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PROBLEM 1

Calculate the gradient of the following scalar field:

—(x2 +y2)
o(x,y)=e
(a) What is the direction of the maximum increase in point P: (-1,1)?
(b) What is the maximum increase in point P: (-1,1)?

SOLUTION to problem 1

(a) The direction of the maximum increase is the direction of the gradient (theorem 4.1)

gradg = ((Z ijj ( —2xe (xz+y2),—2ye(x2+y2))

nPwehave: gradg=—2¢ ") (=1,1)= -2 (~1,1)
(-1

The direction is: d = 5

(b) The maximum increase in P is the absolute value of the gradient in P (theorem 4.1)
|gmd¢| = ‘—Ze_2 (—1,1)‘ =2¢22



PROBLEM 2

Betrakta skalarfaltet:  f{x,y)=xy+x’

(a) Berakna gradienten av f(x,y).

(b) Berdkna riktningsderivatan df/ds i punkten P: (1,2) om riktningen &r: d =(1,1)

Solution to problem 2

(a) Anvand definitionen av gradienten (s. 75 i Vektoranalys, Frassinetti/Scheffel, ekv. 4.3)

grad(f) = (g—{c,%j = (y+2x,x)

(b) | punkten P &r gradienten: grad(f), = (2 +2- 1,1) = (4,1)

d n
Definitionen av riktningsderivatan ar (s. 75, ekv. 4.5): dl = grad(f)-d
S
I . . ~od 1,1 1,1
Observera att riktningen maste vara normaliserad: d= ‘Zf‘ = \/% = (\/5)
1" +1

R 1 1 5
Insattning i punkten Pger: —| = grad d=041)-—(1,1)=—Ul+1) =—
gip g Zslp =9 (e (4,1) \/E( ) ﬁ( ) 7



PROBLEM 3

(A) Show a simple parametric description 7 =7 (u) for the curve:

4x—y" =0 Y

x*+y°—z=0 @

From the point (0,0,0) to the point (1,2,5)

1 17
(B) Calculate the vector tangent to the curve in the point P: (Z’ 1, —j

16



SOLUTION to problem 3 (part A)

A “parameterization” means that we have to introduce a new variable (u for example).
The “old” variables x, y, and z will be dependent on u.

x=x(u) )

y=yW) p = r=r(x@), yu), zw))=ru) -

T J m

0 u

|

7 (u)

[
»

v

Example:

A A parabola located in the xy-plane ‘ %
X=U
y=u’y = 7(u)=w,u’,0)

v
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SOLUTION to problem 3 (part A)

curve:
4x — y2 =0 (1)
x*+y*—z=0 @

from the point (0,0,0) to the point (1,2,5)

For example, we can choose: U=y

From equation (1) = u>=4x = x :u?
u4
From equation (2) = z=x’+y’ = E+u2
So we obtain: r(u) =[u7,u,§l—6+u2j
From the point (0,0,0) to the point (1,2,5)
(0,0,0) = u=0
(1.2,5) =u=2 The curve is:




SOLUTION to problem 3 (part B)

The tangent in a point is the value of the derivative (calculated in the parameter u)
in that point.

3 3
?:iz(z’ﬁ, du +2uj=(%,l,%+2u]

du 4 16

The tangent has to be calculated in the point (i, 1, i—éj

since u=y, we have u=I

(L lia)o(L 2
2’7 4 2’7 4

Therefore:



PROBLEM 4
Consider the following surface:
x* =2y =2z=0 (1)
Calculate:

(A) The equations of the normal line to the surface in the point P (2,1,1)
(B) The equation of the tangent plane to the surface in the point P



SOLUTION to problem 4 (part A)

A normal line is a line that intersects the surface in the point. The direction of the line

is perpendicular to the surface.

How to calculate the direction perpendicular to a surface?

Theorem 4.2 (in Frassinetti/Scheffel): The gradient of a scalar field ¢(x,y,z) in the point P is orthogonal to the level surface ¢=c in P.

Consider the level surface ¢ =x"—2y° =2z =0

The normal line is parallel to the gradient

_(O¢ Op 09 .,
gmd¢_£8x’8y’82]_(2x’ 4y, 2)

nP 211 gradg=(4,-4,-2)

The direction of the normal line is: 7, = (4, —4, —2)

The equation of the normal line is: 7 () =(2,1,1)+(4,—4,—2)u = (4u +2,-4u +1,-2u +1)

9



SOLUTION to problem 4 (part B)

A tangent plane is a plane that is parallel to the surface in the point.
From “basic” geometry, given a vector ; =(A4,B,C)
Then the plane Ax+By+Cz+D =0 is perpendicular to y
Therefore, using V=np = (4, —4, — 2)
we have thatthe plane 4x—-4y—-2z+D =0 is perpendicular to np

D is chosen in order that the plane passes through the point P (2,1,1) :
4.2—-4-1-2-1+D=0 = D=-2

2x—2y—z—1=0  passes through P and is tangent to the surface

10



PROBLEM 5
Write a parameterization of the following surface

y=x'+z’
{y<2
SOLUTION to problem 5
X = peost 0:0 27
z=psind = 7(p.0)=(pcosb,p’,psinf) and {p;o—wi

y=x2+22=p2

PROBLEM 6

Write a parameterization of the following curve

2 Z2
v,z

2
il
4 16 9
Z =

0
y>0

SOLUTION to problem 6

x=2cosQ
y=4singp = 7(¢):(2c0s¢),4sin(p,0) and ¢:0—>7x

z=0

11



PROBLEM 7

Write a parameterization of the following surface

zZ=2Xy
SOLUTION to problem 7
y=v = 7(u,v) = (u,v,uv)

zZ=Uuy

PROBLEM 8

Write a parameterization of the curve defined by:

{x2+y2+22:1

(the coordinates of the points are given in
a cartesian coordinate system)

T
2= 6:£—>0
2

x—y=0
from point A [ii Oj till point B (0,0,1)
SOLUTION to problem 8
x=—2sin0
2
yZQSine r(0)= [ﬁsm&ﬁsm@ cosﬁj inP, z=0=60=—
Z=c§s€ ? inP, z=1=6=0

12



PROBLEM 9

Kraften pa en ledare L med den elektriska strommen /, i det magnetiska faltet ar:
F = Ij(dfxl?)
L
Berakna kraften pa en cirkular stromslinga L (radie R och centrum i origo). L ligger

i xy-planet (z=0) och omsluter z-axeln en gang. Magnetiska faltet p definieras i
cylinderkoordinater:

B = Bop(cosgo e_+sing é(p)
Anvand foljande steg:
(a) uttryck dl i ett cylindriskt koordinatsystem

(b) berdkna dI xB i ett cylindriskt koordinatsystem

(c) integrera och berakna F (Du kan har anvanda ett kartesiskt koord-system)

13



SOLUTION to problem 9

T = pies,
dl x B = pdgé, x Byp(cos pé_ +singé,) = B, p” cos pd e,
_ 2r D) A ) 27 A
F:]J‘0 Byp* cospdpe, = IB\R jo cos e, dp =
= ]BOszOM cos p(cos g, +sin gé )do =

7 2 2 A 7 2w . R 2 A 2 5
IB,R jo cos” ge dp+ IB R jo cospsinge dp = IB\R ex_[o cos” pdo =
S J

=0

. 2
_B,Re| LSNP g pige.
2 4
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PROBLEM 10
The scalar fields f, g, h are given by:

f(F)=2xy—y°z" +2xz
gP)=x"y+y'z—xz
hF)=xyz+x"yz +xp°2°
(a) Calculate the direction 71 for which the directional derivative of fand g in the point
P (-1,0,1) is zero simultaneously

(b) Calculate the directional derivative of # in P along the direction 7

SOLUTION

(@) The directional derivative of the scalar field ¢ in the direction 7 is:

@zgradqﬁ-ﬁ

ds

d(F)h=
Therefore, we need to find the direction 7 for which: {gm (/)-n=0

grad(g)-n=0
Let’s calculate the gradient of f and g:
gradf=(2y+22,2x—2yzz,—2yzz+2x)

grad g =(3x2y—z3,x3 +3y°z,)° —3xzz)
15



In the point P (-1,0,1) the gradients are:

(gma’ f)P = (2,—2,—2)
(gradg)P =(—1,—1,3)

If n=(a,b,c) we obtain:

(2,-2,-2)-(a,b,c)=0
= (—1,—1,3) (a,b,c)=0

a—-b—c=0 a=2c
: —
a+b—-3c=0 b=c

Therefore: n=(2c,c,c)

(gmdf)P ‘N
(gradg)P~ﬁ

ot | 5 (LD
ormalizing. =
’ J6

(b) The directional derivative of the # in the direction 7 in the point P is:

(2,1,LI) 1

dh .
(XJP—(gmdh)P-n—(O,l,O) e 7
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