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Continuous Data

Fields

continuous representation of a variable

] N\
analytic
formulae

interpolation
of data in
grid /
meshes

gridless
Interpolation



Fields

analytic formulae

function in 1D:

flx) =x°

function in 2D:
fo,y) =x*+xy

function in 3D:

X
f(x,y,z) =3x + Y

z+1

4 — fix)=x3
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Fields

flx) =x° f(x) _ .

x e E™

z+1 observation space can be 2D, 3D, ...
easier to describe with a single, bold x

flx,y) =x*+xy

f(x,y,z) =3x +



scalar field

s:[E" — IR

s(x)

with x € IE"

s(x,y) = 2xy + 4y?

2D scalar field

vector field

v:IE" - IR™

with x € [E"

v = (30 )

2D vector field

Fields

tensor field

T:IE" — R™*?

c11(x) ...  cp(x)
T(x) =

Cm1(X) ... Cmp(X)
with x € IE"

_(alx,y) b(x,y)
T“’”‘(a(aay) d(x,y))

2D tensor field



scalar field

s:[E" — IR

s(x)

with x € IE"

s(x,y) = 2xy + 4y?

2D scalar field

vector field

v:IE" - IR™

with x € [E"

v = (7,)

2D vector field

Fields

tensor field

T:IE" — R™*?

c11(x) ...  cp(x)
T(x) =
Cm1(X) ... Ccmp(X)
with x € IE"
2X 1
Txy) = (x +y —y)

2D tensor field



Derivatives

many applications
normal for volume rendering

critical point classification for vector
field topology

In scalar fields: describes
direction of steepest ascend

Derivatives




Derivatives

vector field tensor field
v:IE" - R"™ T:E" —» R™*?
C1 (X) C11 (X) . e Clb(X)

The first derivative of a scalar field v(x) = : T(x) = :
IS a ve(_:tor field calleql grad_lenp Cm (X) en1(X)  oor Cmp(X)
It consists of the partial derivatives with x € IE" with x € IE"
of the scalar function s(x) for each
dimension of the observation space.

9s

0x Sx

- --) VS(x'y) = dJs y S
0y y

2D scalar field gradient



Derivatives

vector field tensor field

v:IE" - R"™ T:E" —» R™*?
/Cl (X)\ Cll(X) “e Clb(X)
The second derivative of a scalar T(x) = : :
field is a tensor field called Hessian. Cm1(X) ... cmp(X)
It consists of the partial derivatives | with x € E”
of s(x) derived twice for each

dimension of the observation space. |
\

ds o
dx Sx Sxx  Sxy
Vs(x,y) = — Vis(x,y) = ( )

calar field gradient Hessian



S

scalar field

E" — IR

s(x)

with x € IE"

Derivatives

tensor field

T:IE" — R™*?

Cl11 (X) “e Clb(X)

The first derivative of a vector field | T(%) = ; ;

is a tensor field called Jacobian. Cm1(X) ... cmp(X)
It consists of the partial derivatives | with x € E”

of v(x) for each dimension of the

observation space. | s
\\
.
u(x, y)) (ux uy)
VX, = Vv(x, =
( Y) (v(x, y) ( y) Uy Uy
2D vector field Jacobian



Continuous Data

Fields

continuous representation of a variable
analytic
sampled data: formulae
Interpolation formulae usedtocreate 7~ N\ N A ommm= ~———

a continuous representation

\\
interpolation ™
of data in \
grid / .
meshes ./

gridless
Interpolation



e A grid consists of a finite
number of samples

e The continuous signal is
known only at a few points
(data points)

e In general, data is needed Iin
between these points

e By interpolation we obtain
a representation that
matches the values at the
data points

e Reconstruction at any other
point possible

what s the
value here?

interpolation
reconstructs a
continuous function

Interpolation



Interpolation

e Simplest approach: Nearest-Neighbor Interpolation
e Assign the value of the nearest grid point to the sample.

O




Interpolation

e Linear Interpolation (in 1D domain)
e Domain points &, scalar function f(x)

General:
flo) = 222 f(wg) + 2220 f(21) @ € [0, 2]

Special Case:

flz) = (1 =) f(0) +z f(1) z € [0, 1]
-t () - 1 60

Basis Coefficients



Interpolation

e Linear Interpolation (in 1D domain)
e Sample values f; := f(x;)

fs
J1 J2 a0
"""""" .. fS R f6
Jo { s
o L1 Lo I3 T4 Ts Tq

e (Y Continuity (discontinuous first derivative)

e Use higher order interpolation for smoother transition,
e.g., cubic interpolation



Interpolation

e Cubic Hermite Interpolation (in equidistant 1D domain)

® $i_|_1:I7;—|—1

,,jb
®
f-1
Xr_1 L0

Linear  f(z)=[1 ] [_11 (1)] (

Cubic
(Catmull Rom)

flz)y=1[1 z a* 2

[
DO | =

B | =

[\ [OV)

O~ O

[N] [V

Linear
Cubic

“interpolate values
and derivatives at
o and xz1“

C'! Continuity
(discontinuous
second derivatives)

0 [f—

0 fo
5| | #

5 1 \J2




Interpolation

e Interpolation in 2D, 3D, 4D, ...

e Tensor Product Interpolation
e Perform linear / cubic ... interpolation in each x,y,z ... direction separately

L] L
55
25
5
145
20
) B
15 F 135
- B
1 L]
25
2
0.5 0.5
) _
: L 4 1
0 05 1 15 2 25 3 0 0.5 1 15

Bi-Linear Bi-Cubic

| -




Interpolation

e Tensor Product Interpolation
e Extend interpolation from 1D to higher dimensions
e Coefficients fi , associated basis functions b;(x) (linear / cubic / ...)

n fo
1D f($) — sz(iﬁ) fi = [50(93) bn(m)] |: :|
i=0 fn
20,0l f(z,y) =) > bi(@)bi(y) fi;
j=0 i=0

foo - fom bo(y)
fT;O fnm b (y)

3D, “ri f(z,y,2) =Y Y ‘ bi(2)b;(y)br(2) fijk




Interpolation

e Example: Linear Tensor Product Interpolation
e Number of basis functions / coefficients m =1,n=1,p=1

1D, linear Z bi( (1—2x) fo+xf1

-
_ -
_ -
/”
_ -
_ -
_ -
_ -
_ -
_ -
_ -
_ -
_ -
_ -
f”
_ -
_-
_ -
_ -
_ -



I very important Interpolation

e Example: Linear Tensor Product Interpolation
e Number of basis functions / coefficients m =1,n=1,p=1

2D, “bi-linear” flz,y) = Z bi (2)b; (y) fis
§=0 i=0
x,1
Jox -f( = =1 -2)(1-9) foo + 2 (1~ y) fro+

(1—=2)y for +zy fun

=1 —y) (1 — ) foo +x fi0)+

1 —x) for +xjf11
fe.) y((1 =) for + = fi1)

“interpolate twice in x direction
and then once in y direction”

foo ‘f(a:, 0) fio



Grids and Interpolation

e Example: Bi-linear interpolation in a 2D cell
e Repeated linear interpolation

for=0 £(05,1) = 0.5 fl =1

® /(0.5,0.75) = 0.75

£(0.5,0.75) =2

(1—0.75)

foo =1 £(0.5,0) = 1.5 fi0 = 2



Interpolation

e Example: Linear Tensor Product Interpolation
e Number of basis functions / coefficients m = 1,n=1,p=1

3D, “tri-linear” g; Y, 2 Y Y Y b (z) fijk

k=0 7=0 2=0

fo11 fi11

Joo1 o/ Fro1

“interpolate four times in x
direction, twice in y direction, and
once in z direction”



(1-x) * £, (1-x) * (1-y) * £, (1=x) > (1-y) * (1=2) * 40
x * £, T x *(l-y)* £, + x *(l-y)*(1-2z)* £,q
+ (1-x)* Y x f01 + (1-x)* Y *(1l-2z)* fOlO
1D linear + X * y * £, + X ¥ y *(1-z)* £,
+ (1-x)*(1l-y)~* z % Ly
& 2D bi-linear + x *(1l-y)* z * £,
fo1 f11 + (1-x)* Y * z = fOll
+ X * y ¥ z % I

3D tri-linear

foi1 fi11

foot f1o1

.fOO flO fOlC f110

fooo J100



Two ways to estimate
gradients:

e Direct derivation of
Interpolation formula

e Finite differences schemes

Function Derivatives

@

0x S
— y
dy

Gradient of a 2D scalar field

u u
W(x,y) = (vjj v;”)

Jacobian of a 2D vector field



Field Function Derivatives

e Field Function Derivatives, Bi-Linear

— [ (1—z) ] | foo Jor | [ (1—y) 3 derive this
fz,y) = [(-2) 2] [flo fll} [ Y ] interpolation formula
of(x,y) 1 ra—
o9r 11 Hgg ;21] [uyy)] “constant in x

direction®

= (fi0 — foo) (1 —y) + (fi1 — for)y

8f(:r:,y) 00 Jo1 —
3y :[(1_33):8][;10 %1] [11]

= (for — foo) (1 —z) + (fi1 — fio) =

of (x,y)
_ |  ox final gradient
Vi(x,y) = <6f(x y)>

“constantiny
direction®



Field Function Derivatives

e Problem of exact linear function differentiation: discontinuous gradients

(Piecewise) linear function ------- Gradient o
@®----------- -
el '@
7’ \‘\\

® ) ,/

@
Lo L1 L2 L3 L4 L5 L6

e Solution:

e Use higher order interpolation scheme (cubic)
e Use finite difference estimation



Finite Differences

e Finite Differences Schemes
e Apply Taylor series expansion around samples

Continuous Linear

function ) function

Taylor expansion

f(il?z'+1)
4 df(x;)  h? d2f(x;) 5
flas+h) = flas) +h & 9 4wz O(h?)
df(xz;)  flrier) — [l Forward
— d(a: ) ~ ( H)h ) difference

> de h difference




Finite Differences
e Finite Differences Schemes

dx + 2 da?

df(w;) | h* d*f(xy)
dz * 2 daz?

f(xig1) = f(z:) +h +O(h?)

flaio1) = flai) —h +O(?)

Difference

—>  (f(wit1) = f(@:)) = (f(wic1) — f(z4)) = 2h
—>  df(z)  f(wig1) — f(Tio1) Central

~

dr o2h difference

df(z;)

3
I + O(h?)

e Central differences have higher approximation order than forward / backward
differences



Finite Differences

e 1D Example, linear interpolation

(Piecewise) linear function ------- Central

differences RN




Finite Differences

e Finite Differences Schemes, Higher order derivatives

d?f(x;)  fwigr) —2f(z) + fio1)

—~
Y

da? h?

Pf(xi,y;) _ f@ivr,y4+1) — f@iv1,y5-1) — (@i, y541) + f(@im1,95-1)

~

By dhy h,




Interpolation in Triangles

le Meshes

lon in Triang

Interpolat

lnear

L

lecewise

o P




e Linear Interpolation in a Triangle

e There is exactly one linear function that
satisfies the interpolation constraint

e A linear function can be written as

flx,y) =a+bx+cy
e Polynomial can be obtained by

solving the linear system

-1 L0
1 L1
_1 L2

e Linearinx andy

Yo
Y1
Y2

S Q

Jo
fi
f2

fo

P

Interpolation in Triangles

fi

e [nterpolated values along any ray in the plane spanned by the triangle are linear

along that ray



Barycentric Coordinates

e Barycentric Coordinates:

e Planar case:
Barycentric combinations of 3 points

P=ap,+ P, +ypPsWith:a+p+y=1
y=l-a-p

e Area formulation:

o = 2reAAR,P3P)) 5 area(A(py,PsP)) | _ area(A(p;,Py,p))
area(A(p,P,.Ps)) ©  area(A(py,py.ps)) C area(A(py,pa.ps))




I very important I Barycentric Interpolation

Barycentric Interpolation in a Triangle

The linear function of a triangle can be
computed at any point as

f(x'y) = a(x'y)fO +,8(X,y)f1 +y(ny)f2

with a + 8 + y = 1 as barycentric coordinates.

To be inside triangle: 0 < a,B,y < 1 fO fl



e Background on Barycentric Interpolation in a Triangle

e The linear function of a triangle can be computed at any point as
f(xa y) — OJO(ZC, y)fO + ()51(33, y)fl + 052(337 y)fQ

with ag + a1 + a3 = 1 (Barycentric Coordinates)

e This also holds for the coordinate x = (Zj) of the triangle:

X:O{()XO—|—051X1+(I2X2

— Can be used to solve for unknown coefficients «; :

L0

Yo
1

L]

Y1
1

L2

Y2
1

7))
q
0%

—

Barycentric Interpolation



Barycentric Interpolation

Background on Barycentric Interpolation in a Triangle

g I1 T2 7))

e Solutionof |Y% Y1 Y2| || =
1 1 1 o

— e 8

(e.g. Cramer's rule):

— = X2
! r T1 I o — Area([X,X1,X2])
g = — det Yy oy Y2 0~ Area([x0, X1, X2])
1 1 1]
(x0T 19 Area([x, X, X2])
= det( Yo Y Y2 ) M= Area([x0, X1, X2])
|1 1 1]
xg T, T Area([xo, X1, X])
= — det Yo Y1 Yy *2 = Area([xg, x1, X2]) -
1 1 1 x
_ _ 1
with
. _ _ .
Y —det y1 Inside triangle criteria
O§&07a19a2§1



Barycentric Interpolation

e Barycentric Interpolation in a Tetrahedron

e Analogous to the triangle case



Linear function in triangle/tetrahedron:

flz,y) =a+bx+cy

Gradient of a linear function:
Constant!

For a linear function in a triangle,
the gradient is a constant 2D vector.

For a linear function in a tetrahedron,
the gradient is a constant 3D vector.

fo

P

Barycentric Interpolation

fi



Continuous Data

Fields

continuous representation of a variable

analytic

sampled data: formulae

Interpolation formulae used to create

a continuous representation interpolation

of data in
grid /
meshes

gridless %

; . |
Interpolation I



Grids and Interpolation

e There is a variety of further scattered data interpolation schemes, e.g., radial
basis functions.

e One of them is the Shepard approach:

w(z,y)
ZZ Ik

7= 1103(3j y)

e The weight function w,(X,y) is constructed in such a way that the impact of an
observation point decreases far away from the observation point, i.e.,

wi (2, y) = = (=)



2.0

1.8

1.6

14

1.2

Shepard Interpolation (Inverse Distance Weighting)

Shepard's interpolation in 1 dimension: p=2

R S L e e > S ® ® Samples

SoooooO0000
L T R T I T
Ll (RPN e e




2D Voronoi diagram

Grids and Interpolation

= SeeVis - [INSEL.SEE] -

= See Datenauswahl Extras Fenster Zeige Hilfe

(212 [©12] [£] (7]

Inselsee
15.11.94

Kalkgehalt

»

4

SeeVis | INUM]

Shepard interpolation



Grids and Interpolation

e For this choice of wy , all data values have global impact.

e Using the Franke Little weight function, local impact can be achieved.

max(r — dg, 0)\°
T dk

we(z,y) = (



Summary

e Fields are continuous representations of variables
e analytic formulae

e interpolation
e in grids / meshes
e gridless

e Interpolation
e Linear / Cubic basis functions
e Multidimensional interpolation (bi-linear, tri-linear ...)
e Linear interpolation on triangles and tetrahedra
e Grid free interpolation using Shepard approach

e Gradients
e Derivatives of (interpolation) formulae
e Finite differences

Grids and Interpolation



