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PROBLEM 1

Calculate: ( , , )A x y z=
S

A dS⋅∫∫ where the vector field is:

SOLUTION

and S is a cube (length 2 each side) centred in the origin. 
The normal to the surface points out from the cube
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(a) In a direct way (using the parameterization of the surface).
(b) Using Gauss’ theorem
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Let’s start with S1

1- parameterization of S1:
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2- Integral calculation:
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Due to the symmetry of the problem we have: 4
iS
A dS

−
⋅ = −∫

6 ( 4) 24
iS S

i
A dS A dS

− −
⇒ ⋅ = ⋅ = ⋅ − = −∑∫∫ ∫∫

(b) S is a closed surface and      is continuous and differentiable ⇒ we can apply Gauss’ theorem

33 3 3 2 24
1 1 1 3

S V

yx z S V

A dS divAdV

A dS dV VAA AdivA
x y z

⋅ =
⇒ ⋅ = = = ⋅ =∂∂ ∂ = + + = + + =

∂ ∂ ∂ 

∫∫ ∫∫∫
∫∫ ∫∫∫

A

The normal is pointing inside the volume  remember to change 
the sign of the flow in the final answer.

We need to change the sign of the flow: 24
S

A dS⇒ ⋅ =∫∫



PROBLEM 2

Calculate                            using Gauss’ theorem

3 3 3( , , )A x y z=

S
A dS⋅∫∫

where the vector field is:

with S an open surface defined as the half sphere:
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SOLUTION
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But S is NOT a closed surface!
So we can consider the surface 
Stot=S+Splane
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planeS V S

A dS divAdV A dS⋅ = − ⋅∫∫ ∫∫∫ ∫∫ So we have transformed a surface integral
into a volume integral minus another surface integral
What is the advantage?
They can be calculated much easier!!

Let’s consider the second integral.
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n A dS⇒ ⋅ =∫∫On Splane      the vector is perpendicular to 

Let’s consider the first integral.
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Spherical coordinates
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divAdV divAdV=∫∫∫ ∫∫∫since 23divA r= ⇒
due to symmetry
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PROBLEM 3  (example 9.2 in the book)

SOLUTION

 ( )ˆ ˆ ˆ ˆy x z z
x xrotA rot xe e e e
z x
∂ ∂   = = − + =   ∂ ∂   

ˆ ˆ ˆz z z
C S S S S

A dr rotA dS e dS e e dS dS π⋅ = ⋅ = ⋅ = ⋅ = =∫ ∫∫ ∫∫ ∫∫ ∫∫
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PROBLEM 4

Calculate the line integral of the vector field:

along the closed curve:

(a) directly
(b) using Stokes’ theorem

( )22 , ,A y x x z y= + +

( ) (cos ,sin , ( )) ( ) ( 2 )
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r u u u f u with f u f u
u

π
π

= = +
 →

SOLUTION

The curve is on the cylinder 
defined by  (cos u, sin u, z)

x

z

y

On the cylinder the curve
Is defined by z=f(u)



SOLUTION  (A)

We will calculate ( ( ))
b
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SOLUTION  (B)

L S

A dr rot A d S⋅ = ⋅∫ ∫∫
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cylindrical coord.
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is the direction of 2n̂ˆze

Remember that the 
orientation of the 
normal must be 
chosen to be 
consistent with the 
orientation of the 
curve L (using the 
right-hand rule)
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