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Navier-Stokes equations

No slip boundary condition: 𝑢 = 0

Slip boundary conditions: 𝑢 $ 𝑛 = 0

Friction boundary conditions: 𝑛!𝜎𝑡" = β𝑢 $ 𝑡"
Outflow boundary conditions: 𝑛!𝜎 = 0



Incompressible flow – attachment point

• ∇ " 𝑢 = 0

• !"!!#!
= − !""

!#"

[Water and aluminum dust.]



Incompressible flow – boundary layer

• ∇ " 𝑢 = 0
• 𝑢$ = 𝑓 𝑥%
• 𝑢% = 0

[Water and aluminum dust.]



Cylinder (Re = 0.16) – separation point

• ∇ " 𝑢 = 0

• !""!#"
= − !"!

!#!

[Water and aluminum dust.]



Cylinder (Re = 26) – 2 separation points

• ∇ " 𝑢 = 0

• !""!#"
= − !"!

!#!

[Oil and magnesium.]



Cylinder (Re = 26) – 2 vortices

• ∇ " 𝑢 = 0
• 𝑢$ = 𝑓 𝑥%
• 𝑢% = 𝑔(𝑥$)

[Oil and magnesium.]



Cylinder (Re = 300) – Karman vortex street

[Wind and smoke.]



Cylinder (Re = 2000) – shear layer

[Water and air bubbles.]



Cylinder (Re = 2000) – 3D turbulent wake

[Water and air bubbles.]



Re = 10 000 – turbulent shear layers

[Water and air bubbles.]



Sphere: Re = 15 000 vs 30 000
turbulent boundary layers (drag crisis)



Sphere: Re = 15 000 vs 30 000
turbulent boundary layers (drag crisis)



Sphere: Re = 15 000 vs 30 000
trip wire – to trigger turbulent boundary layer



Sphere: Re = 15 000 vs 30 000
trip wire – to trigger turbulent boundary layer

[https://en.wikipedia.org/wiki/Golf_Ball#/media/File:Golf_Ball.jpg]



Simulation of drag crisis – slip/friction bc



Streamwise vortex structures in the wake

[Gölling DLR 2001]

[Korotkin 1976]

[Humphreys JFM 1960]



Delayed separation and vortex structures

[https://en.wikipedia.org/wiki/File:Airplane_vortex_edit.jpg]

[https://sv.m.wikipedia.org/wiki/Fil:Cessna_182_model-wingtip-vortex.jpg]



Delayed separation - downwash

[https://i.redd.it/7yj9h0x2h9f61.jpg] [https://www.grc.nasa.gov/www/k-12/airplane/downwash.html]



Simulation of airflow past airplane

[Jansson et al., Springer, 2018]



Simulation of airflow past airplane

[Jansson et al., Springer, 2018]



Discretization by a mesh

[Jansson et al., Springer, 2018]



Magnus effect – downwash through rotation

[https://en.wikipedia.org/wiki/Magnus_effect#/media/File:Magnus-anim-canette.gif]



Buckau - Flettner rotor ship 1924

[https://en.wikipedia.org/wiki/Flettner_rotor#/media/File:Buckau_Flettner_Rotor_Ship_LOC_37764u.jpg]



Grace - Flettner rotor ship 2019



Grace - Flettner rotor ship 2019



Simulation of airflow past landing gear  

[De Abreu et al., Computers and Fluids, 2016]



Adaptively refined mesh

[De Abreu et al., Computers and Fluids, 2016]



Demo Lab 2



Elliptic PDEs: existence and uniqueness



Energy norm and stability of solutions



Optimality of Galerkin’s method



Optimality of Galerkin’s method



A priori error estimation



A priori error estimation



A posteriori error estimation



A posteriori error estimation



Adaptive methods



Finite element method - mesh



Finite element method - mesh



Conforming triangular mesh



Mesh generation



Mesh refinement and coarsening



Stokes equations



Stokes equations – variational form



Stokes equations – finite element method



A posteriori error estimation



A posteriori error estimation



A posteriori error estimation



A posteriori error estimation



Demo Lab 3


