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& verensiar KTH, Teknikringen 29
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S Lorenzo Frassinetti

TENTAMEN

VEKTORANALYS

ED1110 Vektoranalys
kl. 14.00 - 18.00 onsdagen den 21 oktober 2022
Anteckna namn, utbildningsprogram, arskurs och problemnummer pa varje blad.

Tentamen bestar av atta uppgifter:

= sex grundlidggande uppgifter, ett problem f6r varje larandemal (ILO)

= tva mer avancerade uppgifter.
Varje utférd uppgift ger maximalt 3 poing.
For att na betyget E pa tentamen maste studenten uppfylla alla sex lirandemal (ILO). Ett lirandemal
uppfylls om studenten far minst 1,5 poing pa motsvarande uppgift pa tentamen (eller blivit godkind pa
motsvarande moment i den l6pande examinationen).

BETYG POANG

E 1.5 podng for varje larandemal (frin motsvarande uppgifter i tentamen eller frin l6pande
examination), svarande mot 9 podng

D som “E” men minst 12 podng (=3 poang mer an E) fran valfria uppgifter i tentamen

C som “E” men minst 15 (=6 poang mer dn E) poang fran valfria uppgifter i tentamen

B som “E” men minst 18 (=9 poang mer dn E) podng fran valfria uppgifter i tentamen
varav minst 2 poang fran ett av de avancerade problemen

A som “E” men minst 21 (=12 poang mer an E) poang fran valfria uppgifter i
tentamen varav minst 2 podng fran varje avancerat problem

Miniraknare ar ¢ fillaten.

Tillater.
® ”Mathematics Handbook for Science and Engineering” (L. Rdde och B. Westergren)
* Formelbladet med vektoralgebra + kroklinjiga koordinatsystem.

Larare:
=  Lotrenzo Frassinetti
= Erik Saad
* Bjorn Zaar
= Hampus Nystrom
= Laura Dittrich
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(1) UPPGIFT 1: Larandemal 1 (ILO 1)

E(7) ar det elektriska faltet i en punkt vars ortsvektor ar 7 . Faltets killa ar en yta, S,

med konstant laddningstdthet o,. Under dessa férutsdttningar berdknas E(F) som:

1 ((F-7")o,dS"

— —3
471'80S |r—r'|

E(F)=

dar
= dS'ar ettinfinitesimalt ytelement pa S (skalért, ej riktat)
= 7' dr en vektor fran origo till dS',
= 7 ar ortsvektorn (fran origo till punkten dar vi vill berdkna E).

Ytan ar en del av en sfar med tva hal i botten och
toppen av sfaren. Sfaren har radie R och centrum i
origo. Halen ar cirkulara, parallella med xy-planet
och har radien Ry. Se figuren.

(a) Betrakta det elektriska filtet E langs z-axeln.
Uttryck dessa storheter anpassat till det givna problemets geometri:

ds' (0,30p)
7 (0,30p)
7 (0,30p)
|7 — 77| (0,60p)

— oo R? ~
(b) Visa att E = Z"—R (zk, — Rk,)%,,
&
dar k,och k, ar tva integraler som ar funktioner av z och R. (1,25p)

(c) Berdkna integralerna k;och k,.
Full podng om du hittar den basta metoden for att berdakna integralerna. (0,25p)

Tips:

dx _ 1 xdx _ 1 b 1
f (ax+b)" aln—1D(ax + b1’ f (ax + b F((n —D(ax + b1 (n—2)(ax + b)n—Z)
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(2) UPPGIFT 2: Larandemal 2 (ILO 2)

Betrakta vektorfiltet A och den 6ppna ytan S som definieras av

- X, - zZ
A =;ex+y ey+§ez
y = x% + z?
§${1<y<4
é,+f > 0ipunkten P:(0,1,1)
(a) Skriv ner en parametrisering av ytan S. (1.0 p)
(b) Berdkna normalen till ytan S. (0.8 p)
Stammer normalens orientering 6verens med definitionen av ytan? (0.2 p)
(c) Berikna flodet av vektorfiltet A genom ytan S. (1.0 p)

(3) UPPGIFT 3: Larandemal 3 (ILO 3)

Betrakta vektorfiltet A och den 6ppna kurvan L som definieras av
A= +2)é+(x—2)é,+(y—x)é,

= 4+- =1

4 9
L:<x=1

z=20

tangentvektorn i punkten P: (1,—2,0) gesavt = é,

(a) Berdkna rotationen av vektorfiltet A. (0.25 p)
(b) Kurvan L ar inte sluten. Beskriv en strategi for att utnyttja Stokes sats
for att berdkna [ A-dr. (0.25p)
Rita en figur for att forklara din strategi. (0.25p)

(c) Anvand strategin i (b) for att berdakna linjeintegralen foT- dr (2.25p)
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(4) UPPGIFT 4: Larandemal 4 (ILO 4)

(a) Visa att om skalarfdltet ¢ ar definierat i ett ortonormerat kroklinjigt koordinatsystem
(uq,uy,u3), med basvektorer é,, é, och é; och skalfaktorer h;, h, och h;, kan gradienten

i detta koordinatsystem skrivas
1 0¢ 1 0¢ 1 0¢
radg = (1.5 p)
&g = o O e ow, 2w, .

(b) Betrakta foljande elektrostatiska potential V i cylindriska koordinater

V=zp'sing
= Berdkna det elektriska filtet E = —VV. (0.75p)
»= Berdkna 6kningen per ldangdenhet av den elektrostatiska potentialen
i riktningen 7 =¢, +2¢,. (0.75p)
(5) UPPGIFT 5: Larandemal 5 (ILO 5)
(@) Anvadnd indexrdkning for att visa att:
(1.5 p)

V-(¢4)=(Vg)-Ad+¢V-4

(b) B ir en konstant vektor och 7 dr ortsvektorn. Anvind identiteten ovan for att visa
(1.5 p)

CEr

(B 7‘)

r2
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(6) UPPGIFT 6: Larandemal 6 (ILO 6)
En odndligt lang cylinder med radie R har laddningstdtheten p,:

2

2,

=1+| =
p.=1+(2)

dar p ar avstandet fran cylinderaxeln. Antag att potentialen pa cylinderytan ar 1, att det
elektrostatiska faltet pa cylinderaxeln ar noll och att det elektrostatiska faltet och
elektrostatiska potentialen ar kontinuerliga pa cylinderytan.

Betrakta Poissons ekvation:

vy =—Le (dar g ar en konstant)

&
(a) Skriv ner Poissons ekvation genom att anvanda ett lampligt
koordinatsystem. (0.3p)
(b) Utnyttja problemets symmetri for att forenkla ekvationen. (0.5p)

(c) Anvand ekvationen ovan for att berdkna den elektrostatiska potentialen I/ och
det elektrostatiska faltet £ =-V/V :

* innanfor cylindern, (1.0p)
= utanfor cylindern. (1.0p)

(d) Rita ut potentialen och det elektriska faltet innanfér och utanfér cylindern. (0.2p)
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AVANCERADE UPPGIFTER

(7) UPPGIFT 7

Betrakta vektorfiltet A = pzép + zé, (som definieras i ett cylindriskt koordinatsystem) och den

O6ppna halvsfaren S som ges av:

S_{x2+y2+zz=R2
z=0

Berdkna flodet av vektorfiltet A genom S.

(8) UPPGIFT 8

Betrakta vektorfiltet A

v x (7(7-¢,))

é-é,

A=

(dar ar r ortsvektorn, é, definieras i ett sfariskt koordinatsystem och ép i ett cylindriskt
koordinatsystem) och den slutna kurvan L som definieras av:
2 2
X"y
St=1
L:{ ¢ b
z=0
tangentvektorn i punkten P: (0,b,0) ges av é,

(a) Forenkla A sa langt som majligt. (1p)
(b) Anvand resultatet i (b) for att berdakna
linjeintegralen av det forenklade vektorfaltet 6ver L. 2p)



SOLUTIONS

PROBLEM 1

@
dS’' = R?sin6'd8'd¢’
7' = Ré,
T o=zé,
¥ —7 = z&é, — Ré,
77| =z + R? ~ 22R¢, - &, = Vz% + R? — 2zRcos6’
|r =73 =1
(b)
¥ —7")dS' o zé, — Ré
4 ff ( — _)I 3 = 4 ° ff 2 . 3 RZSinQ’dQ’d(p’ =
T&o 7=l o ¢ (2% 4+ R? — 2zRcos0')2

R?sinf'd0'de’ =

0y zé, ] 0y
i |
4me, _U e st A4 4me,
s s

(z%? + R? — 2zRcos6")2

(z%2 + R? — 2zRcos60')2

_ 0,R?z¢, ﬂ' sin@'dd’'d¢’ ooR3 J‘f
T 4me, (22 + R? — 2zRcos0")3/2  4me, J) (22 + R — 2chose ")3/2
_ 0,R?z¢, J‘ sing'do’ ooR3 J‘ (sinf'cosq'é, + sind'sing'e,, + cos@’/éz)
- (22 + R? — 2zRcos0")3/2  4me, (z2 + R? — 2zRcos6")3/2
S

let's call this integral kq

sinf'd8'de’ =

O'ORZZGZ goR3 ﬁ‘ sin?8'cos¢’ ooR3 ﬁ‘
= de'de’ — é
2¢, o = 4mey * )] (22 + R% — 22Rcos6))3/ 4mey 7)) (z
S

let's call this integral k3

00R3 J‘f sin@'cos6’ 16 de’ =
" 4ne, 7)) (2% + R? — 22Rcos6)32 0 4P T

The boundary of integration for the variable ¢ is:

¢:0 > 2 so, the integral foz" cos@'de’ = 0 and the integrals k; and k, are zero.

2 + R2 — 2zRcos0")3/2

let's call this integral ky

ooR?zé, ooR? sinf'cos6’ L
=k - ﬂ _d6'dg
€ & (z%2 + R? — 2zRcos0')2
3 aoRzzeZ 00R3 sinf'cos@'de’ B
T 2g ko = 280 (22 + R% — 2zRcos0')3/2
let's call this integral k,
ooR?zé, ooR? ooR? .
= 2¢, ki — 2¢, ék, = 2¢, (zky — Rk3)é,

7/6
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(©)

To calculate k1 and k2, you can do the substitution x = cosé’

So:
x = cos@’
dx = —sin6'df’
- |R2-RZ/R
= f sinf'df’ B f dx
Y7 ) (22 + R2 — 2zRcos09")3/2 (z2 + R%2 — 2zRx)3/2
RZ-RZ/R
- |[R2-RZ/R
o = J‘ sinf'cosf'do’ B J‘ xdx
27 ) (2% + R%2 — 2zRco0s6")3/2 ~ (22 + R? — 2zRx)3/2

RZ-RZ/R

The integrands can be found from integral tables.

PROBLEM 2

y = x?% + z*
S:i1<y<4
é, A > 0ipunkten P:(0,1,1)
@
Skriv ner en parameterizering av ytan S.
X = pcos¢Q
zZ = psing
y=p°
7(p, @) = pcospé, + p?é, + psinpé,
@:0-2m
p:l-2
(b)

Berdkna normalen av ytan S och verifiera om normalens orientering
overensstaimma med definition av ytan.
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dS = fdS = (g; x —) dpdg

ar

%= cosQéy + 2p &, + singé,

a7 A A

£= —psingé, + pcosee,

<0r 0r>2 5 4 2p2singd

a “ap) = pcospé, — pé, + 2p“singé,

R or or . A

s = (2% 27 dpdp = (2p?cospts — péy + 20%singe. )dpde

 (2p*cospe, — pé, + 2p?singé,) (2p cospé, — é, + 2p sinpé,)
n= =
J4ptcos2p + p? + 4ptsin2g VJ8p%+ 1

The y compomponent of the normal is negative, which is opposite to the definition of the surface.

So, we will need to change sign to the integral.

(©

Berikna flodet av vektorfiltet A genom ytan S.

5= -G Ly

_ cosQ 4a in
A(p,(p) =Te +p €y+T€Z

_ (0F 0T cosQ sing
i ( ) ( A 4 ~ ) 2,2 5 — 6. + 2p2singé
p a(p P extpie, + e, ( pecospe, — péy, + 2p sm(pez)

= (2pcos?p — p° + 2psinp) =2p — p°

21

Jfﬁ ds = Jf ﬂxﬂ pd(p— ff(Zp—p5)d¢dp=—2nf(2p—p5)dp

-]
1

P PR S P P
- Ter 6 6|~ "
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PROBLEM 3

(a)

VxA=2é+2é,

(b)
The curve is not closed, so we cannot apply Stokes’theorem directly.But we can close the
curve by adding a curve L, defined by the intersection between x=1 plane and the z=0

plane and from y=-2 to y=+2. The curve L,=L+L, is close and can apply use the Stokes’
thereom on LO.

jA-df= ]A-df—fg-dhff(wm-ds‘—fg-dr—
L Lo L1 S Ly

Where S is half of the ellipses (at z>=0) on the x=1 plane. So it’s normal is along the x-
axis. Due to the direction of the tangent to L, using the right hand rule the normal to S

is -€,.-
x=1 plane
The curye Ly=L+L, is
£
Y
y=-2 y=2
(©)

o . N (2x3)m
ﬁ(VXA)-dsz—ﬁ(zex+2ey)-exds=—zﬁdsz—2 > = —6m
S S S area of half ellipses

Along L1, dr = dyé, and x=1, z=0
-2 -2 -2
fA-dr-zf((y+z)éx+(x—z)éy+(y—x)éz)-éydy=f(x—z)dyzf dy = —4
L1 2 2 2

fff-dfz fA-df—fA-dr‘=—6n+4
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PROBLEM 4

(a) See proof in the book.
(b)

V=zp'sing

av +16VA +6VA
ap € p o o T 5, %
d(zp?sing) = 10(zp’sing) . 9d(zp’sing)
=8¢ t—— 7, +t———¢,
dp p do 0z
= 2zp sinpé, + zp cospé, + pisingé,

VI =

E=-VV=-2zp singé, — zp cospé, — pisingé,

The increase per unit length of a scalar field in the direction 7 is the directional
derivative. So we have to caculate

\VATAR 7}
Note that the direction must be normalized. So:

é, + 2é sing + cos
2 L = +2zp el Al

V-n= (ZZp singé, + zp cospé, + pzsin(péz) —_—
V5 V5
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PROBLEM 5

(a) Anvand indexrakning for att visa att:

V-(¢4)=Vg-A+4V-4

N

v-(¢4)
v.;vzvm, >:>v.(¢2) :(M)i,,- =(94,),= ¢, A+94,=Vp-A+¢V-4
= (p4), = ¢4, (v9),

J

(b) B ir en konstant vektor och 7 ar ortsvektorn. Anvind identitet ovan for att visa:

~

(Br) 5 €,
2
B _] wr5 — T ~ e,
v-[rg r]—V(B-r) Z+(B-MV- ( ) B
because

d(Bxx+Byy+B;z) ,
e

V(B-7) =V(Byx + B,y + B,z) = 2

3(Byx+By,y+B,z) .  3(Byx+B +Bz,\
J UBxxtByy Z)ey+(" yY+Bs7) ~(Byé, + Byé, +B,¢,) =B
dy 0z

V.(r%):v.(:_é;):v.(rizé) rslinG[aar(r sinb )] =0

X
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PROBLEM 6

vy =L
80

E=-VV .

Due to the symmetry of the problem and due to the expression for the charge density, the
solution will depend only on p. Therefore, the derivatives in z and phi of the Laplacian are zero.
So, if we express the Laplacian in a cylindrical coordinate system, expression (14.4), we obtain

Lo oVv) 10V oV p.
sz_—a—(pa—j'F—za—Z"'az = —
pop\" op) pop’ o, g

=0 =0
And for the electric field, using (10.43) for the gradient in cylindrical coordinates, we have

E=-VV = _a_Vép _iﬁ_Vé¢ _a_VéZ = _a_Vép
op " pOg Q? op
=0 =

So, we have to solve the equation
1 0 oV
__{p_J:_&

pop\" op €

We start to solve the equation inside the cylinder.
2 4

1d(dV)_ 1 1+p2=>d<dV)_ 1 +p3 =><dV)_ 1p+p k
pdppdp_so R? dppdp_eopR2 pdp_sOZ 4R?

av 1 3 k
dp &
The electric field inside the cylinder is
Fo dV’é _1(p  pP\. k’é
T Tdp P e pPTptP

2 +4R2

On the cylinder axis, the field must be zero. Se we have k=0.
Now we can continue to solve the Poisson equation. Integrating in p we obtain,

dv 1(p p° 1(p* p*
e (B sy = (B T
dp 50(2+4R2 = o\4 1er2) Y

Therefore, inside the cylinder the potential and the field are

— Lt
Vin = 60(4+16R2)+a
_ av . 1/(p p3\.
Epn=—-¢,=—|=+-—]e
m dp P 50(2 4R2 )P

Outside the cylinder, the charge density is zero, so we are left with the Laplace equation in
cylindrical symmetry. We already know from Section 17.2, expression (17.10) that in this case

the solution is
I/out(p):Chlp—l—d
The electric field is

7 ov . C .

=——e =——¢8
out ap P p P
Now we need to find the integration constants a, ¢ and d. We have three conditions to use.
M Continuity of the electric field at p =R

E,(R)=E,,(R)
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(2) The value of the electrostatic potential at p =R
Vin(R) = Vo
3) Continuity of the potential at p =R

Vi (R) =V, (R)

These three conditions lead to a system of three equations in the three unknown a, c and d,

L(R, R c 3R?
—_— -t — )= - == — —
e\ 2 T 4R? R T " ag,

LR, B Y paoy v+ 2R
_— = —1 =
o\ 4 " 16Rz) T AT 0T = Vo g
3R? R?
Vo=———InR+d=d =V, +——InR
f 42, nRk + o T+ 4eg n

Finally, inserting these three expressions in to the expressions of the electric field and
potential, we obtain

1 (p? p* 5R2 R*/5S p? p4
Vin=——\ T+ 1erz) TVt e = Vot o\ am
m £ ( 4 ' 16R? " 16g, ° 16 4R> 16R*

Vo = Vo — B 1 2

out 0 480 nR

_ 3R? _

out = @ep
PROBLEM 7

The field is continuous, but the surface is open, so we cannot apply the Gauss’ theorem
directly. We could do a parameterization of the surface, but the surface is a sphere while the
field is in cylindrical coordinate system, so we would get a non trivial integral (but it could

work).
| prefer to close the half sphere with a circle S, that lies on the z=0 plane. So, the surface S+S,
is closed.
Jaras= [ sase [[ a5 [[as [fo-dar- [ a5
S S+S0—So S+5Sg So 14 So
_ 10 0z
V-4=V-(p?e, + )_ p(p)+az—3p+1

Note that p = rSLnH
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fff V-AdV = ff (3p + Dr?sinfdrdfde = ff (3rsind + 1)r?sinfdrdfde
v v v

/2 R
= jff (3r3sin20 + r2sinf)drdfde = Zﬂf f(3r3sin20 + r2sinf)drd@
% 0 0

/2 /2
_, f 3R* _29+R3 0\ do = 2 3R4<9 sin29) R? 0
= 4T 4 Sin 3Sln = 4Tl 4 ) 4 3COS .
0
_, 3nR4+R3
~“"\16 "3
ﬂ,cf-ds‘z—ﬂ(pzépﬂéz)-ézds:—ﬂzdszo
SO 50 SO

R —
because we are
in the plane z=0

j!/f-dfzng-AdV—!!J-d§=2n(3l—f+R;>

PROBLEM 8
v x (7(7-&,))

g, e,

N

r-é. =71
é, - é, = cosb
Vx (7(7-8,))=(7- ¢,) (V7)) =7 xV (7-&,) = —F x V(rsin@) =

0 =rsind
= —7 X (sinBé, + cosbéy) = —rcosbé, X ég = —rcosbé,

_ —rcoseé(p
A=————=-1¢,
cos@

The we calculate the curl in a spherical coordinate system:

_ R cosO | .
V><A=V><(—re(p)=—%er+2e9

But we are on the z=0 plane, where 6 = g So the curl becomes:

=0
Vxd=—2 426, =20
XA=— é 6g = 285 =

sind " 0 0
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= 2| cosB cos@é, + cosO sinpé, — sinf é, |=—2é
ey ey z z
=0 =0 =1

The simplified vector field is continuous and has continuous derivative
inside the ellipses on the z=0 plane and with boundary on L, so we can
use the Stokes’ theorem:

LjA-df=£f(w£)-d§=—zyéz-(—éz)dh2£fds=2nab



