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Who am I? 

• Professor of numerical analysis
• Research: fluid dynamics, medicine, renewable energy,…
• https://www.kth.se/profile/jhoffman

https://www.kth.se/profile/jhoffman


This course

Theory and labs (weeks 1-5)
• Mathematical model of fluid flow: Navier-Stokes equations
• Numerical approximation of Navier-Stokes equations
• Computer simulation of fluid flow

Project work (weeks 6-11)
• Research question
• Simulation experiments
• Analysis and conclusion



This course

Computer simulation of fluid flow
• Mathematical model: Navier-Stokes equations
• Numerical approximation: Finite Element Method (FEM)
• Computational platform: FEniCS Jupyter notebooks & Google Colab

• Course (open) GitHub repository:

https://github.com/johanhoffman/DD2365_VT22



This course

Labs
1. Stokes equations (viscous flow)
2. Navier-Stokes equations
3. Adaptive finite element methods
4. Fluid-structure interaction



Today

• Vector calculus
• Function spaces
• Conservation laws
• Finite element method

[Lecture notes, chapters 1-3] 



Function spaces: continuous functions



Differential operators in Rn



Differential operators in Rn



Differential operators in Rn



Gauss theorem



Function spaces: integrable functions



Function spaces: integrable functions



Function spaces: Sobolev spaces



Function spaces: Sobolev spaces



Partial integration/Green’s theorem



Conservation laws



Conservation laws



Conservation of mass



Conservation of momentum



Conservation of momentum



Conservation of momentum



Newtonian flow



Non-dimensionalization



Non-dimensionalization



Limit cases: Euler and Stokes equations

now with 𝑃 = 𝜈𝑈/𝐿 and 𝐹 = 𝜐𝑈/𝐿!,



Anatomy of fluid flow

• Density 𝜌
• Velocity 𝑢
• Pressure 𝑝
• Viscosity (dynamic viscosity 𝜇, kinematic viscosity 𝜐 = !

" )

• Gravity 𝑔
• Surface tension 𝜎
• Speed of sound 𝑐
• …



Anatomy of fluid flow

• Mach number 𝑀 = #
$

• Reynolds number Re = "%&! = %&
'

• …



Compressibility – Shock waves

• Shock waves appear for M>1
• Flow is compressible for M>0.2
• Flow is incompressible for M<0.2

[https://en.wikipedia.org/wiki/Mach_number#/media/File:FA-18_Hornet_breaking_sound_barrier_(7_July_1999).jpg]



Compressibility – Shock waves

• Shock waves appear for M>1
• Flow is compressible for M>0.2
• Flow is incompressible for M<0.2

[Shadow graph]



Incompressible flow

• Approximate small M by M = 0. 
• Constant density
• Velocity divergence free: ∇ , 𝑢 = 0

• (#!
()!

= − (#"
()"

[Water and air bubbles.]



Reynolds number Re = 0.16

[Water and aluminum dust.]



Reynolds number Re = 1.54

[Water and aluminum dust.]



Reynolds number Re = 9.6

[Water and aluminum dust.]



Reynolds number Re = 9.6

[Water and aluminum dust.]



Reynolds number Re = 26

[Oil and magnesium.]



Reynolds number Re = 28.4

[Water and condensed milk.]



Reynolds number Re = 41

[Water and condensed milk.]



Reynolds number Re = 300

[Wind and smoke.]

Karman vortex street



Reynolds number Re = 2000

[Water and air bubbles.]



Reynolds number Re = 10 000

[Water and air bubbles.]



Vortex shedding

[Water and air bubbles.]

• https://www.youtube.com/watch?v=9FRTj6_1J2k

• https://gfm.aps.org/meetings/dfd-2020/5f5f0056199e4c091e67bd9e

https://www.youtube.com/watch?v=_AJgEa2dbJU
https://gfm.aps.org/meetings/dfd-2020/5f5f0056199e4c091e67bd9e


Flow visualization: pathlines

[https://en.wikipedia.org/wiki/Streamlines,_streaklines,_and_pathlines#/media/File:Kaberneeme_campfire_site.jpg]



Flow visualization: streaklines

[https://en.wikipedia.org/wiki/Streamlines,_streaklines,_and_pathlines#/media/File:Aeroakustik-Windkanal-Messhalle.JPG]



Flow visualization: streamlines

https://www3.nd.edu/~cwang11/2dflowvis.html



Representation of fluid flow

• Pathlines vs Streamlines
• Particles vs mesh/fixed coordinate system
• Lagrangian vs Eulerian representation
• Smooth particle hydrodynamics vs Finite element method

[https://www3.nd.edu/~cwang11/2dflowvis.html]



Representation of fluid flow

• Pathlines vs Streamlines
• Particles vs mesh/fixed coordinate system
• Lagrangian vs Eulerian representation
• Smooth particle hydrodynamics vs Finite element method



Representation of fluid flow

• Lagrangian representation: moving particle position 𝑋 𝑡 , 𝑋 0 = 𝑋0
• Eulerian representation: fixed position 𝑥, velocity 𝑢(𝑥, 𝑡)



Representation of fluid flow

• Lagrangian representation: moving particle position 𝑋 𝑡 , 𝑋 0 = 𝑋0
• Eulerian representation: fixed position 𝑥, velocity 𝑢(𝑥, 𝑡)

• 𝑢 𝑋 𝑡 , 𝑡 = *+
*,



Representation of fluid flow

• Lagrangian representation: moving particle position 𝑋 𝑡 , 𝑋 0 = 𝑋0
• Eulerian representation: fixed position 𝑥, velocity 𝑢(𝑥, 𝑡)

• 𝑢 𝑋 𝑡 , 𝑡 = *+
*,

• Material derivative: -#-, =
*+
*, , ∇ 𝑢 + (#

(, =
(#
(, + 𝑢 , ∇ 𝑢

• Acceleration along particle path



Discretization of DE:  R(u) = 0 → Ax = b

• Particle system - mesh-free radial basis function
• Structured grid - stencil
• Unstructured mesh - basis function

• Minimization 𝑚𝑖𝑛 ∥ 𝑅(𝑢) ∥
• Collocation 𝑅 𝑢 xi = 0, for all i
• Projection 𝑅 𝑢 , 𝑣 = 0, for all v



• Particle system {xi}
• Kernel function Wh
• Smoothing length h
• Field representation

• Navier-Stokes equations
(partial differential equation)

Smooth particle hydrodynamics (SPH)



Smooth particle hydrodynamics (SPH)

[Bender, Koschier, SIGGRAPH, 2015]

https://www.youtube.com/watch?v=POnmzzhc5E0


Finite difference method

• Structured grid - stencil (e.g. finite difference method)
• Collocation 𝑅 𝑢 xi = 0, for all i
• Level set function for complex geometry 

[https://en.wikipedia.org/wiki/Level-set_method#/media/File:Level_set_method.png]



Finite volume method

• Based on local conservation laws over grid cells using Gauss theorem.

[https://en.wikipedia.org/wiki/Finite_volume_method]



Finite element method

• Unstructured mesh - basis function
• Fixed or deforming mesh
• Projection 𝑅 𝑢 , 𝑣 = 0, for all v



FEM simulation of air past airplane

[Jansson et al., Springer, 2018]



Discretization by a mesh

[Jansson et al., Springer, 2018]



FEM simulation of airflow past landing gear  

[De Abreu et al., Computers and Fluids, 2016]



Acoustic sources and turbulent vortices

[De Abreu et al., Computers and Fluids, 2016]



Heart (deforming mesh) simulation

[Spühler et al., 2017, 2020]



Projection methods are optimal 


