffeomorphism. Then ¢ is orientation-preserving <=
det(D¢l|y) > Oforally € V.

Proof. Letx!,...,x" be the coordinates on U and y!, ..., y" the coordinates on V. Then with ¢ = (x' 0g,...,x" 0
@) =(¢',...,¢"), we have

" (d)c1 A A dx") = dx' Ao A ptdx"
=d ((,o*xl) A Ad(@*x")
=do' Ao Adg"
=0y @' dy" A NGy, Q" dy'
=det(Dg)dy' A--- Ady", by Prop. 7.1.7

and the result follows from Defn. 7.3.1 since det (D¢) > 0. m|

Definition 7.3.5: Integral of w € Q" (U) with compact support (U C R")

Let U c R" be an open subset. Then for w € Q" (U) with compact support, define the integral of w as

where w = w.__,dx" A -+ A dx™.

.....

Proposition 7.3.6

Let U,V c R" be open and ¢ : V — U an orientation-preserving diffeomorphism. Then fv w = fU w for
any w € Q" (U) with compact support.
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Proof. Letx!,...,x"andy',...,y" be the coordinates on U and V, respectively. Write w = w1, ,dx' A---Adx".
By the proof of Lemma 7.3.4, we have

.......... no@-det(D)dy! A--- Ady"

=wi,. no¢-|det(Dp)|dy' A--- Ady", by assumption and Lemma 7.3.4.

.....

Thus,

/¢*w=/w1 ..... nogldet(D)ldy' - dy"
\%4

= / wi,... nd)c1 coedx™, by the multi-dimensional chain rule

Definition 7.3.7: Integral of w € Q" (M") with compact support

Let
(i) M" be an oriented manifold,
(i) o = {(U;, ¢;) : i € I} apositively oriented atlas (i.e. all ¢; : U; — ¢; (U;) are orientation-preserving),
(iii) {xi};c; a partition of unity subordinate to </.

Then for w € Q" (M) with compact support, we define

/M @= Z /w(Uf) (gpi_l)* riw)

iel
where the integrals on the right are as in Defn. 7.3.5.

Lemma 7.3.8

/ »y @ 1s independent of the choices of positively oriented atlas and partition of unity.

Proof. Let % = {(Vj, 7/ j) 1jeld } be another positively oriented atlas and { o } jes partition of unity subordinate
to %B. Observe that all ¢; o w;l (i (Ui NV;) — ¢;(U; NV;) are orientation-preserving diffeomorphisms. Thus,

=1

S Lo 6 =5 L ) (S

JjeJ /(V) JEJ iel

B Z '/w,-(viji) M (xipjw)

iel
-

jeJ
= Z/ (‘Pi_l) (xipjw) ., by Prop. 7.3.6
<Pi(VjﬂUi)

iel
jeJ

:...:Z/%(Ui) (‘p;])*()ﬁw), ]

iel
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7.4 Manifolds with Boundary & Stokes’ theorem

Stokes’ theorem will relate integrals on M and d M. In the simplest case, M = [a, b] and OM = {a, b}. Then

[ ga = Fo)-F@ .
[a,b] ~~—~— —
eQl(M) “="integralon {a,b}

where F’ = f.

Standard manifolds (i.e. without boundary) are modeled over open sets of R”. That is, R" is the “model space” of
the manifold. Manifolds with boundary are modeled over the half-space.

Definition 7.4.1: Half-space

The half-space is R” := {(xl, LxM) eRx! < 0} c R™ with the subspace topology.

LetV c R” be open. Then f : V — R is smooth (or C*) on V if there exists U ¢ R" open withV = UNR”"
and a function f € C*®(U,R™) such that f|y = f. Forx € V,set Df|y = D f|.

(i) By definition of the subspace topology on R”, we have V. C R” is open if there exists U C R open such that
V = U NR”". Furthermore,

OR™ = {0} x R*"! and R? =R" \ OR" .
N—— ——— N— —————
boundary of R” interior of R”

(ii) The derivative D f|, of f : V — R is well-defined: Forx € V, Dflx depends only on ﬂv-

Definition 7.4.2: Manifolds with boundary & Boundary points

(i) A topological manifold with boundary of dimension n € Zs( is a second countable, Hausdorff
topological space such that for all p € M, there is a neighborhood U of p, an open subset V. c R”, and
a homeomorphism ¢ : U — V. The pair (U, ¢) is a chart of M.

(ii) Two charts (Uy, ¢1), (Ua, ¢2) are C*-compatible if U; N U, = @ or

2097 101 (Ui NUa2) — @2 (U NU)

cR” cR”

is a diffeomorphism.

(iii) A smooth atlas on M is a set of = {(U;, ¢;) : i € I} of pairwise compatible charts such that M =
Uier Ui
We have an equivalence relation o/ ~ &’ = o U’ is a C*-atlas.

A C*-manifold with boundary is a pair (M, [/]) of a topological manifold with boundary M and an
equivalence class [ /] of smooth atlases on M.

(iv) p € M is called a boundary point of M if there exists a chart (U, ¢ = (x',...,x")) such thatx!(p) = 0.
We denote by dM the set of all boundary points on M.

Lemma 7.4.3

If p € M is such that x' (p) = 0 for a chart (U, ¢ = (x',...,x™)), then we have y'(p) = 0 for any other chart
(Vo =l ™).

Proof. Suppose y!(p) < 0. Let v € R” be such thatD(¢oaJ/‘1)|¢(p)(v) =e¢! =(1,0,...,0). For small 7, we have
c:t—y(p)+tvisacurveiny (UNV), hence ¢ = oy~ ocisacurvein o(UNV). However, ¢(0) = ¢(p) € OR"
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and
FO=D(eou)|, (<©@)=¢

so ¢(t) ¢ R” for t > 0 small. This is a contradiction. O

Remark 7.4.4. If M is a C*-manifold of dimension n with boundary, then M is a C*-manifold of dimension
n — 1 in its own right.

(i) M is Hausdorff and second countable, so d M is Hausdorff and second countable (by Problem 1).

(i) The proof of Lemma 7.4.3 shows that if U,V c R” are open, y : U — V is a diffeomorphism, then
x(UNAJR") c OR" and xy : UNIR" — V N IR" is also a diffeomorphism. This implies that if
o = {(U;, ¢;) : i € I}isa C™-atlas of M, then Hgp = {(U,- NoM, 1,0,'|UinaM) (i€ I} is a C*-atlas on dM.

(iii) If U,V c R” are open and y : U — V is an orientation-preserving diffeomorphism, then x4 := x|uner» is
also orientation preserving: One can show that for (0,x") = x € U N dR”", we have

51)(1 0O --- 0

*

Dylx = . DX@lx’

*

with 8 x! > 0sodet (Dy|y) >0 <= det(Dysl|x) > 0.

Here, the orientation on dR” c R" is defined as follows: A basis vy, ...,v,_; of R"™! = gR" is positively
oriented if and only if ey, vy, ..., v,_; is a positively oriented basis of R”. Now if &/ is an oriented atlas on
M, we see from the above that &/, is an oriented atlas on M. Thus, dM is orientable (c.f. Lemma 7.3.2).
We equip dM with the orientation such that &4y, is a positively oriented atlas whenever & is positively
oriented.

(iv) Many concepts we developed so far (C™-maps, tangent space, tensor fields) carry over to this setting without
problems. We have that the inclusion map ig : IM < M is C* and T,0M C T, M is a subspace.

Theorem 7.4.5: Stokes’ theorem

Let M" be an oriented manifold with boundary and let w € Q*~!(M) be of compact support. THen

/dw=/ isw,
M oM

where is : M — M is the inclusion map.

Proof. Let of = {(U;, ¢;) : i € I} be a positively oriented atlas of M and
Aoyp = {(V,-, Yi) = (U;iNOM, ¢ilu,nom) 11 € I} be the induced (positively oriented) atlas on M. Let {x;};c;
be a partition of unity subordinate to {U; };c;. Then

da) Z d()(la)) (gol-_l) (d (yiw)), by defn of integral
EI i (Ul )

-y / ( Xlw,)) , by Lemma 7.2.9().
l.(Ul.

iel

Since ¢; 0 ig = igrn o ; for the inclusion iggn : IR” < R”", we have

/ fgw = Z/,(V i Crieo)) = Z;/wi(ul-)namiaw ((’Di_l)*()(iwi)'
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This means that it suffices to prove Stokes’ theorem for open subsets in R”. Let w = Z';:] w jdx1 A Adxd A
~Adx" € Q" 1(R") be compactly supported. Then

dw = Z( —dx)Adx‘A---AEEA.--Adx"
= aidxf/\dx/\ /\Z;/\u-/\dx”
c')x

n ) (9 j
- 2<_1>J-la_wj e h na
X

J=1

Since 16Rndx =d ( [opnX 1) =d (x! oiggn) = 0, we have

. . 5
lpnw = (w1 0 igrn) dx” A -+ Adx".

So,

faom [ (S e
_Z/ //(1)“ S de? - dx"
[ JL A o[ | ]

=w (O,x2 ,,,,, x™) =0 (cpt support)

-dx™ + similar terms

1l
|\
8 8
N
8 8

S

(o)

<

7

S
&
&
S

where we have used the fundamental theorem of calculus in the third equality. O

7.5 Integration on Riemannian Manifolds

Goal: We want to integrate functions! For doing this, we need a (semi-)Riemannian manifold. For simplicity, we
restrict to the Riemannian case here. Let M" be an oriented Riemannian manifold (with or without boundary d M).

Definition 7.5.1: volume form (dvol)

The volume form is the form dvol € Q" (M) defined by

dvol(eq,...,e,) =1 (7.5.1)
for each positively oriented orthogonormal basis {e, ..., e,} of T, M (for all p € M).
Remark 7.5.2. For any basis {vi,...,v,} of T, M and the matrix A = {a{}l with v; = a{ej, we get
<i,j<n

dvol(vy,...,v,) =detA -dvol(ey,...,e,) = det A.

(See Prop. 7.1.7.)

(i) In particular, if {vi,...,v,} is another positively oriented orthonormal basis, then detA = 1 so dvol is
well-defined (i.e. if (7.5.1) holds for one positively oriented orthonormal basis it holds for all of them).
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(i) If (U, ¢) is a chart and v; = 9; in (i), then
8ij = (01, 0;) = (afex, aler) = Zafaf = (Ao AT),;.
k=1
So,
det ((g,-j)lgi’jgn) = det (A o AT) = (detA)?.

This implies dvol (91, ..., d,) = det A = [det (g;;) 1<i.j<n and thus

1

dvol = ,/det (gij)lsl.js”dx Ao Adx™,

Definition 7.5.3: Integral of a compactly supported function /' € C*(M)

The integral of a function f € C* (M) with compact support is

‘/Mfdvol.

In other words, we define the integral of f to be the integral of the n-form fdvol € Q"(M). (In the physics
literature, you often see the notation f f+/detgdx.)

Theorem 7.5.4: GauBl divergence theorem

Let (M, g) be an oriented Riemannian manifold with boundary d M and let & = g|gps. Then if X € X(M) has

compact support, we have
/ divX - dvol, = / (X, v)dvoly,
M oM

where v is the outward pointing unit normal.

(In the above, div = troV : X(M) — C*(M), which locally looks like d; X" + Fl’.'ij.)

Idea of proof. Letw = dvolg (X, —,...,—) € Q""1(M), show

dw = div X - dvol,
izw = (X, v)dvoly

and then apply Stokes’ theorem. O

Remark 7.5.5. Theorem 7.5.4 has a physical interpretation: /a v (X5 v) dvoly is the total flux of X through dM
and div X is the infinitesimal change of dvol along X.



Chapter 8

Outline: Important questions in
Riemannian geometry

Note. Material from this chapter will not be on the exam.

For a compact orientable surface M, there exists a topological invariant, called the genus ¢, counting the number
of holes. One can show y (M) =2(1 — g).

Theorem 8.0.1: Gauf3-Bonnet theorem

For each metric g on a compact oriented surface, we have

/ Ky dvolg =2nx (M) =4n (1 —g).
M

This allows you to deduce from local assumptions (“curvature”) information on the global structure, e.g.

* K > 0 everywhere implies / K dvol > 0 so M is diffeomorphic to S? (no holes).

* K < 0 everywhere implies / K dvol < 0so M is a surface of genus ¢ > 2 and hence not diffeomorphic to a
sphere or torus.

Many statements are also known in higher dimensions, e.g.

Theorem 8.0.2: Sphere-Theorem (Brendle-Schoen, 2009)

If M" is a simply-connected Riemannian manifold with % < K(o) < 1 for all 2-planes o € TM, then M" is
diffeomorphic to S”.

But many questions are still open, e.g.

Conjecture 8.0.3 (Hopf conjecture). S? x S? does not admit a Riemannian metric such that K (o) > 0 for all
2-planes in TM. (The product metric satisfies K (o) > 0.)

90
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