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This week

= Line integrals
o Most common line integral: meaning and technique to calculate it
o Theorems on line integrals
o Circulation, conservative fields and potential
o Other types of line integrals
o The Biot-Savart law (a practical application very useful for TET)

= Flux integrals
o Meaning and definition
o The technique to calculate a flux integral
o The flux of the electric field through a sphere: a simple example very
useful for TET

If we have time (Monday afternoon):
= Solving 1-2 problems related to the Biot-Savart law:

B(F)= Z(Zjdf'x(ﬁ?)
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Connections with previous and
next topics

Line integrals

= Vector fields (week 1)

= Curve parameterization and tangent vector (6vningar in week 1)
= Conservative fields. (see also week 3)

= Stokes theorem (week 3)

It has important applications in physics and engineering: for example to calculate the
work, to calculate the magnetic field produced by a wire (Biot-Savart law), the Ampere’s
law, the Faraday’s law...

Flux integrals

= Surface parameterization and normal vector (6vningar in week 1)

= Gauss’ theorem (week 3)

= Special vector fields (week 6)

It has applications like the Guass’ law for the electric field or to calculate the flux of any
vector field on a surface



TARGET PROBLEM

A person is pushing a mine cart along
a path L on a hill.

Calculate the “work” done to move
the cart from A to B.

friction.
PROBLEM
We have to push the cart along the path L defined as:
v = (COS u,sinu, u) (in a Cartesian coordinate system)
u:0—>4rx

The weight (due to gravity force) points towards the negative direction of the z-
axis. Moreover, we have to face a strong wind (whose intensity and direction
depends on the position). Assume that the total force that we have to use is:

F = (—yZ, XZ, —1) (in a Cartesian coordinate system)

Calculate the work that we have to do to move the cart from the beginning
to the end of the pat.



We will arrive to the final answer in two steps:

1- The slope is constant

2- the slope is not constant

path




Step 1:

Step 2:

We need to: .
- introduce a VECTOR FIELD, F (¥)

Wz‘lz//HAﬂz‘igHAﬂcosa=F-A7

(to be precise, we should change sign to calculate
the work done by the person)

W
| =W =Y F()-Ar
I/Vl.zﬁ(f)-Af i

For "very small” segments:

W= Alr%r_l)l()ZF(Z)-AFi = jLF(f)-dF

is the line integral of F along the path L

- Define the infinitesimal displacement Jdr along the path L



In the slides we will show how to calculate a simple line integral.
We will calculate the following integral, step by step

jF-dF
L

with

fy:xz
from 4:(0,0,0) to B:(1,1,0)




VECTOR FIELD

Examples: - velocity distribution in a fluid
- magnetic field around a magnet

- electric field around an electric charge

Two typical ways to represent a vector field:
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1- Arrow field —

* The arrow length is proportional
to the field amplitude

» The arrow direction shows the field
direction

2- Line field

* The tangent to the curves is parallel
to the vector field in all points.

» The density of the lines is proportional
to the strength of the field.
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VECTOR FIELD
The airplane wing example (velocity field of air around a wing)

Low velocity (horizontal) f‘/[igh velocity (horizontal)
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High velocity (horizontal)

Low velocity (horizontal)




EXAMPLE

Consider the following vector field:  F(7) = xe,

Which of the following figures can represent F in the z=0 plane?
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dr and THE LINE INTEGRAL

X

sdescribed by r=r(u) 000 v
e [ (ut, + Ay — 7 (u)]
_ r(u, +Au)—r(u,) dr
i+1 r(ui+1) F = dl" - All}r_l)lo AI" - Alim[ (uz+1) I/'(l/l )] - Aliln() Au AU = Edu
u.,, =u,+Au

So, the line integral = b— dr

can be calculated as: L F(r)-dr :L F(r(u)) 'Zdu

 EXERCISE: Calculate | F(F)-dF with F(F)=xé, onthe curve £:|* =" i
' ’ y from 4:(0,0,0) to B:(1,1,0)
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LINE INTEGRAL (some useful properties)

DEFINITION: The curve —L has the same points as the curve
L, but opposite direction

THEOREM 1| [ F(F)-dr =—| F(F)-dr

(6.1 in the textbook)

Proof: I F(F)-dr :Ibﬁ(F(u))-;’Edu
L a u

LF(?) -dF = jb“ F(7(u)) -;—d’;du =— j" F(7(u)) -;—JZdu = —L F(7)-dr

DEFINITION: assume that the curve L consists of a finite number of curves L1, L2,... Then L=L,+L,+...

THEOREM 2 Lf(r)-dr:jf(f)-dﬂjL F(F)-dF +...

(6.2 in the textbook)

Proof: L F(7)-dr + Lz F(7)-dr = j” F(7F(u)) -;l—dl:du + jb F(F(u)) -%du - j F(r(u)) .;l—‘lzczu - L F(r)-dr

DEFINITION: The line integral of 4 along a closed curve C is called
circulation of a 4 along C: “cirkulationen” in swedish

§C A(F)-dr

12




CONSERVATIVE FIELDS (konservativt)

DEFINITION: A vector field A is called conservative if: § A(r)-dr =0 forany C
THEOREM 3 (6.3 n the retbooy ¢

The circulation of 4 along all closed curves C is zero if and only if

for all points P and Q the line integral of 4 from P to Q is independent

from the integration path between P and Q. Q
PROOF
Assume that L, and L, are two curves from P to Q. P L,

Then L=L,-L, is a closed curve.
(1) The circulation is zero = the line integral from P to Q is independent from the path
gﬁLZ(f)-df:o _ _
- - - - — j A(r)-dF:L A(F)-dr
§Ay-dr=[  AG)-dr=[ AGF)-dr—[ AF)dr| " i imeas eponsen

from the integration path

(2) The line integral from P to Q is independent from the path = the circulation is zero.
j Z(?)-d?:j A(F)-dr
g - = § A(F)-dr =0

] =

The circulation is zero

322(7)-617: Lq_L A(F)-dr =L Z(?)-dF—L A(F)-dr

13



LINE INTEGRAL and potential

TH EO REM 4 (6.4 in the textbook)

Consider a curve L described by the parameterization 7(x) and two points P and Q
on L defined by 7, =7(p) and 7,=7(q) then,if A=grady :

[0 4@)-dr = p(a) - #(p)

This means that the line integral is independent from the integration path L
and depends only on the starting point and on the ending point

PROOF
Using the chain rule for the partial derivative:

o0p O¢ O¢ .(dx dy dzjd
ox Oy 0z ) \du du’ du

LZ(?)-dF ﬂjgmdﬁ%du = Jj(

j(ﬁqﬁdx 0¢ dy 0 dz

ox du  dy du | 0z dujd jp_qj(r(“))d” #(q)—¢(p)

Or, easier: [, A(F)-dr =[ gradpdr = [ d¢=9(q)~4(p)
14



OTHER KINDS OF LINE INTEGRALS

* It is possible to combine scalar and vector line elements in many
different ways along a curve L and thus get different kinds of line integrals

* Some examples: j¢(7)ds
L

where |dr = éeds

| p)ar
L

j Z(?) X d? Look at Example 6.3 in the book.
L

* To calculate these integrals:
r—>7r(u)

L—)[a,b] whereu:a — b

dfzidu or ds= Edu
du du




TARGET PROBLEM

(In this example, a Cartesian coordinate system is used)

The force is:  F =(-yz,xz,—-1) Q
The pathis L: 7 =(cosu,sinu,u) with u:0 ->4r el
Calculate the work from P: (1,0,0) till Q: (1,0,4n) y

-

W = L F(r)-dr = j”: F(?(u));—idu

F(7 (1)) = (—(sinu)u, (cosu)u,—1)

dr = F(F(u))-@=(usin2u+ucoszu—1):
— = (—sinu,cosu,l) du
du =u(sin’u+cos’u)—1=u-1

4z
—_ 4z uZ
W:ILF(r)-dF:IO (u—1)du :{T—u} =87’ —4r

0
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WHICH STATEMENT IS WRONG?

1- The line integral jZ(?) xdr is a vector
L

2- The line integral jﬁ-df is a scalar

on the integration path

3- The sign of the line integral jﬁ-d?depends ‘
4- The gradient of a vector field can be written as: grad A *

17



PRACTICAL EXAMPLE: THE BIOT-SAVART LAW

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

A Z

— dr'x(r =7
B -4 | =)

— —3
L |I" —r |

Where dr' is an infinitesimal length along the wire,
r is the position vector of the point P and

r' is a vector from the origin to dr'

Therefore, 7 —7 ' is a vector from dr' to P

18



PRACTICAL EXAMPLE: THE BIOT-SAVART LAW

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

d_'x(F—F')

3

B =" j

|

‘I"—I"

Calculate the magnetic field in (x,.y0,0) produced
by a straight wire with current I and length 2b

SOLUTION:

(using a Cartesian coordinate system)

v

x=0

y=0 = 7'(u):(0,0,u) with u:—b—+b (X05¥0,0)
Z:u M b
ar (0,0,1)du=dué

du

F =7 = (X, Yoot |r—r|_\/x0+y0+u —\/p0+u

\po = XO + yo (py is the distance of P from the z-axis)
dF'X(F—F') = duéz x(xojyo’—u) = (—yO,XO,O)dM

b
— wol o0 (=¥, %,,0)du 1 b du N u 1ol 2b
B(n= 40 I—b 2 0 N2 40 (—yo,xo,O)I_b 2. av2 40 (—yo,xO,O) N 40 2 [ 2, 2 (—yo,xO,O)
T (g +u?) 4 (o +u?) 47 PPy +u T ps Py +b
= Ul b T T
|B (?)| " Y EXERCISE Repeat the same calculation using a cylindrical coordinate system
0 o 22



TARGET PROBLEM
We are making cranberry juice.
After cranberries are squeezed,

It is better to filter the juice!
How much juice flows trough the cloth each second?

20



TARGET PROBLEM

We are making cranberry juice.

After cranberries are squeezed,

It is better to filter the juice!

How much juice flows trough the cloth each second?

PROBLEM:
Assume that the velocity of the juiceis: v =(xy,0,-z%)
and that the surface of the cloth is given by the
expressions: (z=x"+)?

S:ax*+y° <1

n-e. <0

Calculate the flux of the juice through the surface S.

STEPS to do:
(1) to understand how to calculate the flux
of a VECTORFIELD V(X,),Z2)

(2) a method to integrate the flux over the whole
surface.

21



THE FLUX

In the juice example, the flux F is the volume of the _ A_V
fluid AV that flows through the surface in the time At. At
TN
STEP 1: - the fluid velocity is perpendicular
to the surface v
- the surface is not curved Sl I I -
AV = xAS = |7|AIAS } x = |v|as
AV
F=——=|AS
At M AS

STEP 2: - the fluid velocity is NOT
perpendicular to the surface
- the surface is not curved

F=[V |AS=V-AAS=V-AS  AS

STEP 3: - the surface is curved

AS; —0

F=YF=lim Y7 A5 =[v-dS

Lv .dS

is the flux integral of v on the surface S

The orientation of the
normal depends on the
definition of “positive”
and "negative” side of S

22
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Which is the orientation of the normal to this surface?

24



Which is the orientation of the normal to this surface?

25



However, when the surface is closed, the usual definition is
that the perpendicular to the surface points outwards

26



dS and the FLUX INTEGRAL

» Assume that the surface S is parameterized by r=7r(u,v)

A
21 s Let’s consider two displacements,
presmTeeeee T -dueachangeinu: r=r(u+Au,v) = Av, =r—-r
L AT, 4 i el . _1 _ _1 _1 _
N T due achange inv: r,=r(u,v+Av) = Ar,=r,—7r
r .
y‘\\\\ i ) . ////
! |Ar2|sma
i "AS
x a Ar,

_________________________________________________________________

The area AS is AS = |A7|sin a|AT}| = [A7] x A7

7 is perpendicular to S. But also Ar, x Ar, is perpendicular to S

= AS = iAS = AF; x AF,

27



dS and the FLUX INTEGRAL

dS = lim AS = lim A, x Ar,
Au—0 Au—0
Av—0 Av—0

N

dri=1m Ar, = lim r(u + Au,v) —r(u,v) =

Au—0 Au—0 _ 877 677 d d

= 5 = > = dS = —x—dudv
— lim V(U+AM,V) V(M,V) Au = ar(u,v) du 5u 8\/
Au—0 Au au
in the same way:
a7, = or(u,v) 7
ov )

So, the flux integral of the vector
field v on the surface §

b lculated as: = _ or oOr
can be calctiated as I v-dS = jjv(r(u,v))- X dudv

S udv ou Ov

28



TARGET PROBLEM

(using a cartesian coordinate system)

Calculate the flux of the juice.

29



TARGET PROBLEM

(using a cartesian coordinate system)

Calculate the flux of the juice.
Assume that the velocity is described by the vector field v = (xy,0,—z%)
and that the cloth is describe by the surface S: (z=x?+)”

x?+y?<l1

fl . é < O <«—— This defines the
z direction of the normal
to the surface. It means
that the normal has
negative z-component.

poll 10
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TARGET PROBLEM

(using a cartesian coordinate system)

Calculate the flux of the juice.
Assume that the velocity is described by the vector field v = (xy,0,—z°)
and that the cloth is describe by the surface S: (z=x?+)”

x?+y?<l1

SOLUTION: 1- figure ) e, <0
2- Parameterization of S
3- Calculate the flux

x’+y? <1 x’+y? <1

{z=x2+y2
z=x’+)? 4 :z P z

A 4

31



TARGET PROBLEM

(using a cartesian coordinate system)

Calculate the flux of the juice.
Assume that the velocity is described by the vector field v = (xy,0,—z°)
and that the cloth is describe by the surface S: (z=x?+)’

x2_|_y2§]
SOLUTION: 1- figure ) e, <0
2- Parameterization of S
3- Calculate the flux
z=x’+y?
2492 < 2+y? <
z=x’+)? 4 : Xty =l z Y 1

A 4

32



TARGET PROBLEM

(using a cartesian coordinate system)

Calculate the flux of the juice.
Assume that the velocity is described by the vector field v = (xy,0,—z°)
and that the cloth is describe by the surface S: (z=x?+)’

x?+y?<l
SOLUTION: 1- figure n-e <0
2- Parameterization of S
3- Calculate the flux
z=x?+y?
x’+y? <1 x’+y? <1

z=x’+)? 4 :z




TARGET PROBLEM

(using a cartesian coordinate system)

Calculate the flux of the juice.
Assume that the velocity is described by the vector field v = (xy,0,—z°)
and that the cloth is describe by the surface S: (z=x?+)’

x2_|_y2§]
SOLUTION: 1- figure ) e, <0
2- Parameterization of S
3- Calculate the flux
z=x’+y? 4 z xHy <l z Az {

A 4

34



TARGET PROBLEM

(using a cartesian coordinate system)

Parameterization of S z=x+y?
x> +y? <1

X=pCOSQ
7(p,p) {y=psing
z=x"+y" =(psing)’ +(psing)” = p*

A Z
0<p<l
@ 4 0<e=<2m
- |
r(p,9)
j/j/j /j/j/j/j/
;J/J/J /J/J;J;J;
/J J/J/J/
- S
- o
/J/J/J/J/J/J/J/J;/’ y
-
/////////
o
////////%
s A
N A .
1
D x

Parameterization of the vector field: 4 = (xy,0,z*)=(p2sing cosg, 0, -p )

35



TARGET PROBLEM

(using a cartesian coordinate system)

The flux can be calculated as: F' = HV .dS —” v(r(p,)): (zxg—rJdpdg/)
op O

or or
The term T can be Calculated in this way:
op O
al’ )
=(cos,sing,2p) éx ;e
o or o ,y
P =>| —x—|=]| cos@ sinp  2p|=
or dp Op .
=(—psing, pcos,0) —psing pcosp 0
a¢ : (=2p% cosp,—2p" sing, pcos’ @+ psin’ @) =

(—2p° cosp,—2p’ sin g, p)

Note that (%) has a z-component that is always positive,/

while according to the definition of the problem, it is supposed to be negative.

How to take care of this?

We have two options:

= We can solve the integral as usual, but then we must change the sign to the
final answer

= There is no rule in the order of the parameters, so we could have calculated
the term above as: ( o oF

—x—|=(2p" cos@,2p’ sin p,—p)
op Op

36



TARGET PROBLEM

(using a cartesian coordinate system)

[[7-d5 =[[vF (o, 00 (%xg—;]dpdqo—

1(,0 sing cos@,0, ) (=2p° cosp,—2p° sing, p)d pde =

0 (—2p4sinqp cos’@+0-p° )dpdgo =

r27 2 5 . o) 1 6:|1 2”( 2 . o) ljd
—— p’sIne cos @ —— do = ——SINE COS @ —— =
J, { 5,0 @ @ 6'0 O @ J-O 5 @ @ p @

3 2
2 _cosp) 1| __7
5 3 6¢ . 3

But we must change sign! The answeris +—

37



WHICH STATEMENT IS WRONG?

1- The flux integral is a scalar A

2- Flux integrals can be calculated also on a closed surface.

3- The normal to the integration surface ‘
always points “downwards” (in the negative direction of the z-axis)

4- The flux through a membrane can be
calculated with flux integrals.

38



FLUX OF THE ELECTRIC FIELD PRODUCED
BY A POINT CHARGE

The electric field produced by a point charge
located in the origin is:

O xé +ye +ze
Y z . . .
= 32 using a Cartesian coordinate system
2 2 2
4re, (x +y 4z )

e

— 1 X
E= %er
e, r

using a spherical coordinate system

Calculate the flux of the electric field on

a sphere S centred in the origin and S
with radius R using:

(a) a Cartesian coordinate system

(b) a spherical coordinate system

39



(a) Using a Cartesian coordinate system

— QO xe t+ye +ze,

7 4re, (x2 +y +z° )3/2

or Or

[E-dS=]| | E(F(u,v))- (—xa—jdudv -

Which parameterization to use?
The surface is a sphere, so a smart choice is to use spherical coordinates:

X =Rsinfcosp
= Rsinfsin with:
y @ <p<in ¢
z=Rcosf
IMPORTANT:
(1) to use spherical coordinates r, 6, ¢ does not imply that a spherical coordinate system is used!
The coordinate system is still Cartesian as long as the componenents of a vector are the projections
along the x-axis y-axis and z-axes.
(2) The flux is calculated on the surface of the sphere with radius R (which is constant).

So no integration in » is necessary. The integration is only in 6, ¢ .
(3) Each point on the sphere has distance R from the origin. So, on the surface of S: x*+y*+z* = R?

jE ds = HE(r(e ?))- (a—rx(;—;Jdﬁd(p

Parameterization of the sphere:

7(0,9) = (Rsin O cos p, Rsin@sin g, Rcos ) = Rsin O cospe, + Rsinfsingpe, + R cosOe,

40



or or

jE ds = HE(r(e ?))- (—x_jdedgo

o

7(0,9) = (Rsin @ cos , Rsinsin g, Rcos §) = Rsin O cos pe, + RsinOsinpe, + R cos fe,

osf@cospe, + RcosOsinpe, — RsinOe,

—— =—Rsinfsinpe,_+ RsinOcos e,

8—F=Rc
oo
or
O
or Or
_X_

[

00 o

E(7(0,9))-

jZRSiIlQ(RSin@COS¢éx + Rsin Osin ge, +Rcos¢9éz) :Rsiné’(xéx + ye, +zéz)

xe. +ye. +ze
or 8r 0 Rsing—— Yo T -(xé +ye, +ze ):
20" 0p ) Ans 2,222 VT T
0 (x +y +tz ) Remember that x* +y* +z* =R’
2 2 2
) + 7y + ) 1 )
0 Rsind@ r Ty Tz 0 0 Rsin@ 1/’2/: 0 sin @
4re, (x2 +y° +22) 4re, (x2 +y° + 22) &y

=0
P go

_[SE-d§:LL4Sg sin 0d0dp =——["" [ sin 0d0dp = £
0

drg, ~0=0

41



(b) Using a spherical coordinate system
E _ ]. Q A

dre, 1’

We need to calculate: ISE°d§
In spherical coordinate system, it is much easier.

First we need to express S in a spherical coordinate system:
we need to calculate the absolute value and the direction of dS

- absolute value:‘dﬂ =r’sin Odpdf  (see the slides on “vector algebra”, week 1)
- direction: it must be perpendicular to the surface of the sphere.
The radial direction is perpendicular to S.

-~ 2 . A
dS =r-sin 49d§0d6’ e, Remember that é,-¢, =1

(7] Qe

S4re, r

I"

(¥’ sinQ)depdO é. = Q2 I(sin@)d(pdﬁz
drg, *S

j e " sin 0d0dp = £

47r5 &,

42
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