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PROBLEM 1

Berakna gradienten av foljande skalarfalt:
plx,y) = e"* Y

(a) I vilken riktning Okar ¢ mest i punkten P: (-1,1)?
(b) Vad ar den maximala okningen i punkten P: (-1,1)7?

LOSNING till problem 1

(a) Riktningen i vilken skalarfaltet okar mest ges av gradientens riktning (sazs 4.1)

grad ¢ = (g—i,g—i) = (—er—(x2+y2)’ —Zye_(x2+y2))

(—1)2+12)

| P harvi: grad ¢ = —Ze_( (-1,1) = =2e7%(-1,1)

. 1
Riktningen ar: d = —(1, -1
g ﬁ( )

(b) Den maximala 6kningen i P ges av beloppet av gradienten i P (sars 4.1)

lgrad ¢| = |[—2e72(=1,1)| = 2v/2e 2



PROBLEM 2

Betrakta skalarfaltet:  f(x,y) = xy + x?

(a) Berakna gradienten av f(x, y)

(b) Berakna riktningsderivatan df /ds i punkten P: (1,2) om riktningen ar: d=(1,1)

LOSNING till problem 2

(a) Anvand definitionen av gradienten (s. 75 i Vektoranalys, Frassinetti/Scheffel, ekv. 4.3)

af d
grad f = <£,£> = (y + 2x, x).

(b) | punkten P ar gradienten: gradf|P =2+2-1,1)=(41)

d A
Definitionen av riktningsderivatan ar (s. 75, ekv. 4.5): d_f = gradf - d
S

d @1 1
d| VIZ+12 V2

Observera att riktningen maste vara normaliserad: d=

(1,1)

Insattning i punkten P ger: ﬂ

. (1,1) = . (4+1)= >
ds|, 2 B

V2 V2 V2 3

= gradf|P d = (4,1) -



PROBLEM 3

(a) Hitta en enkel parametrisk beskrivning r = r(u) av kurvan:

4x —y* =0, (1)
x?+y2—z=0, (@
Fran punkten (0,0,0) till punkten (1,2,5)
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(b) Berakna vektortangenten till kurvan i punkten Pp: (Z' 1’1_6>



LOSNING till problem 3 (del a)

En “parametrisering” betyder att vi maste introducera en ny variabel (till exempel u).
De “gamla” variablerna x, y och z kommer att bero pa u.

x=x(u) )

y=yW) p = r=r(x@), yu), zw))=ru) -

T J m

0 u

|

7 (u)

[
»

v

Exempel:

z
N En parabel i xy-planet
X=u l%
y=u’y = 7(u)=w,u’,0)

v

N
Il
-




LOSNING till problem 3 (del a)

kurvan:

4x —y? =0, (1)
x“+y*—z=0 (@
fran punkten (0,0,0) till punkten (1,2,5)

Till exempel kan vivaljau =y

u
Fran ekvation (1) = U2 =4x = x = "
. u4
Fran ekvation (2) = z=x%4+y?= e + u?
o « fo —>( ) _ uz u4 + 2
Sa att vi far rw =\ wgtu

Fran punkten (0,0,0) till punkten (1,2,5)

(0,00 =>u=0
(1,2,5) = u = 2

Den parametriserade kurvan blir:




LOSNING till problem 3 (del b)

Tangentvektorn i en punkt ges av derivatan (med avseende pa parametern u)
| den punkten

E_d?_ 2u14u3+2 _u1u3+2
“du \4'716 M) T\ T
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Tangenten maste beraknas i punkten <Z’ 1’E>

Eftersom u=y, harviu=1

. 11+2
2° 74

Alltsa far vi:

~+i
Il

119
2° 4



PROBLEM 4
Consider the following surface:
x* =2y =2z=0 (1)
Calculate:

(A) The equations of the normal line to the surface in the point P (2,1,1)
(B) The equation of the tangent plane to the surface in the point P



SOLUTION to problem 4 (part A)

A normal line is a line that intersects the surface in the point. The direction of the line

is perpendicular to the surface.

How to calculate the direction perpendicular to a surface?

Theorem 4.2 (in Frassinetti/Scheffel): The gradient of a scalar field ¢(x,y,z) in the point P is orthogonal to the level surface ¢=c in P.

Consider the level surface ¢ =x"—2y° =2z =0

The normal line is parallel to the gradient

_(O¢ Op 09 .,
gmd¢_£8x’8y’82]_(2x’ 4y, 2)

nP 211 gradg=(4,-4,-2)

The direction of the normal line is: 7, = (4, —4, —2)

The equation of the normal line is: 7 () =(2,1,1)+(4,—4,—2)u = (4u +2,-4u +1,-2u +1)

9



SOLUTION to problem 4 (part B)

A tangent plane is a plane that is parallel to the surface in the point.
From “basic” geometry, given a vector ; =(A4,B,C)
Then the plane Ax+By+Cz+D =0 is perpendicular to y
Therefore, using V=np = (4, —4, — 2)
we have thatthe plane 4x—-4y—-2z+D =0 is perpendicular to np

D is chosen in order that the plane passes through the point P (2,1,1) :
4.2—-4-1-2-1+D=0 = D=-2

2x—2y—z—1=0  passes through P and is tangent to the surface
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PROBLEM 5
Write a parameterization of the following surface

y=x'+z’
{y<2
SOLUTION to problem 5
X = peost 0:0 27
z=psind = 7(p.0)=(pcosb,p’,psinf) and {p;o—wi

y=x2+22=p2

PROBLEM 6

Write a parameterization of the following curve

2 Z2
v,z

2
il
4 16 9
Z =

0
y>0

SOLUTION to problem 6

x=2cosQ
y=4singp = 7(¢):(2c0s¢),4sin(p,0) and ¢:0—>7x

z=0
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PROBLEM 7

Write a parameterization of the following surface

zZ=2Xy
SOLUTION to problem 7
y=v = 7(u,v) = (u,v,uv)

zZ=Uuy

PROBLEM 8

Write a parameterization of the curve defined by:

{x2+y2+22:1

(the coordinates of the points are given in
a cartesian coordinate system)

T
2= 6:£—>0
2

x—y=0
from point A [ii Oj till point B (0,0,1)
SOLUTION to problem 8
x=—2sin0
2
yZQSine r(0)= [ﬁsm&ﬁsm@ cosﬁj inP, z=0=60=—
Z=c§s€ ? inP, z=1=6=0
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PROBLEM 9

Kraften pa en ledare L med den elektriska strommen /, i det magnetiska faltet ar:
F = Ij(dfxl?)
L
Berakna kraften pa en cirkular stromslinga L (radie R och centrum i origo). L ligger

i xy-planet (z=0) och omsluter z-axeln en gang. Magnetiska faltet p definieras i
cylinderkoordinater:

B = Bop(cosgo e_+sing é(p)
Anvand foljande steg:
(a) uttryck dl i ett cylindriskt koordinatsystem

(b) berdkna dI xB i ett cylindriskt koordinatsystem

(c) integrera och berakna F (Du kan har anvanda ett kartesiskt koord-system)

13



SOLUTION to problem 9

T = pies,
dl x B = pdgé, x Byp(cos pé_ +singé,) = B, p” cos pd e,
_ 2r D) A ) 27 A
F:]J‘0 Byp* cospdpe, = IB\R jo cos e, dp =
= ]BOszOM cos p(cos g, +sin gé )do =

7 2 2 A 7 2w . R 2 A 2 5
IB,R jo cos” ge dp+ IB R jo cospsinge dp = IB\R ex_[o cos” pdo =
S J

=0

. 2
_B,Re| LSNP g pige.
2 4
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PROBLEM 10
The scalar fields f, g, h are given by:

f(F)=2xy—y°z" +2xz
gP)=x"y+y'z—xz
hF)=xyz+x"yz +xp°2°
(a) Calculate the direction 71 for which the directional derivative of fand g in the point
P (-1,0,1) is zero simultaneously

(b) Calculate the directional derivative of # in P along the direction 7

SOLUTION

(@) The directional derivative of the scalar field ¢ in the direction 7 is:

@zgradqﬁ-ﬁ

ds

d(F)h=
Therefore, we need to find the direction 7 for which: {gm (/)-n=0

grad(g)-n=0
Let’s calculate the gradient of f and g:
gradf=(2y+22,2x—2yzz,—2yzz+2x)

grad g =(3x2y—z3,x3 +3y°z,)° —3xzz)
15



In the point P (-1,0,1) the gradients are:

(gma’ f)P = (2,—2,—2)
(gradg)P =(—1,—1,3)

If n=(a,b,c) we obtain:

(2,-2,-2)-(a,b,c)=0
= (—1,—1,3) (a,b,c)=0

a—-b—c=0 a=2c
: —
a+b—-3c=0 b=c

Therefore: n=(2c,c,c)

(gmdf)P ‘N
(gradg)P~ﬁ

ot | 5 (LD
ormalizing. =
’ J6

(b) The directional derivative of the # in the direction 7 in the point P is:

(2,1,LI) 1

dh .
(XJP—(gmdh)P-n—(O,l,O) e 7




PROBLEM 11 (from HT2019 tenta)

E(F) ir det elektriska filtet i en punkt vars ortsvektor dr 7. Faltets kalla ar en yta, S, med konstant laddningstathet o, -

Under dessa forutsattningar berdaknas F?(F) som:

1 ((F-7")o,dS'

—  —,3
47Z'<E‘OS |r—r'|

E()=
dar
dS’ ar ett infinitesimalt ytelement pa S (skalart, ej riktat)

ar en vektor fran origo till ds,

r  ar positionsvektorn (fran origo till punkten dar vi vill berdkna E )

Betrakta den 6ppna ytan S som definieras som en halv sfar (y < 0) med radie R och som har centrum i origo. Se figur.

Berdkna elektriska faltet i origo
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First we can rotate the coordinate system to have the base of the surface
SO LUTION on the xy leave at z>0 (at the end we need to remember to go back to the
original coordinate system)

dS' = r'?sinfdOde

7 =1'e,
F o=
F—7 =-r'e,
|7 — 7 =
¥ =73 =13
1 ([ (F=7)opdS’ 5,13 sinfd6d s
_ 7 —7")ay, o é,r'”sin 1) o ,
E(r) = = - = — é,sinfdod
) 4me, ﬂ |7 — 7|3 4me, ﬂ 73 4me, f f r ®
S s 0 0
21 91 2 91
f f érsinededgo:f fsine(sinecosq)éx+sin95inq)éy+cos€éz)d9dqo=
2T 91
=f f(sinzecosq)éx + sin®@singé,, + sinfcosHé,)dfde =
2m 6, 2w 0, 2T 04 6,
=éxf fsinzecosq)dedgo +éyf fsinzesingodedq) +ézf fsin&cos@d@dqo= = 2me, f sinfcosOdo =néz[sin29]z(1)
=0 =0
i
2w
= 40 , 0o . 5T . Op
E(f)=—- é,sinfdfdep = — mwé (smz—— stO) =- mé
™) 47T€0f f r = e, 2 2 4meg
00

Finally, we need to go back to the original coordinate system. The final resultis: E() = :T"néy
0
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