UPPGIFTER FOR EXAMINATION (FRAN GAMLA TENTOR OCH KS:AR)

ORGANISATION AV MATERIALET

Kursen i diskret matematik &r indelad i nio stycken konkretiserade larandemal. Dessa konkretiserade
lairandemal ar sa kallade operationaliseringar av kursens sa kallade Intended Learning Outcomes. Vi behover
inte fundera mer pa sddana termer. Det enda ni behéver gora ar att se denna samling som en bra sam-
manstallning av vad ni som studenter behéver klara av for att fa godkant pa kursen. De nio konkretiserade
lairandemalen har nio motsvarande avsnitt i det har materialet.

ANVANDNING AV MATERIALET

Det béasta ar att folja kursens undervisning och nér du kénner att du greppat ett omrade, prova att losa
nagra uppgifter ur det har materialet. Det finns losningar till de flesta uppgifter, dock inte alla.

Det finns tva typer av uppgifter: de som endast kraver ett svar av typen "ritt” eller ”fel” och de som kréver
fullstandiga l6sningar. Réatt-eller-feluppgifter kommer inte att férekomma pa nagon tentamen i framtiden, men
kan vara ett sdtt att snabbt fa koll pa om en grundldggande forstaelse finns. Det finns ratt-och-feluppgifter
horande till avsnitten 1, 2 och 4 samt nagra enstaka ratt och feluppgifter hoérande till nagra av de andra
avsnitten. Samtliga uppgifter i det hér materialet &r hémtade fran gamla tentor och kontrollskrivningar.
Kontrollskrivningsuppgifterna har generellt en lite lattare karaktdr men det finns undantag.

DE KONKRETISERADE LARANDEMALEN

I kursplanen anges féljande kursinnehall:

(1) Grundldggande logik med logiska konnektiv och studier av giltig argumentation och bevismetoder.

(2) Inledande méngdliara med grundlaggande méangdoperationer.

(3) Grundldggande talteori med bevismetoder sasom matematisk induktion och mdéjligtvis tillimpningar
inom kryptering eller liknande intresseomraden.

(4) Funktioner, speciellt anvénda for att formulera isomorfibegreppet for grafer.

(5) Relationer, partiella ordningar och ekvivalensrelationer med tillimpningar och exempel fran talteorin
inkluderande kongruensrelationen.

(6) Grafteori, isomorfibegreppet, trad, riktade grafer, matrisrepresentationern, eulerska kretsar och lik-
nande begrepp. Studier av grafer for att modellera intressanta applikationer som till exempel att i en
viktad graf finna minsta uppspinnande trdd och kortaste vigen mellan tva noder.

(7) Grundldggande kombinatorik involverandes studier av multiplikationsprincipen, principen om inklusion
och exklusion, binomialsatsen, permutationer och kombinationer.

(8) Grundldggande diskret sannolikhetslara med utfallsrum, betingad sannolikhet och oberoende héndelser.

Det héar ar atta mal, men de konkretiserade ldromalen var nio, ett for varje kapitel i kurslitteraturen.
Losningen pa detta ar att den tredje punkten i kursinnehallet (fran kursplanen) motsvaras av tva kapitel och
de uppgifter som kommer att forekomma pa tentamen som behandlar detta omrade (talteori) kommer att vara
av tvaslag: en hamtad fa kapitel 4 och en hamtad fran kapitel 6. Talteori ar ocksa en valdigt viktig del av kursen.

Genomgaende kommer ocksa bevisforing att examineras, det kommer att ske indirekt genom att valdigt
manga av uppgifterna som ges kommer att vara att just konstruera bevis eller harledningar.

Nu foljer de nio avsnitten som innehaller alla uppgifter.

UPPGIFTER SOM HOR TILL KAPITEL 1: LOGIK

Ratt-eller-felupggifter.

Uppgift 4 pa tentamen fran januari 2015
4. The proposition (p — (¢ V1)) V (g A —r) is always true.
Otrue 0Ofalse 0Opass

Uppgift 1 pa tentamen fran mars 2016
1. Foéljande slutledning &ar korrekt: 1. pV gV r and 2. =pV —qg = r.
1
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Otrue 0Ofalse Opass

Uppgift 1 pa tentamen fran april 2017

Om alla implikationerna p — ¢, ¢ — r och r — p géller sa ar utsagorna (p,q,r) antingen alla sanna
eller sa ar alla falska.

Otrue 0Ofalse Opass

Uppgift 2 pa tentamen fran januari 2017

. For godtyckliga utsagor p,q,r géller p — (¢V 1)< (p = q)Vr meninte p— (¢A 1) < (p = q) AT.

Otrue 0Ofalse 0Opass

Uppgift 2 pa tentamen fran januari 2018

. Om de tre implikationerna p — ¢, - — —¢ &ir sanna sa géller &ven p <> ¢ and g <> 7.

Otrue 0Ofalse 0Opass

Uppgift 3 pa tentamen fran april 2018

. Lat p, q,r beteckna logiska utsagor. Om dessa implikationer géller: pV ¢ —r, qVr —p, pVr — g, sa

géller ocksa r =+ pAgq,p—>qgArochqg—pAr.
Otrue 0Ofalse 0Opass

Uppgift 4 pa tentamen fran januari 2019

. Fran (p — ¢) A (¢ — —p) kan vi dra slutsatsen —p A —q.

Otrue 0Ofalse 0Opass

Uppgift 1 pa tentamen fran april 2019

. Lat p, q,r vara godtyckliga utsagor. Da ar utsagan (p — ¢q) V (r — p) alltid sann.

Otrue 0Ofalse Opass

Uppgifter som kraver fullstandiga l6sningar.

13.

Uppgift 13 pa tentamen fran januari 2015
Visa att implikationen inte &r associative, dvs visa att (p — ¢) — r och p — (¢ — ) inte &r ekvivalenta
utsagor.

Uppgift 1 pa kontrollskrivning 1 fran 2016

. Ar foljande slutledning korrekt? Om den &r korrekt ange hur slutsatsen foljer av de olika premisserna

med angivande av de olika slutledningsreglerna som anvénds. Om slutledningen inte &r korrekt, ange
en tilldelning av sanningsvarden till p, g och r som uppfyller premisserna men inte slutledningen.
(Sanningstabell inte tillaten.)

1. p—q

2.q——r

3. rV-q

. p

Uppgift 1 pa kontrollskrivning 2 fran 2017

. Ar nedanstaende slutledning korrekt? Om den ar korrekt visa hur slutsatsen foljer av premisserna.

Om slutledningen inte ar korrekt ange en tilldelning av sanningsvéarden till p, ¢ och r som uppfyller
premisserna men inte slutsatsen. (Sanningstabell dr ok men légg ocksa till forklarande ord till san-
ningstabellen.)

1. p—q

2. q— (—-rV-p)

Loor Voo

Uppgift 5 pa tentamen fran september 2018

. Visa att foljande tva utsagor ar ekvivalenta:

p—(qV-r) —(=g Ar Ap)

Uppgift 1 pa kontrollskrivning 1 fran 2018

. Betrakta nedanstaende slutledning
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1. p—q
2. ¢ — (sNt)
3. s — —t

. p

Denna slutledning ar antingen korrekt eller inte korrekt. Om den &r korrekt visa hur slutsatsen foljer
av premisserna och ange da vilka grundlaggande harledningsregler som anvénds i varje steg (Modus
Ponens, etc.). Om déremot slutledningen inte ar korrekt, ange en tilldelning av sanningsvérden till
utsagorna p, ¢, s och t som uppfyller alla premisser men trots det inte uppfyller slutsatsen.

Uppgift 9 pa tentamen fran januari 2019

9. The following proposition is erroneous and the proof is also erroneous. Find all the errors and correct
them. (1p for correcting the proposition and 2p for correcting the proof.) (Féljande pastaende ar
felaktigt och beviset &r ocksa felaktigt. Finn alla fel och réitta dem. (1p for att ritta pastaendet och
2p for att rétta beviset.))

Proposition: For all statements p, g, r we have =(p A =(¢ A —r)) & =p A g A —r.
Proof: =(pA—(gA 7)) < =(pA(mgA=(-r))) & —(pA—gAT) S —pAgA-r.

UPPGIFTER SOM HOR TILL KAPITEL 2: MANGDLARA

Ratt-eller-feluppgifter.
Uppgift 1 pa tentamen fran januari 2015
1. The operation & on sets is associative, that is for all sets A, B,C we have (A& B)®&C = A& (Ba C).
(A B=(AUB)—-(ANDB)).
Otrue 0Ofalse Opass

Uppgift 1 pa tentamen fran april 2015
1. For all sets A, B,C,D we have AX BNC xD#0)=ANC#OANBND # 0.
Otrue 0Ofalse Opass

Uppgift 1 pa tentamen fran januari 2016
For alla icke-tomma méangder A, B,C har vi alltid ACBC CACXBCBxA=A=B=C.
Otrue 0Ofalse Opass

Uppgift 2 pa tentamen fran augusti 2016
2. Det finns ingen mangd A sadan att A x A = A.
Osant Ofalskt Oavstar

Uppgift 1 pa tentamen fran januari 2017
1. Om A, B &r méngder sa géller implikationen (A — B)° = (B — A)° = A = B.
Otrue 0Ofalse 0Opass

Uppgift 4 pa tentamen fran april 2017

4. Symbolen C &r den vanliga symbolen for delméngdsforhallanden men ibland anvénds symbolen C for
att uttrycka en mer strikt relation mellan tva mangder, da betyder A C B att A &r en delméngd av
B men ocksa att A # B. Pastaendet som du ska utvardera dr: om A C C och A C B C C, sa har vi
ocksa A C Beller BCC.
Otrue 0Ofalse 0Opass

Uppgift 3 pa tentamen fran januari 2018
3. Lat A, B, C vara méangder. Da géller

BCAUC and BNCCA implies BC A.
Otrue 0Ofalse Opass

Uppgift 1 pa tentamen fran april 2018
1. For godtyckliga méngder A, B, C géller foljande:

(A= (BNC))*=(A—B)n(A—C).
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Otrue 0Ofalse Opass

Uppgift 2 pa tentamen fran april 2019
For godtyckliga méangder A, B géller (ANB)U(AUB)¢= (B —A)°U (A — B)“.
Otrue 0Ofalse Opass

Uppgifter som kraver fullstandiga l6sningar.

7.

10.

12.

Hint:

Uppgift 7 pa tentamen fran april 2015
For vilka tre méngder som helst, A, B,C, bevisaatt AC BABCC=AxBCBxC.

Uppgift 10 pa tentamen fran januari 2016

Antag att A, B,C &r tre méngder som inte har nagra gemensamma element (inga element ligger i alla
tre méngderna). Antag vidare att antalet element som ligger i precis tva av méngderna ar totalt 6.
Méangden AABAC definieras som méngden av de element som ligger i precis 1 eller 3 av A, B, C. Visa
att |JAUBUC|=|AABAC| +6.

Uppgift 12 pa tentamen fran mars 2016
Antag att A, B,C, D &r fyra godtyckliga méngder. Bevisa féljande formel genom att anvénda formel-
manipulation,

AXxB—-CxD=Ax(B-D)U(A-C)x (BND).

Write (C' x D)€ as M1 U My where M7 = C¢ x D and Mj is another appropriately chosen set. Without
proof you may also use the set formulas for the distributive laws: X U(Y NZ) = (XUY)N (X UZ),
Xx(YNZ)=XxY)N(XxZ),(XNY)x(ZNnW)=(X xZ)N(Y x W) and similar.

Uppgift 1 pa kontrollskrivning 1 fran 2015
Lat A, B, C vara godtyckliga méngder och betrakta den symmetriska differensen mellan tva méngder:

AAB=(A—-B)U(B—-A).
Bevisa att varje element som ligger i mangden AABAC ligger i exakt 1 eller 3 av mangderna A, B, C.

Uppgift 1 pa kontrollskrivning 1 fran 2016

. Lat A och B vara tva méangder. Utan Venndiagram, visa att

(AUB)— (ANB)=(B—A)U(A—-B).

Ledning: for godtyckliga mdngder E, F gdller E— F =ENF¢. Lat E=AUB och F = ANB.
Om du loser uppgiften med Venndiagram far du 1 podng.

Uppgift 1 pa kontrollskrivning 1 fran 2017

. For méangder E och F' géiller generellt att méangddifferensen E — F' defineras som méangden E N F°.

Det betyder att en méngddifferens kan skrivas om utan minustecken med hjalp av denna definition.
Anvand denna typ av omskrivning for att visa att

B—-A=A°—(A° - B)
dir A och B ar vilka méngder som helst.
Ledning: Skriv om bade vinster och héger led av B — A = A — (A° — B) sa att inga minustecken
forekommer. Du maste komma fram till samma uttryck for bada led. Venndiagram kan inte anvindas

for att lésa denna uppgift.

Uppgift 9 pa tentamen fran januari 2018

. The following statement is erroneous and the proof is also erroneous. Find all the errors and correct

them. (1p for correcting the statement and 2p for correcting the proof.) (Féljande pastaende ar
felaktigt och beviset &r ocksa felaktigt. Finn alla fel och ritta dem. (1p for att ritta pastaendet och
2p for att rétta beviset.))

Statement: For all sets, A, B,C, we have (AN (BUC(C))¢ = A°N (B°UC")
Proof: To prove that two sets F and F are equal we can show the equivalence x € F < x € F.
We do this with the two sets we want to show are equal. Then (For att visa att tva méngder E
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och F' ar lika kan vi visa ekvivalensen x € E < x € F. Vi gor detta med de tva méngder som vi
vill visa &r lika. Da géller)
re(AN(BUQO) -z (AN(BUC))) e ~(rcANze(BUQ)) <
“(z€eAN(xeBVvzel)))e(zrecA)AN-(zreBVzel)s
“(reAAN((xeB)Va(xel)erxe ANreB°Vere(C) <
x€ ANz e (BUCY) s xe A°N(BUCY
This proves the equality (Detta visar identiteten) (AN (BUC))¢ = A°N (B°UC°).

Uppgift 10 pa tentamen fran april 2018

10. In this problem we consider the formation of a set difference between two cross products. An erroneous
formula is given and your task is to correct the formula (1.5p) and also give an alternative formula
(1.5p). The proof given is so bad that it needs to be totally disregarded and we will not bother with
demanding a proof in this problem, you need only to provide the two formulas.

Erroneous statement: For any four sets A, B, C, D we have the formula
AxC—-BxD=(A-B)x (C—-D)
Bad proof: AXC —-BxD=AxCN(BxD)=AxCN(B®x D =(ANB°) x (CnND°.

Hint: To find the correct formula, envision the set difference of the two cross products in a cartesian
plane as follows:

D
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Here we imagine the sets A, B,C, D as intervals along the x- and y-axis respectively. Of course the sets
can be more general than intervals but from this image it is clear that A x C — B X D can be seen as the
union between two rectangles, denoted R1 and R2. These rectangles can be expressed as cross products
and by finding the expressions for them, in terms of set expressions involving A, B,C, D, you can state
a correct version of the formula. Then give an alternative version of the formula by imagining another
decomposition of the set difference into two other rectangles in analogy with the first decomposition.

Uppgift 1 pa kontrollskrivning 2 fran 2018
1. Antag att A, B,C och D ar méangder som uppfyller féljande premisser:

1. ACB

2.BCcCnD

3. CCD°
Visa att detta ger att A = (). Venndiagram kan inte anvindas for att ge ett riktigt bevis, men om du
inte kan visa det hir genom méangdformler eller elementargument sa kan du fa 1 podng om du ger ett
Venndiagram som du tycker styrker slutsatsen. Men se till att motivera din losning noga, oavsett om
du anvander Venndiagram eller inte.

Ledning: du kan prova ett motsdgelsebevis, antag att A # () da finns ett element x € A. Vad gdller for
detta x?

Uppgift 2 pa tentamen fran januari 2019
2. For alla méngder A, B,C giller ANC =0 = (AUB°)NC =C — B.
Otrue 0Ofalse 0Opass
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Uppgift 9 pa tentamen fran april 2019
9. Lat A, B, C, D vara godtyckliga mangder. Betrakta formeln

(AxC)U(BxD)=((AUuB)x (CUD)—(Ax D))—(BxC(C).

Med formeln vill vi ge ett uttryck fér unionen mellan kryssprodukterna i vansterledet. Men formeln
ar felaktig. Ange ett nytt hogerled sa att formeln stdmmer. Du behdver inte motivera ditt svar for
att fa full podng, det ricker med att bara ange svaret, men for din egen skull kan du rita skisser
av kryssprodukter i ett plan for att fa inspiration. Om du inte skulle klara uppgiften kan vi efterat
diskutera dessa skisser.

UPPGIFTER SOM HOR TILL KAPITEL 3: FUNKTIONER

Ratt-eller-feluppgifter.

Uppgift 4 pa tentamen fran april 2015
4. A function that is injective (one-to-one) always has an inverse.
Otrue 0Ofalse 0Opass

Uppgifter som kraver fullstandiga l6sningar.

Uppgift 8 pa tentamen fran april 2018

8. Let A, B, C be any sets and introduce the functions f: A — B and g : B — C. We can then also form
the composition, h =g O f : A — C. Consider the following two statements:
(a) If g is surjective and f is injective, then h is surjective.
(b) If both f and ¢ are injective, then h is also injective.
These statements are either true or false. For each statement: if it is true, prove it, if it is false, provide
an example of two functions f, g that satisfy the premises but for which the conclusion does not hold.
(1.5p) each.

UPPGIFTER SOM HOR TILL KAPITEL 4: INLEDANDE TALTEORI

Ratt-eller-feluppgifter.
Uppgift 2 pa tentamen fran januari 2016
2. For alla primtal, p, q, sa ar foljande sant: p|lg = p = q.
Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran januari 2016
3. For alla heltal, a, b, ¢, sa ar foljande sant: ablc A bcla A aclb = a=b=c.
Otrue 0Ofalse Opass

Uppgift 2 pa tentamen fran mars 2016
2. Lat n,m vara tva positiva heltal > 1. Vidare lat n = p{* -p5? - ... p® och m = p|* -p262 . -pfr vara
de standardméssiga primtalsfaktoriseringarna av m,n. Da géller:

nlmAmin<s a; =0 Aag =P A... N, = By

Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran mars 2016
3. For alla heltal, a, b, ¢, sa ar foljande sant: Om 10a — 9b = 1 och a|bc sa géller alc.
Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran augusti 2016

3. Antag att a,b,d;,dy ar positiva heltal, vilka som helst, men storre an eller lika med 2 som ocksa
uppfyller d|a och dg|b. Antag vidare att a < b. Da maste detta vara sant: d; < a < ds <b.
Osant Ofalskt Oavstar

Uppgift 3 pa tentamen fran januari 2017
3. For godtyckliga positiva heltal a,b, ¢, om a|b, blc och c|a géller sa maste vi ha a = b = c.
Otrue 0Ofalse 0Opass

Uppgift 2 pa tentamen fran april 2017
2. For alla positiva heltal, n, om kongruensen 3" =1 (mod 8) géller sa maste n vara jamnt.
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Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran april 2017
For godtyckliga positiva heltal, a, b giller implikationen a?|b A b?|a = a|b? A bla?.
Otrue 0Ofalse Opass

Uppgift 1 pa tentamen fran januari 2018
Om a, b ér positiva heltal med a?|b?, da maste vi ocksa ha alb.

Otrue 0Ofalse 0Opass

Uppgift 4 pa tentamen fran januari 2018

. Om a,b ar tva heltal med ged(a,b) =1 sa ar méngden {sa + tb; s,t € Z} bestaendes av alla heltal.

Otrue 0Ofalse 0Opass

Uppgift 2 pa tentamen fran april 2018

. Om a, b, ¢, d ar positiva heltal med alla delbarhetsrelationerna ab|cd, ac|bd, ad|bc, belad, bd|ac och cd|ab

uppfyllda, da maste dessa fyra tal i sjilva verket vara ett och samma tal (a = b= c = d).
Otrue 0Ofalse 0Opass

Uppgift 4 pa tentamen fran april 2018

. Beteckna med gcd(a,b) storsta gemensamma delaren till heltalen a,b. For godtyckliga heltal a,b, x

giller d& att om ged(a,x) = 1 och ged(b, z) = 1 s& ger detta ged(az, br) = 22 ged(a, b).
Otrue 0Ofalse Opass

Uppgift 1 pa tentamen fran januari 2019

. Summan av tva primtal storre &n 2 &r alltid ett jamnt tal.

Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran januari 2019

. Lat a, b,z vara positiva heltal och sitt lcm(a,b) = ab/ged(a,b). Da giller lem(ax, bx) = x%lem(a, b).

Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran april 2019

. Lat a, b, ¢ vara positiva heltal och antag att albc A c|lab A blac. Da géller a = b = c.

Otrue 0Ofalse Opass

Uppgift 4 pa tentamen fran april 2019

. For varje positivt heltal IV, beteckna med an 1, an2,an3, exponenterna i den entydigt bestdmda

standardiserade primtalsfaktoriseringen av N. (N = 29N.1.3%N.2. 5aN.3 ... ) D4 géller att om N > M,
sa maste vi ocksa ha apy; > apr; for alla heltal 4 > 1.
Otrue 0Ofalse 0Opass

Uppgifter som kraver fullstandiga l6sningar.

10.

Uppgift 9 pa tentamen fran april 2015

. Anvénd Euklides algoritm for att finna den multiplikativa inversen av 23 (mod 17) och anvand den for

att finna alla heltal  som uppfyller 23z = 337 (mod 17).

Uppgift 9 pa tentamen fran mars 2016

. Foljande pastaende ar sant men beviset innehaller ett fel. Finn felet (1p) och rétta det (2p).

Pastaende: For alla heltal n géller att talet n(n + 2)(n + 4) &r delbart med 3.

Bevis: Antingen ar n delbart med 3 eller inte. Om n ar delbart med 3 s& kan vi skriva n = 3k
for nagot heltal k. Da géller n(n + 2)(n +4) = 3k(3k + 2)(3k + 4) = 3 - k(3k + 2)(3k + 4) vilket
klart ar delbart med 3. Om n intedr delbart med 3 s& kan vi skriva n = 3k 4+ 1 och da har vi
nn+2)(n+4) = Bk+1)Bk+1+2)3k+1+4) = (3k+1)(3k+3)(3k+5) =3-(3k+1)(k+1)(3k+5)
vilket aterigen ar klart delbart med 3. Detta fullbordar beviset.

Uppgift 10 pa tentamen fran mars 2016
Lat n vara vilket positivt heltal som helst. Beteckna med o, siffersumman i den decimala representa-
tionen av n. (Till exempel, om n = 123 sa ar o, =1+ 2+ 3 = 6.) Bevisa att 9|n < 9|0y,.)
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Uppgift 1 pa kontrollskrivning 2 fran 2015
1. Om p och ¢ ar tva olika primtal, bevisa att det alltid finns heltal s,t sddana att

sp"+tg" =n
for varje heltal n. (Sjalvfallet far vi mojligen olika vérden pa s och ¢ for olika varden pa n.)

Uppgiften uppfattades av studenterna som svarare an en KS-uppgift och att den snarare hérde hemma
pa en tentamen.

Uppgift 11 pa tentamen fran april 2017
11. Lat A sta for en méngd av heltal. Beteckna med |A| antal element i A. Tex galler [{1,3,5}| = 3. Lat
nu F vara en dndlig icketom méngd av positiva heltal (vilken som helst). Bevisa att

z,y € Enxly= |{z € E;z|z}| > |{z € E;y|z}|.

Uppgift 6 pa tentamen fran januari 2018
6. Anvand Euklides Algoritm for att finna den multiplikativa inversen av 21 modulo 23 och anvénd den
for att finna alla heltal x som l6ser kongruensen

2l =5 (mod 23).

Uppgift 5 pa tentamen fran april 2018
5. Anvénd Euklides algoritm for att finna den multiplikativa inversen av 11 modulo 31 och anvind den
inversen for att finna alla heltal  som uppfyller 11z =5 (mod 31).

Uppgift 3 pa tentamen fran september 2018
3. Anvind Euklides algoritm for att finna den multiplikativa inversen till 11 modulo 29 och anvénd den
for att finna alla z sadana att 11z = 23 (mod 29). Svara pa sa enkel form som mdjligt.

Uppgift 6 pa tentamen fran januari 2019
6. Anvand Euklides Algoritm for att finna den multiplikativa inversen av 11 modulo 29 och anvénd den
for att finna alla heltal x som l6ser kongruensen

11z =17 (mod 29).

Uppgift 12 pa tentamen fran januari 2019
12. Lat a, b, ¢ vara tre heltal utan gemensamma delare (dvs antag att ged(a,b) = ged(a, ¢) = ged(b, ) = 1).
Visa att det finns heltal z,y sddana att a + bx + cy = 1.

Uppgift 10 pa tentamen fran april 2019

10. For alla positiva heltal n definierar vi ¢(n) som antalet positiva heltal mindre &n eller lika med n som
ar relativt prima till n, det vill sdga antalet tal i méngden {x € N;z < nAged(z,n) = 1}. Du far gratis
informationen att om a och b ar tva relativt prima tal sa géller ¢(ab) = ¢(a)-¢(b). Utgaende fran denna
information, formulera och bevisa en formel for ¢(n) for ett godtyckligt heltal n > 1. (Ledning: lista
forst ut vad ¢(p*) dr, dd p dr ett primtal. Anvind sedan den standardmdssiga primtalsfaktoriseringen
av n for att ge en allmdn formel.)

UPPGIFTER SOM HOR TILL KAPITEL 5: RELATIONER

Ratt-eller-feluppgifter.

Uppgift 2 pa tentamen fran januari 2015

2. The function f(z) = z is also an equivalence relation. There are other functions that also have this
property.
Otrue 0Ofalse 0Opass

Uppgift 6 pa tentamen fran januari 2015
6. On the set of all integers, Z, the division relation, a|b < a divides b, is a partial order relation.
Otrue 0Ofalse 0Opass

Uppgift 6 pa tentamen fran april 2015
6. On the set of all integers, Z, the relation, aRb < a|b A b|a, is an equivalence relation.
Otrue 0Ofalse 0Opass



UPPGIFTER FOR EXAMINATION (FRAN GAMLA TENTOR OCH KS:AR) 9

Uppgifter som kraver fullstiandiga losningar.

12.

10.

11.

10.

10.

10.

Uppgift 12 pa tentamen fran januari 2015

Definera relationen ~ pa Z* (alltsa alla positiva helal) genom z ~ y < zy ar en kvadrat. (Det vill sga
det finns ett k € Z* sd att xy = k2.) Visa att ~ &r en ekvivalensrelation. (Ledning: du fir anviinda
att om kvadraten pa ett rationellt tal ar ett heltal sa maste detta rationella tal vara ett heltal.)

Uppgift 10 pa tentamen fran april 2015
Lat E = {1,2,3} och betrakta P(E) = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}} - méngden av

alla delméngder av E. Bevisa att P(F) ar en partiellt ordnad méngd under relationen C.

Uppgift 11 pa tentamen fran mars 2016
Betrakta méangden av alla par av naturliga tal Q = {(p,q);p,q € N}. Definiera relationen R pa Q
genom att sitta (a,b)R(c,d) < alc A d|b. Besvara foljande fragor:
(a) Vilka egenskaper har R? Reflexiv, symmetrisk, antisymmetrisk, transitiv? (2p)
(b) Ar R en ekvivalensrelation och/eller en partiell ordningsrelation? (1p)
Fullstdndiga motiveringar kravs.

Uppgift 8 pa tentamen fran augusti 2016

. Define the relation R on Z by aRb < a|b A bla. Consider the following statement and erroneous proof:

Statement: The relation R is the same as the identity relation, that is aRb < a = b.

Proof: If a = b, then a = 1-b so a|b. Similarly b = 1-a so that b|a. Consequently a =b = a|bAbla <
aRb. We have therefore shown a = b = aRb. Assume conversely that aRb, then a|b and bla. If a = 0,
then a|b means that b = a - k = 0 so then we also have b = 0. In the same way we can conlude that
b=0= a=0. If a # 0, then, since we have assumed that a|b and b|a, there exist integers ki, ks so
that a = k1b and b = koa and we can assume that these integers are nonzero which also gives that
b # 0. From this we can conclude that a = ki - ksa and by dividing with a we obtain k1ke = 1. But the
only way for the product of two integers to be 1 is if both integers are 1, hence ko = k1 = 1 showing
that a = k1 - b = b. This means that we have shown that aRb = a = b. The proof is complete.

Find the error in the proof and explain why it is an error. The same proof will work if we modify
the statement we want to prove a just a little bit, how?

Uppgift 10 pa tentamen fran augusti 2016

Betrakta méngden av alla dndliga delméngder av de naturliga talen N = {1,2,3,...}. Nagra exempel
pa sadana méangder ar {1,2,3},{5,8},{2},0. Alla ar dndliga och har 3, 2, 1, respektive 0 element.
Beteckna med F(N) méangden av alla sadana hér delméngder och definiera foljande relation % pa
F(N):

For varje par av méangder A, B € F(N) : AZB < det existerar en bijektion ¢ : A — B.

Bevisa att relationen Z ar en ekvivalensrelation och ange vilka ekvivalensklasserna &r.

Uppgift 6 pa tentamen fran april 2017

. Betrakta relationen R definerad av 2Ry < 22 = y? (mod 7). Visa att den &r en ekvivalensrelation

(2p). Den har fyra ekvivalensklasser. Ange dem. (1p) (Utan motivering.)

Uppgift 10 pa tentamen fran april 2017
Definera relationen R pa on N x N enligt

(2, y)R(z,w) &z < zVyl|w.

Visa att R &r reflexiv (1p), ¢nte antisymmetrisk (1p) och ¢nte heller transitiv (1p).

Uppgift 10 pa tentamen fran januari 2018

Denote by N the set of all positive integers, {1,2,3,...}. Consider the relation R defined on N x N by:
x oz
R - =—.
(z,y)R(z, w) & ;" w

Prove that R is an equivalence relation (1.5p). Describe one of the equivalence classes (1.5p).

Uppgift 11 pa tentamen fran april 2018
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11.

10.
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Studera Zq = {0,1,2,...,11}. Bilda delmingden G C Zj5 genom att sitta G = {0, 4,8} och definiera
relationen R pa Zis genom xRy < = —y € G. (a) Bevisa att R ar en ekvivalensrelation pa Zis (2p)
och (b) ange samtliga ekvivalensklasser (1p). (Anmdrkning: G dr en sa kallad "undergrupp” till Zq5.)

Uppgift 10 pa tentamen fran januari 2019
Denote by N the set of all positive integers, {1,2,3,...}. Consider the relation R defined on N x N by:

(@ yYR(zw) Sz-—y=2—w

Prove that R is an equivalence relation (1p). Describe all of the equivalence classes and draw a figure
that illustrates them (2p).

UPPGIFTER SOM HOR TILL KAPITEL 6: FORDJUPAD TALTEORI

Ratt-eller-feluppgifter.

d.

Uppgift 5 pa tentamen fran april 2015

Let a,n be a positive integers. If ¢ and n are relatively prime, there always exists a solution to the
congruence ax = b (mod n), unless b is too large.

Otrue 0Ofalse Opass

Uppgift 4 pa tentamen fran januari 2017
Lat p vara vilket primtal som helst. I Z,, giller da alltid (p — 1)! # 0.
Otrue 0Ofalse Opass

Uppgifter som kraver fullstiandiga losningar.

10.

11.

12.

. Foljande och bevis ar ofullstandigt. Fyll i de detaljer som saknas dér det star

Uppgift 10 pa tentamen fran januari 2015
Definera en talféljden (a,)0, genom ag = 1, a; = 3, apt2 = 2an+41 + 3a,. Get ett explicit uttryck for
ap. (Dvs 16s differensekvationen.)

Uppgift 11 pa tentamen fran januari 2015
Bevisa, genom att anvinda matematisk induktion, att >, k2 = w for allan=1,2,3,....

Uppgift 12 pa tentamen fran april 2015
1

Bevisa, genom att anvénda matematisk induktion, att > FRFT) = g forallan=1,2,3,....

Uppgift 6 pa tentamen fran januari 2016

. Los foljande differensekvation a,i0 = 11a,11 — 28a, da ag = 0 och a1 = 3.

Uppgift 8 pa tentamen fran januari 2016

. Foljande bevis innehaller ett fel. Finn felet (1p) och ratta det (2p).

Pastaende: Alla positiva heltal > 1 &r delbara med ett primtal.

Bevis: Lat n vara ett godtyckligt positivt heltal. Om n &r ett primtal sa &r n delbart med ett primtal,
namligen sig sjalvt. Annars 4r n ett sammansatt tal, dvs vi kan skriva n = a - b dér a,b ar positiva
heltal > 1. Vilj det minsta av dessa tal, vi kan anta att det ar a, da maste detta tal vara ett primtal, vi
har alltsa visat att n ar delbart med ett primtal (a) och eftersom n var godtyckligt valt positivt heltal
sa &ar beviset klart.

Uppgift 9 pa tentamen fran januari 2016
7.7 1 texten sa att
beviset blir fullstandigt.
Pastdende: For alla heltal n > 5 giller 2" > n?.
Bevis: Induktion 6ver n. Introducera namnet A(n) for uttalandet att 2" > n?. Vi ska visa, med
matematisk induktion, att Vn > 5: A(n).

1. ..

2. Antag att A(p) géller for ett visst p > 5. Visa nu att ...

3. ...

Uppgift 12 pa tentamen fran januari 2016
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Fibonaccitalen definieras rekursivt som fo = 1, f1 = 1 och fai190 = fay1 + fn, for alla n > 0. Satt

M = < i é ) och betrakta potenserna M, M?, M3, ... av denna matris. Visa att

M" = < fi:: }CZ:; ) for all n > 2.

”Potenser av en matris” ar matrisprodukterna

MY =1, M!' = M, M?=M - M, M3 =M-M- M,

Uppgift 7 pa tentamen fran mars 2016
Om vi slumpvis fran de jémna heltalen i mangden {1,2,...,10000} véljer ett heltal z, hur stor ar da
sannolikheten att x &r delbart med 3 men inte med 57

Uppgift 8 pa tentamen fran mars 2016

Foljande bevis ar ofullstandigt, dar det star ”...”, fyll i s& att det blir fullstéandigt.
Pastaende: For varje positivt heltal n galler >} k = %

Bevis: Matematisk induktion 6ver n > 1. For varje positivt n kalla predikatet att utsagan ar sann for
A(n), det vill sédga introducera

n(n—|—1).

A(n) < LHS, = RHS, < Y k= 5

k=1

Steg 1. Vi verifierar forst att A(1) &r sann, vi ser detta genom ...
Steg 2. Induktionssteget. Vi ska nu visa att implikationen A(p) = A(p + 1) &r sann for alla p > 1. Antag

darfor att ...

Steg 3. Slutligen ...

12.

Uppgift 7 pa tentamen fran augusti 2016
Los den differensekvationen, a,49 = 8a,4+1 — 15a, (n > 0) dér ap = 2 och a; = 8.

Uppgift 9 pa tentamen fran augusti 2016
Consider the following statement and proof. The proof is incomplete, ’
in the missing details.

’...” denotes missing details, fill

Statement: For all positive integers n we have > ;_; m = n2—f1
Proof: We first note that 1 +2+ ... + k = @ so that what we have to prove is equivalent to
Y orq ﬁ = n2—_:_11 which is equivalent to >}, ﬁ = 5. Call this statement A(n), n =1,2,....

We now proceed to prove A(n) by induction over n by taking the three steps in a proof by induction:
1. ...
2. ..
3. In step 2 we showed that A(p) = A(p + 1) for all integers p > 1. ... That completes the proof by
the principle of mathematical induction.

Uppgift 12 pa tentamen fran augusti 2016
For varje positivt heltal n, bevisa att > p_, k> = (3 1_; k)?.

Uppgift 2 pa kontrollskrivning 1 fran 2015
Anvand matematisk induktion for att visa att sa fort n > 1 ar ett heltal sa géller

4|32t 41,

Uppgift 2 pa kontrollskrivning 2 fran 2015
Anvind matematisk induktion for att visa att 5 delar n® — n sa fort n ar ett ickenegativt heltal.
Ledning: (n+1)° = n® 4 5n* + 10n3 + 10n? + 5n + 1.

Uppgift 2 pa kontrollskrivning 1 fran 2016
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Anvand matematisk induktion for att visa att sa fort n > 1 ar ett heltal sa géller

i(?)k —2) = n@n—1),

2
k=1

Uppgift 2 pa kontrollskrivning 2 fran 2016

. Anvind matematiskt induktion for att visa att for alla heltal n > 1 géller

35" — 2",

Uppgift 6 pa tentamen fran januari 2017

. Los differensekvationen a,+2 = 4a,4+1 — 4a, dar ap = 7 och a; = 16.

Uppgift 7 pa tentamen fran januari 2017
Foljande bevis innehéaller tre fel. Finn dem och ratta dem.

Pastaende: For alla ickenegativa heltal, n = 0,1,2,..., giller 4[11™ — 7™.

Bevis: Introducera predikatet A(n) < 4|/11" — 7, n=10,1,2,....
Steg 1. Kontrollera att A(1) #r sann, dvs kolla att 4/111 — 7', Men detta dr ekvivalent med 4[11 — 7
vilket &r uppenbart sant eftersom 4 delar sig sjilv. (11 —7=4=1-4.)
Steg 2. Induktionssteget. For godtyckliga ickenegativa heltal p visa att A(p) = A(p+1). Antag alltsa
att A(p) ar sann for ett visst godtyckligt heltal p > 0. Det betyder att det finns ett heltal k£ sadant att
117 — 7P = 4k. med hjilp av detta visa att 4|11P+1 — 7P+ (vilket dr A(p+1)), dvs sok ett heltal ¢ sadant
att 11T — 771 = 44, Finns ett sadant ¢? Ja, vi har 11PH — 7P+ = 11. 117 —77.7 = 11 (11P - 7P) . 7T =
11-4k-7=4-11-7 -k (enligt induktionsantagandet géaller: 117 — 7P = 4k, det anvéndes héar) vilket
visar existensen av ett ¢ (= 11-7-k) sa att A(p+ 1) géller. Implikationen A(p) = A(p + 1) ar alltsa
visad. Beviset &r klart.

Uppgift 8 pa tentamen fran januari 2017

. Déar det star ”...” 1 texten, fyll i sa att det blir ett fullstdndigt bevis.

Pastaende: For alla heltal n > 1 giller > 1_ (3k? — 3k + 1) = n?.

Bevis: Induktion éver n. Introducera namnet A(n) for utsggan Y p_;(3k? — 3k + 1) = n3. Vi ska
visa Vn > 1: A(n).

1. ..

2. Antag att A(p) géller for ett visst p > 1 ...

3. ..

Uppgift 11 pa tentamen fran januari 2017

Anvand matematisk induktion for att visa foljade pastaende: varje icketom méngd av positiva heltal
har ett minsta element. (Hint: Introduce the predicate A(n) = each set with n elements has a smallest
member. Now prove Vn > 1: A(n). You need to also treat infinite sets separately.)

Uppgift 5 pa tentamen fran april 2017

. Los differensekvationen a,19 = 5an4+1 + 14a, dar ag = 5 och a1 = 8.

Uppgift 8 pa tentamen fran april 2017

. Déar det star ”...” i texten, fyll i sa att det blir ett fullstdndigt bevis.

Pastdende: For alla heltal n > 0 giller 7|23 — 1.

Bevis: Induktion éver n. Introducera predikatet A(n) < 723" — 1. Vi ska visa att ¥n > 0: A(n).
1. ..

2. Antag att A(p) géller for ett visst p >0 ...

3. ..

Uppgift 9 pa tentamen fran april 2017

. Foljande bevis innehaller minst tre fel. Finn dem och ratta dem.

Pastaende: For alla ickenegativa heltal n giller 2" < (n + 2)!.
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Bevis: Beteckna med A(n) predikatet 2" < (n + 2)!. Bevisa, med matematisk induktion Vn > 0 :
A(n). Beteckna &ven med V' L,, och H L, vanster respektive hoger led av A(n).

Steg 1. Verifiera att A(0) giller, dvs kolla att V Ly < HLg. Géller detta? VLy = 2° = 1 och
HLy= (0+2)!=2o0ch 1< 2 sa, ja, A(0) stammer.

Steg 2. Ta induktionssteget, dvs visa att implikationen A(p) = A(p+1) stAmmer {or alla relevanta
p. Antag alltsa att A(p) & 2P < (p+ 2)! {or ett godtyckligt p > 1. Ni ska vi studera HL,41 —
Vi1 = (p+1+2) — 2P = (p + 3)! — 2P7L och vi vill visa att detta &r positivt. Enligt
induktionsantagandet géller (p 4+ 2)! > 2P och vi kan anvénda detta for att skriva

HLpii —VEpii=(p+3)! =27 = (p+3)- (p+2)! —2-2"> (p+3)- 2" —2.2° >

(p+3)-22-2.2'>(p+3)-2' —4=2p4+6—-4=2p+2>0
sa att vi far HLp41 — V Ly11 > 0 < A(p + 1) sant vilket ssmmmantaget visar att implikationen
A(p) = A(p+ 1) &r sann.

Steg 3. Sammanfattningsvis géiller A(0) — enligt steg 1 — = A(1) sant — enligt steg 2 — = A(2)
sant — igen enligt steg 2 — och steg 2 anvant igen och igen gor att vi kan tacka in alla ickenegativa
heltal vilket alltsa visar att A(n) maste vara sant for alla n > 0. Beviset ar klart.

Uppgift 12 pa tentamen fran april 2017
Prove Wilson’s Theorem, that is prove that if p is a prime number, then
(p—DI'= -1 (mod p).

Hint: Consider the solutions to the congruence x> =1 in Lp.

Uppgift 2 pa kontrollskrivning 1 fran 2017
Anvand matematisk induktion for att visa att sa fort n > 1 ar ett heltal sa géller

> (6 — 1) = 3n” + 2n.
k=1

Uppgift 2 pa kontrollskrivning 2 fran 2017

. Anvind matematisk induktion for att visa att sa fort n > 1 ar ett heltal sa géller delbarhetsrelationen

411" — 7,

Uppgift 5 pa tentamen fran januari 2018

. Los differensekvationen a,19 = 9a,4+1 — 14a, dar ag = 0 och a1 = 5.

Uppgift 8 pa tentamen fran januari 2018

. Déar det star ”...” i texten, fyll i sa att det blir ett fullstdndigt bevis.

Statement: For all positive integers n we have Y ;_;(4k + 1) = 2n? + 3n. (For alla heltal n > 1
visa den givna likheten.)

Proof: Induction over n. Introduce the name A(n) for the statement > p_, (4k +1) = 2n% +3n. We
shall prove, by mathematical induction that ¥n > 1: A(n).

1. ..

2. Assume that the A(p) holds for a particular p > 1. Now show ...

R

Uppgift 12 pa tentamen fran januari 2018

Valordningsprincipen for de positiva heltalen (som betecknas N) séger att varje icke-tom delméngd av
N har ett minsta element. Visa att detta medfoér principen for stark matematisk induktion. Ledning:
Principen for stark matematisk induktion kan formuleras sa hir: Om méngden £ C N uppfyller 1 € E
ochVkeN:{l,...,k} CE=k+1€E. Dagiller E=N.

Uppgift 9 pa tentamen fran april 2018

. Fyll i detaljerna i nedanstaende ofullsténdiga bevis sa att det blir fullstandigt. Fill in the details in the

following incomplete proof so that it becomes complete.
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Statement: For each integer n > 3, we have (;:_21)! > 3"

Proof: Introduce the predicate A(n) < (;;r_zl)! > 3", now prove VYn > 3 : A(n) using mathematical

induction over n.
1. Check that A(...) holds, that is check that ...
2. Now assume that A(p) holds for a particular integer p > ...
3. ..

Uppgift 1 pa tentamen fran september 2018

. Solve the recurrence relation a,19 = ant1 + 6a,,a; = 4,a9 = 3. (L6s den givna differensekvationen.)

Uppgift 6 pa tentamen fran september 2018

. The following proof is incomplete. Fill in the missing details where the ellipses (...) appear.

Statement: For every positive integer n we have > p_(2k — 1) = n?.

Proof: Mathematical induction over n > 1. For every positive n call the predicate that the statement
is true A(n), that is introduce

A(n) & LHS, = RHS, &Y (2k —1) =n’.
k=1

Step 1. We first verify that A(1) is true, which can easily be seen by ...
Step 2. The induction step. Prove that the implication A(p) = A(p+ 1) is true for each p > 1. Therefore

assume that ...

Step 3. Finally ...

11.

Uppgift 2 pa kontrollskrivning 1 fran 2018

. Anvénd matematisk induktion for att visa att 5/9™ — 4™ for alla heltal n > 1.

Uppgift 2 pa kontrollskrivning 2 fran 2018

. Anviand matematisk induktion for att visa att 2" - n! > 3" for alla heltal n > 3.

Uppgift 5 pa tentamen fran januari 2019

. Los differensekvationen a,49 = 6a,4+1 — 9a, dir ag =1 och a; = 6.

Uppgift 8 pa tentamen fran januari 2019

. The proof of the following statement is incomplete. Fill in the missing details at every place where it

reads ”...” in the text. (Dar det star ”...” i texten, fyll i sa att det blir ett fullstandigt bevis.)
Statement: For all integers n > 2 we have Y ;_, ﬁ = % — n%’;ji)

Proof: (Induction over n.) Introduce the predicate A(n) < Y 1_, =57 =5 — n%ﬁﬁ)

Step 1. Check that ...

Step 2. Now, for an arbitrary p > 2 show that the implication A(p) = A(p + 1) is true. To show this,
first assume that ...

Step 3. ...

Uppgift 11 pa tentamen fran januari 2019
Prove that if p > 1 is a natural number with (p — 1)! = — 1 (mod p), then p must be a prime number.

Uppgift 5 pa tentamen fran april 2019

. Los differensekvationen a,t+2 = 2a,41 + 3a, med ag = 3 och a; = 5.

Uppgift 6 pa tentamen fran april 2019

. Anvind Euklides Algoritm for att finna den multiplikativa inversen av 35 modulo 67 och anvénd den

for att finna alla heltal z som uppfyller
35z =18 (mod 67).

Svara med sa sma tal som mojligt (reducerade modulo 67).

Uppgift 8 pa tentamen fran april 2019
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8. Dér det star 7...” 1 texten, fyll i sa att det blir ett fullstdndigt bevis.

Pastaende: Lat fo, f1, fo,... beteckna Fibonaccis talfoljd det vill sdga fo = 0, f1 = 1, fpie =
fna1 + fn, n > 0. For alla positiva heltal n géller da:

11 " — fn+1 fn
1o f n f n—1
Bevis: Induktion 6ver n. Introducera predikatet

A(n) & VL, =HL, < E (1)]” _ [fr}—f—l ff:]

Vi ska visa att Vn € N: A(n).
Steg 1. Kontrollera att ...
Steg 2. For ett godtyckligt p > 1 visa nu att implikationen A(p) = A(p+ 1) &r sann. For att visa
detta antag forst att ...
Steg 3. ...

UPPGIFTER SOM HOR TILL KAPITEL 7: GRAFTEORI

Ratt-eller-feluppgifter.

Uppgift 8 pa tentamen fran januari 2015
8. The number of edges in the complete graph K, is always even when n > 4.
Otrue 0Ofalse Opass

Uppgift 3 pa tentamen fran januari 2015
3. Let G be a connected graph. If there is only one spanning tree of G, then, in fact, G is itself a tree.
Otrue 0Ofalse Opass

Uppgift 2 pa tentamen fran april 2015
2. A graph that has a Hamilton cycle automatically has an Euler cycle.
Otrue 0Ofalse Opass

Uppgift 4 pa tentamen fran januari 2016

4. Det finns grafer med totalt 5 horn. Vidare ar varje horn ar forbundet (med en kant) till ett udda antal
andra horn men inte till ett jamnt antal andra horn.
Otrue 0Ofalse 0Opass

Uppgift 4 pa tentamen fran mars 2016

4. For en sammanhéngande viktad graf kan det finnas flera olika minimala uppspannande trad med olika
totala kostnader.
Otrue 0Ofalse 0Opass
Uppgift 1 pa tentamen fran augusti 2016

1. Lat G = (V, E) vara vilken graf som helst. Lat P vara utsagan ”Summan av alla noders gradtal i G &r
udda”, och lat @) vara utsagan "G ar ett trad”, da ar utsagan P = (@) sann.
Osant Ofalskt Oavstar

Uppgifter som kraver fullstiandiga losningar.

Uppgift 9 pa tentamen fran januari 2015
9. Bevisa att om ett tréd har ett horn av grad 3 sa finns atminstone 3 16v (hérn med grad 1) i trédet.

Uppgift 5 pa tentamen fran januari 2016
5. Betrakta nedanstaende graf.
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Hitta alla minimala uppspéannade trad till ovanstaende graf, motivera ocksa varfor det inte finns andra
minimala uppspannande trad dn de som du angett.

Uppgift 7 pa tentamen fran januari 2016

7. Gradtalsfoljden for en graf definieras som foljden av icke-negativa heltal som listar alla horns gradtal
for en given graf. Gradtalsfoljden for grafen ovan (i uppgift 5) skulle da vara 2,2,2,2,2,2,2,2 2.6 eftersom
den har 9 horn av grad 2 och ett hérna av grad 6. For de tva foljderna 1,2,3,4,5 och 2,2,3,3,7,7 gor
féljande: om det finns en graf med den givna gradtalsfoljden, rita den grafen forklara annars varfor
det inte finns en graf med den givna gradtalsfoljden. Kan det finnas ett trad med gradtalssekvensen
2,2,3,3,7,77 Varfor? Varfor inte?

Uppgift 5 pa tentamen fran augusti 2016
5. Utfor Dijkstras Algoritm i nedanstaende graf, visa varje delsteg (med kandidater till etiketter) och sétt
etiketter pa alla horn och finn kortaste viagen fran A till Z.

Uppgift 5 pa tentamen fran augusti 2016
5. Betrakta foljande viktade graf.

\ 4

C 4 G J
Anvénd Dijkstras algoritm for att finna en kortaste vig mellan hérnen A och Z. Redovisa alla delsteg
med kandidatetiketter och se till alla att horn i grafer far etiketter.

Uppgift 11 pa tentamen fran augusti 2016
11. Visa att delgrafsrelationen pa méngden av alla grafer &r en partiell ordningsrelation.

Uppgift 5 pa tentamen fran januari 2017
5. Anvénd Dijkstras algorithm pa nedanstaende viktade graf for att hitta kortaste vigen fran A till Z. 1
varje steg, nar du placerar ut etiketter, redovisa varje kandidatetikett.
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Uppgift 7 pa tentamen fran april 2017
Lat G vara en graf med foljand egenskap: om en viss kant tas bort sa &r den resulterande grafen ett
trad. Visa att summan av alla horns gradtal i grafen &r 2 ganger antalet horn i G.

Uppgift 7 pa tentamen fran januari 2018

Consider the weighted graph below. Use Dijkstra’s algorithm to find the shortest path between the
nodes A and Z. Present each substep (presenting all the candidate labels) in the process of finding all
the labels, and of course present all the labels and the shortest path itself, with its weight, from A to
Z.

Uppgift 11 pa tentamen fran januari 2018
Prove Fulers’s Theorem, that is prove that if (V, E) is a graph, then

Z deg(v) =2-|E].

veV

Uppgift 6 pa tentamen fran april 2018

(a) Consider the weighted graph to the right. Give all minimal spanning d -
trees of this graph (2p) (no motivations required) and (b) compute their ) . .
weight (1p). 2 5

" (a) Betrakta den viktade grafen till hoger. Ange alla minsta up-
pspannande trad till grafen (2p) (inga motiveringar behévs) och (b) 1 1 1
ange deras vikt (1p) 2 2

Uppgift 12 pa tentamen fran april 2018

Lat G = (V, E) vara en godtycklig graf med n > 3 noder. Bevisa att om G har en eulerkrets som
ocksa ar en hamiltoncykel sa maste alla noder i G ha gradtal 2. Anvénd induktion 6ver n. (Ledningar:
FEulerkrets = en krets som gar igenom grafen och korsar alla kanter precis en gang. Hamiltoncykel =
cykel som gar igenom grafen och beséker alla noder precis en gang.)

Uppgift 4 pa tentamen fran september 2018

. Ange samtliga minimala uppspannande trad till nedanstaende graf. Ange ocksa deras vikt. (Inga mo-

tiveringar behovs.)
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1 10 2 2

Uppgift 7 pa tentamen fran januari 2019
7. Consider the weighted graph below.
(a) Use Dijkstra’s algorithm to find the shortest path between the nodes A and Z. Present each substep

(with all candidate labels) in the process of finding all the labels, and of course present all the
labels and the shortest path itself, with its total cost, from A to Z (2p).

(b) Give a minimal spanning tree of the graph with its total cost. (You do not need to present details
of the solution, just give the tree and its total cost/weight without motivation.) (1p)

D 1 E 3 I

UPPGIFTER SOM HOR TILL KAPITEL 8&: KOMBINATORIK

Ratt-eller-feluppgifter.
Uppgift 5 pa tentamen fran januari 2015
5. For all positive integers a,b we have (a;rb) = (ajb).
Otrue 0Ofalse 0Opass

Uppgift 7 pa tentamen fran januari 2015
7. Let M be any even number. Then there is no constant term in (x + %)M .
Otrue 0Ofalse 0Opass
Uppgift 3 pa tentamen fran april 2015
3. For any nonnegative integers, k < n, (}) = Z?:o (”;il_l)
Otrue 0Ofalse 0Opass

Uppgift 4 pa tentamen fran augusti 2016
4. Lat x vara en reell variabel och betrakta, for positiva heltal n, binomialutvecklingen av uttrycket
(a? + 277"
dér p och ¢ ar olika primtal. Da kan det aldrig finnas en konstant term i detta uttryck.
Osant Ofalskt Davstar

Uppgifter som kraver fullstandiga l6sningar.

Uppgift 14 pa tentamen fran januari 2015
14. Betrakta det svenska ordet EXTRAHERAR. P& hur manga olika sétt kan bokstdverna omordnas for

att skapa olika bokstavsfoljder?
Uppgift 8 pa tentamen fran april 2015
8. Anvind principen om inklusion/exklusion for att finna antalet positiva heltal mindre &n eller lika med

10000 som inte ar delbara med 6, 10 eller 15.

Uppgift 11 pa tentamen fran april 2015
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Betrakta alla multiplar av 4: ..., —12,—8,—4,0,4,8,12,.... Bevisa att om man véljer 6 av dessa sa
kommer alltid tva av dem ha en differens som ar delbar med 5.

Uppgift 11 pa tentamen fran januari 2016

Visa formeln >}, k:(Z) = n2"~! for alla positiva heltal n > 0. Vi accepterar ett bevis med formelma-
nipulation och kraver inte ett induktionsbevis hér.

Hint: Write out the first few terms in the sum Y ,_, k:(Z) and factor out (bryt ut) n. Then use the
formula Z;-”:O (T) = 2™ that is valid for all nonnegative integers m, particularly m =n — 1.

Uppgift 9 pa tentamen fran januari 2017

. Du har 3 identiska blaa bollar, 2 identiska roda bollar och en gul boll och tre olika korgar. P& hur

manga olika sétt kan du fordela alla bollar i de olika korgarna? (Du far ldgga i hur som helst.)

Uppgift 12 pa tentamen fran januari 2017
Denote by N the set of all positive integers, {1,2,3,...}. The Euler ¢-function (which is important in
cryptography) is defined on N as follows

¢(x) = the number of elements in N less than or equal to  which are relatively prime to x.

For example ¢(1) = 1, ¢(2) = 1, ¢(6) = 2 and for each prime number p, ¢(p) = p — 1 since all the
numbers 1,2,...,p — 1 are relatively prime to p. Let p, ¢ be two distinct prime numbers. Prove that

o(pq) = (p — 1)(g —1).

UPPGIFTER SOM HOR TILL KAPITEL 9: SANNOLIKHETSLARA

Uppgifter som kraver fullstiandiga losningar.

11.

Uppgift 6 pa tentamen fran augusti 2016

. Sétt M ={1,2,...,1000} och berdkna sannolikheten att ett slumpvis valt tal ur M &r delbart med 5

eller inte delbart med 3. (Detta géller talen 5, 11, 15, 20, men inte talen 3, 12, 21.)

Uppgift 7 pa tentamen fran april 2018

Consider the set of the first 10000 positive integers, F = {1,2,3,...,10000}. (Lat E vara mangden av
de forsta 10000 positiva heltalen.) Compute the probability that an arbitrary integer chosen from E
is divisible by 2 or 5, but not by 3. (Berédkna sannolikheten att ett slumpvis valt tal fran E &r delbart
med 2 eller 5, men inte med 3.)

Uppgift 2 pa tentamen fran september 2018

. Om vi slumpvis fran heltalen i méngden {1,2,...,10000} valjer ett heltal z, hur stor &r da sannolikheten

att = &r delbart med 5 men inte med 37 (If we totally arbitrarily select a number = from them set
{1,2,...,10000}, what is the probability that this numbers is divisible by 5, but not by 3? (Ledning:
principen om inklusion och exklusion behovs inte.) (Hint: We do not need to use the principle of
inclusion and exclusion.)

Uppgift 7 pa tentamen fran april 2019

Beteckna med €2 méangden av alla positiva heltal mindre an eller lika med 10000. Berékna sannolikheten
att ett slumpvis valt tal ur Q &r delbart med 15 eller 35. (Ledning: i dina berdkningar behéver du i
nagot skede troligen ta hansyn till att 15 och 35 inte dr relativt prima.)

Uppgift 11 pa tentamen fran april 2019

I en lada ligger 3 bollar: 2 svarta och 1 vit. Du kan ta bollar ur ladan men du kan inte veta vilken farg
bollen har férran du tagit ut den ur ladan. Vi spelar nu ett spel dar du hela tiden tar bollar ur ladan
utan lagga tillbaka dem och med féljande regler:

1. Du far ta sa manga bollar du vill ur ladan, du far alltsa avsluta spelet nar som helst.
2. Om du tar den vita bollen vinner du 300 kronor.
3. Om du tar en svart boll forlorar du 200 kronor.

Vi betraktar det har spelet som en slumpprocess dir du spelar for att mazimera din vinst och ut-
fallsrummet utgors da av de olika slutresultat som kan uppkomma da du beslutar dig for att inte spela
mer. Ett utfall/slutresultat ar till exempel om du skulle bli sittande med alla bollarna vilket skulle
innebéra att du forlorar totalt 100 kronor (du vinner 300 for att du fick den vita, men férlorar 400 for
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att du ocksa fick de tva svarta.)

Ange utfallsrummet da du spelar for att maximera vinsten, ange alltsa alla de mdjliga utfallen med
deras respektive sannolikheter (2p) (Ledning: du kan askadliggora hela slumpprocessen i ett trad dar
roten till tradet ar startliget i spelet). For slumpspel av ovanstaende typ kan vi inféra vad som kallas
forvintad vinst som da bildas som en summa 6ver alla utfall (alltsa en term for varje utfall) dar varje
term utgors av sannolikheten for utfallet multiplicerad med vinsten for det aktuella utfallet. (Vinst kan
modelleras med positiva tal och forlust med negativa tal.) Berdkna den forvéntade vinsten for spelet
ovan. Spelar du gérna spelet? (1p).

LOSNINGAR HORANDE TILL MATERIAL DATERAT 2015

Losningar januari 2015.

PART A.

1.

. For all positive integers a,b we have (a;rb) = ( )

The operation @ on sets is associative, that is for all sets A, B,C we have (A®B)&C = A® (B C).
TRUE, this can be seen using Venn-diagrams.

. The function f(x) = x defined on a set A is also an equivalence relation on A. There are other functions

that also have this property.

FALSE, since a function that also is an equivalence relation is reflexive it must have (z,z) € f for all
x € A, however, since f is also a function no other element y € A can have (z,y) € f which shows that
the function f(z) = x is the only function that is also an equivalence relation.

. Let G be a connected graph. If there is only one spanning tree of G, then, in fact, G is itself a tree.

TRUE, this can be seen by studying the contrapositive statement, assume that G is a connected
graph which is not a tree, then it contains a cycle, we can then choose an edge e in the cycle and
for two different spanning trees, one containing e and one not containing e, hence we do not have a
unique spanning tree of the graph, the contrapositive is shown (since we obviously do not have only
one spanning tree of G).

The proposition (p — (¢ V1)) V (-g A =) is always true.
TRUE since it has the form (p — s) V s which is equivalent to (=pV s) V =s < —p V (s V —s) which
clearly is always true since s V —s is always true.

a+b) )

TRUE since (a:b) = ((a_‘f_z')b_a) = (a?;b). (We are using (}) = (,,”,) withn=a+band k = a.)

. On the set of all integers, Z, the ”divides relation”, aRb < alb, is a partial order relation.

FALSE since the divides relation is not antisymmetric on Z, for example we have —1|1 and 1| — 1 but
not —1 = 1.

Let M be any even number. Then there is no constant term in the binomial expansion of (x + %)M .
FALSE. If M is an even number, the binomial expansion contains an odd number of terms, the factors
of the middle term then becomes 2/2, (= H)yM-M /2 and the binomial coefficient, but when multiplying
these together the powers of z cancel out (since zM/2. (z=)M=M/2 = pM/2 . =M/2 — 0 — 1) giving a
constant term (equalling the binomial coeffiecient.)

. The number of edges in the complete graph K,, is always even when n > 4.

FALSE. For example, the number of edges in Kg has 15 edges which is an odd number.

PART B. Sometimes only outlines of solutions are given, more details may have to be presented in order to
obtain maximum points.

9.
Sol.

Prove that if a tree has a vertex of degree 3, then it has at least 3 leaves (vertices of degree 1).

Denote the tree with T" and denote the vertex of degree 3 by v. As v has degree 3 and T is a tree, v
can be regarded as the starting vertex of three non-intersecting trails of length greater than or equal
to 1. Again, as T is a tree none of these trails cannot visit the same vertex twice as this would produce
a cycle and a tree has no cycles. Finally each trail must end in a leaf as the graph itself only has a
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finite number of vertices, hence there must exist three leaves in T' (the end vertices of each of the three
distinct trails) which was what we wanted to prove.

Define the sequence of numbers (ay,)22, by ap = 1, a1 = 3, apnt2 = 2ap4+1 + 3a,. Give an explicit
expression of a,. (That is solve the recurrence relatlon )

Sol. This is a receurrence relation with the characteristic equation 22 = 243 < = = 3V = —1, that is we
have two distinct roots. This means that the explicit formula will have the form a,, = A-(3)"+B-(—1)".
Using the initital conditions ag = 1 and a; = 3 yields the two equations A - (3)° + B - (~1)° = 1 and
A-(3)' +B-(~1)! = 3 which can be written A+ B =1 and 34 — B = 3 which has the solution 4 = 1
and B = 0 giving

ap=1-(3)"+0-(-1)" =3".
11. Prove, by using mathematical induction, that > ;_, k? = w foralln=1,2,3,....
Sol. We call the proposition that we want to prove A(n), that is we have
(n+1)(2n + 1)
) ) k2=
Z ;
and we wish to prove that Vn > 1 : A(n) We proceed by mathematical induction and first check that
A(1) is true. Each A(n) is true if and only if the right hand side of the equation equals the left hand
side so we need to check that LHS| = Z/lg:1 k? =1' =1is euqal to RHS; = w =1 but
as we can see that both these are 1, we are done and hence we have that A(1) is true.
The second step is to show that the implication A(p) = A(p + 1) is true for all relevant values of p,

so assume that A(p) is true for some particular value p > 1. Then we have, for this p:

P

1)(2 1
Alp) & LHS, = RHS, & > _k*= P+ )6( ptl)
k=1

The goal now is to prove that from this follows that A(p + 1) is true, that is, we wish to show that

p+1

1 2)(2 3

k=1

To see that this is true we work with the left hand side:
p+1
LHS, = Z k? = Z K+ (p+1)?>=LHS, + (p+1)2
Here is where we use the inductive assumption and replace LH S, with RH S, w which we
are allowed to do precisely because we have assumed that LHS, = RHS,,. We therefore have that
+1)(2p + 1 +p)2p+1)+6(p> +2p+1)  2p°+9p° +13p+6
LHSH_(p )(2p )+(+1) P> +p)2p+1)+6(p°+2p+1) _ 2p° +9p p+6

12.

13.

6 6 B 6
We wish to know that A(p + 1) is true that is we want to know that LHS,;1 = RHSp41. So the

value of RH S is w and expanding it algebraically we find that it is precisely equal to
LHS),1. This is we have found

LHSp = RHSp = LHSerl = RHSp+1

but this means that A(p) = A(p + 1) which completes the second step.
The third step in the proof is to appeal to the principle of mathematical induction - as A(1) is true
and always A(p) = A(p + 1) we apparently have

A(1) true = A(2) true = A(3)true ... =
by the principle of mathematical induction =
Vn>1:A(n)

which is what we wanted to prove.
Losning saknas

Show that the implication is not associative, that is show that (p — ¢) — r and p — (¢ — ) are not
equivalent propositions.
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Studying the truth values of each of the propositions (p — ¢) — r and p — (¢ — r) shows that they
assume different truth values for p = false, ¢ = true, and r = false, in which case (p — ¢q) — 7 is
false but p — (¢ — r) is true.

Consider the Swedish word EXTRAHERAR. In how many ways can the letters of this word be rear-
ranged to produce distinct sequences of letters?

There are 10 letters in this word but some of the letters occur several times, there is 3 R’s, two A’2
and 2 E’s, but the letters X, T and H occur only once. The number of possible distinct rearrangements
can then be calculated by regarding the formation of such a sequence to be formed through a prcedure
involving 4 steps: 1. Choose the 3 positions (out of 10 possible) where we place the R’s, this can be

done in (130) ways. 2. Out of the remaining 7 positions, choose 2 where the A’s are places, this can be
done in (;) ways. 3. Out of the remaining 5 positions, choose 2 where the E’s are places, this can be

done in (g) ways. 4. Finally place the 3 different letters X, T, and H on the 3 remaining positions, this
can be done in 3 -2 -1 = 6 ways. Total number of ways will then be

10\ (7\ (5 100 71 5! 10!
AT R L = 151200
(3) <2> <2> 7131 5121 3121 31212!

which must then be the number of distinct rearrangements sought after.

Solutions April 2015.

PART A.
1. For all sets A, B,C,D we have AX BNC xD#0)=ANC#OABND # 0.

Sol: This is true because if A x BNC x D # () then there exists a pair (z,y) € A x BNC x D, this means
that (xz,y) € A x B and (z,y) € C' x D which means that z is in both A and C, so that AN C' is not
empty. The same reasoning with y gives that BN D is not empty.

2. A graph that has a Hamilton cycle automatically has an Euler cycle.
Sol: False, since consider the graph below:
a
AN
b
Since we have vertices with odd degree (a and b), there cannot be any Euler cycle (visiting every edge
once and return to the starting vertex) in this graph, however, abca, constitutes a Hamilton cycle
(visiting every vertex once and returning to the starting vertex).
3. For any nonnegative integers, k <n, (}) = Z?:o (";i;z)
Sol: This could be true since, consider for example (3), we can used Pascal’s Identity (("Zl) = (Z) + (kﬁl))
to write
4\ (3 n 3\ (3 n 2 n 2
2)  \2 1) \2 1 0
but since (g) =1= ((1)), the formula holds for (;1) Any many other n and k can be treated in the same
way. But the statement is actually false because this does not work for k =n = 1.
4. A function that is injective (one-to-one) always has an inverse.

Sol: This is false since for example the function f : N 3 2 — 22 € N is a one-to-one function, however, it
has no inverse because, for example there is no z € N such that f(z) = 2.

5. Let a,n be a positive integers. If ¢ and n are relatively prime, there always exists a solution to the
congruence axz = b (mod n), unless b is too large.

Sol: This is false, there is a theorem that states that the the congruence has a solution if the relative
primeness holds, there is no restriction on b so b can have any value, the statement holds and the
assertion in the problem, that b cannot be "too large”, must therefore be false.

6. On the set of all integers, Z, the relation, aRb < a|b A bla, is an equivalence relation.
Sol: This is true. It is easy to show the three properties, reflexivity, symmetry, and transitivity.
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PART B. Give complete and correct solutions, write legibly. Motivate each logic step fully. No points for
answers only. Each problem is worth 3 points.

7.
Proof:

Sol:

Sol:

10.

Proof:

11.

Proof:

For any three sets, A, B,C prove that AC BABCC=AxBCBxC.

Pick any (z,y) € A x B. We must show that we also have (x,y) € B x C. Since z € A C B we get
x € B, similarly y € B C C gives y € C, but then x € B and y € C gives (z,y) € B x C which
completes the proof.

. Use the principle of inclusion/exclusion to find the number of positive integers less than or equal to

10000 that are not divisible by 6, 10 or 15.
Denote the set of all integers less than or equal to 10000 by 2. Define the three sets A, B, C by

A={x € 6|z} B = {z € Q;10|z} C = {z € Q;15|z}.
We are searching for the number 10000 —|AU BUC| so therefore we seek the number |AUBUC| which,
by the principle of inclusion/exclusion is equal to |A|+|B|+|C|—|ANB|—|BNC|—|ANC|+|ANBNC.
Now we need to describe the sets A, B,C, ANB, BNC, ANC, ANBNC. The set A consists of all numbers

in Q that are divisible by 6, we can write them down, they are 6,12,18,...,6 - ¢, where ¢ = 10000/6
where we employ integer division. (The ¢ is from The Division Algorithm.) We get ¢ = 1666 so that
A={6,12,18,...,6-1666} = {6-1,6-2,6-3,...,6- 1666}

and obviously A has 1666 elements so that |A| = 1666. Continuing in the same way we obtain
|B| = 10000/10 = 1000 and |C| = 10000/15 = 666.

Now consider the set AN B = {z € Q;6|x A15|x}. If we factor the divisors 6 and 15 into their prime
products we see that 6 = 2 -3 and 15 = 3 - 5, for a number to be divisible by both 6 and 15, that
number must contain all the prime factors 2, 3,5 so that those numbers are precisely the numbers that

are divisible by 2-3-5 = 30 and this set is in fact AN BN C since 2 -3 -5 is the prime factorization of
30. The same reasoning can be applied to the sets BN C and AN C so that we in fact have

ANB=BNnC=AnC=AnBnNnC

and if we call this common set () we see that @) consists of all numbers in €2 that are divisible by 30,
and there is 10000/30 = 333 of those. Consequently, |[ANB|=|BNC|=|ANC|=|ANBNC| =333
and in conclusion

[AUBUC| = |A] + |B| +|C] - |Q| — Q| - |Q| + |Q| = 1666 + 1000 + 666 — 2 - 333 = 2666

which yields that the number of integers in €2 not divisible by any of the numbers 6,10, 15 are 10000 —
2666 = 7334.

. Use the Euclidean algorithm to find the multiplicative inverse of 23 (mod 17) and use it to find all

integers x that satisfy 23z = 337 (mod 17).
The Euclidean algorithm consists of repeated application of The Division Algorithm to 23 and 17, so
we get

23=1-1746, 17=2-6+5, 6=1-5+1
sothat 1=6—-1-5=6—-1-(17—2-6) =3-6—17=3-(23—17) — 17 = 3-23 —4-17. This means that
the multiplicative inverse of 23 (mod 17) is 3. Hence we can multiply both sides of the congruence by
3. However, let us first reduce 337 to what it is congruent with (mod 17), we easily see that 337 = 14
(mod 17) so that we have the following equivalent congruences

23z =337 (mod 17) 23z =14 (mod 17) & 3-23x =3-14 (mod 17)
which can be writtenl - z =3-14 (mod 17) < x =8 (mod 17).

Let E = {1,2,3} and consider P(E) = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}} - the set of all
subsets of E. Prove that P(FE) is a partially ordered set under the relation C.

We can in fact show that the subset relation is a partial order on all subsets on any collection of sets,
reflexivity: holds since S C S for all sets .S, anti-symmery: holds since if S C T and T' C S for any sets
S, T we get S =T, transitivity: holds since if S CT and T C U we get S CT C U so that S CU.

Consider all the multiples of 4: ..., —12,—8,—4,0,4,8,12,.... Prove that if you choose 6 of these, two
will always have a difference divisible by 5.

We can actually prove something even stronger: if we take any 6 integers, the difference betweem two
of them will be divisible by 5. We proceed by considering the congruence classes modulo 5, denote
them by Cy, C1,Cs, C3,Cy. Now if we pick any 6 integers, since all the integers are made up of all the
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five congruence classes, by The Pigeonhole Principle at least two of these numbers must be chosen from
the same congruence class, but then if they are in the same congruence class, their difference must be
divisible by 5. This will of course also be true if we happen to choose the 6 numbers from the multiples

of 4.

Prove, by using mathematical induction, that » ,_, ﬁ =g foralln=1,23,...
For every natural number n, denote the thing to be proved by A(n), that is, write
" 1 n
An)< LHS, = RHS, & = .
(n) n " kzlk(kJrl) nt1

Our task is to show that Vn € N : A(n). We proceed by mathematical induction by verifying the truth
of the statement A(1) :
1
1 1 1 1
LHS, = —_ == RHS, = —— =
! kzzlk(kﬂ) 2 T4 2
and as LHS, = RHS, we obviously have that A(1) is true.
The next step is to show that A(p) = A(p + 1) for all natural numbers p, so we assume that A(p)
holds for a certain number p. This means that

1 _p
kE+1) p+1

p
LHS, = RHS, & ) k(
k=1

and now we study LHS, 1 and try to prove that it is equal to RHS,41. One way of doing this is to
show that LHS,11 — RHSp+1 = 0 so we study LHS, 1 — RHS,1:

’il 1 p+1 i L 1 p+1
Zk(k+1) p+2 Zk(k+1)  (p+Dp+2) p+2
Here is where we use the assumption ZZ:1 m = # to rewrite the sum so that the expression just

above is equal to
p 1 p+1_ plp+2) 1 (p+1)°

P+l D+ pt2 G+D0+2)  GrDE+2)  prDE+2)
which is equal to

pp+2)+1-(p+1)? _pP+2p+1-@’+2+1)
P+ +2) P+ +2)
so we have reached the conclusion that LHS,;1 — RHS)+1 = 0, we used that LHS, = RHS,, that is
we have shown that LHS, = RHS, = LHS,;1 = RHSp;1, or equivalently A(p) = A(p+1). This
completes the inductive step.
Finally, we observe that A(1) true = A(2) true = ... = Vn € N : A(n) by the principle of mathe-
matical induction. This completes the proof.

Losningar Kontrollskrivning 1.

1.

Lat A, B,C vara godtyckliga méngder och betrakta den symmetriska differensen mellan tva méngder:
AAB=(A—-B)U(B-A).
Bevisa att varje element som ligger i méangden AABAC ligger i exakt 1 eller 3 av mangderna A, B, C.

Solution: Another way of writing the difference between two sets A, B is A — B = AN B¢. Then, by
definition
AABAC = ((AAB) - C)U (C — (AAB)) =
(A=B)U(B—-A4)-C)U(C—-(A-B)U(B-A4))) =
(ANBYU(BNA)NCHU(CN((ANB)U (BN A = My U M.
Then, by set laws (including DeMorgan’s) we get
M =(ANBY)U(BNA))NC =(ANB°NC)U(BNA°NCe) =
(AN(BUC))U(BNAUC))=(A—(BUC))U(B—-(AUC))
and

My=Cn((ANB%)U (BN A% =Cn((ANB°N (BN A°) =CN((A°UB)N (B°U A)).
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But by the distributive law we have (AUB)N(B°UA) = (A°NB°)U(ANA°)U(BNB°)U(ANB),
and since AN A° = BN B¢ = () we get
My =Cn((A°NB)U(ANB))=(C—-(AUB))U(ANBNC)
so that
AABAC =My UMy =(A—(BUC)U(B—-(AUC)U(C—-(AUB)U(ANBNCQO).

These four sets are all disjoint and hence every element in AABAC lies in precisely one of them. But
the first three sets are the elements that lie in exactly one of the sets A, B, C' that is in precisely 1 of
them, and the fourth set is the set of all elements that lie in all of the sets, that is in 3 of them. The
proof is complete.

This problem can also be solved by using Venn diagrams.

. Anvind matematisk induktion for att visa att sa fort n > 1 ar ett heltal sa géller

4|32t 41,

Solution: Introduce the predicate A(n) < 4/3*"~! + 1. We need to prove ¥n € N : A(n). We do this
by mathematical induction which has three steps.

1. Check that A(1) is true. Is it? Well, A(1) claims that 43(2-1—1)+1but 3(2-1-1)+1=3"41=14
and we have indeed 4|4 so A(1) is true.

2. Now prove that the implication A(p) = A(p + 1) is true for all p € N. Accordingly assume that
A(p) is true for a natural number p. This means that 4/3%?~! + 1 which means that there exists
an integer q such that 32?~! 4+ 1 = 4¢. From this we need to show that A(p + 1) is true that is we
need to show that 4|32P*1)=1 4+ 1. So study 32P*1)=1 4 1 and try to see that is it divisible by 4:

32(p+1)71 + 1 — 32p+271 _ 1 — 32 . 32})71 + 1 — 8 . 32p71 _|_ 32p71 _|_ 1

This last calculation is motivated by that we need to use the induction assumption somehow, that
is, we need to use the fact that 32?~! 4+ 1 = 4¢ for some q. Writing the expression in the above
manner (1) enables us to see that

2=l 11 =8.3% 14 4.g=4.(2-3%" +¢)

which is obviously divisible by 4. Hence we have show that A(p + 1) is true following from the
truth of A(p), that is the implication A(p) = A(p + 1) is true.

3. We get A(1) true = A(2) true = ...Vn € N : A(n) thanks to the principle of mathematical
induction and the steps 1 and 2.

Losningar Kontrollskrivning 2.

2)

1. If p and q are two different prime numbers, prove that there are always integers s,t such that

sp" +tg" =n

for every integer n.

Solution: As p,q are different prime numbers they must be relatively prime, but the same must also
apply to p" and ¢", hence there exists integers, s’,t' such that

sopt+t gt =1.
But then, by simply putting s =n - s’ and t = n - t' we obtain (2).

. Use mathematical induction to show that 5 divides n® — n whenever n is a nonnegative integer.

Solution: Introduce the predicate A(n) for the statement that 5 divides n® — n. Now take the three
steps in a proof by mathematical induction.
1. Check that A(0) holds, that is check that 5/0° — 0. But this clearly holds since it is the same thing
as 5|0 which is certainly true since 0 is divisible by any number.
2. Show that the implication A(p) = A(p + 1) is true for all p > 0. Assume that A(p) holds, that is
assume that there is a k such that p° —p =5 - k. We must now show that A(p + 1) that is there
is a k' such that (p+1)°> — (p+1) =5 - k' for some k’. Now

(p+1° —(p+1)=p°+5p* +10p3 + 10> +5p+1—p—1=p° —p+5- (p* +2p° + 2% +p).



26 UPPGIFTER FOR EXAMINATION (FRAN GAMLA TENTOR OCH KS:AR)

We have yet not used the induction assumption, but we do that by replacing p® — p with 5 - k in
the expression above. This leads to

(P+1)° = (p+1)=5k+5-(p"+2p° +2p* +p) =5 (k+p' +2p° +2p* +p) =5 ¥
where k' = k + p* + 2p3 + 2p% + p. This is just another way of saying that 5|(p +1)% — (p + 1)
which is precisely the statement A(p + 1). This means that we have shown that the implication
A(p) = A(p + 1) is true for each p > 1.
3. Step 1 gives that A(0) is true, by step 2 this implies that A(1) is true which by step 2 again gives
that A(2) is true and so on showing, by the principle of mathematical induction (relying on step
1 and 2), that for each n > 0 the statement A(n) is true which completes the proof.

LOSNINGAR HORANDE TILL MATERIAL DATERAT 2016
Losningar januari 2016.

PART A.

1. For alla icke-tomma méangder A, B,C har vialltid ACBCCACXxBCBxA=A=B=C.
Lésning: Detta ar sant eftersom vi kan dra slutsatsen C' C B C A ocksa, sa har: valj ett ¢ € C och
b € B godtyckligt. Da géller

(,b) eCx BCBx A= (¢,b) = (V,d') € Bx A,

det vill siga ¢ = b € B och b = a’ € A sa att vi alltsa har visat implikationerna z € C' = x € B och
x € B=x € A. Men det betyder precis C C B C A och eftersom vi tidigare hade A C B C C maste
viha A=B="C.

2. For alla primtal, p, g, sa ar foljande sant: p|lg = p = q.
Lésning: Detta ar sant eftersom om vi arbetar med primtal och har p|g sa finns alltsa ett heltal k sa
att ¢ = p- k. Men just egenskapen att ¢ ar ett primtal ger oss da att k = 1, det vill sdga p = q.

3. For alla heltal, a, b, ¢, sa ar f6ljande sant: ablc A bcla A aclb = a=b=c.
Lésning: Falskt eftersom om vi véljer a = b = 1 och ¢ = —1 sa géller ab|c A bca A aclb men inte
a=b=c.

4. Det finns grafer med totalt 5 horn som har egenskapen att varje horn ar férbundet (med en kant) till
ett udda antal andra horn men inte till ett jamnt antal andra hérn.
Lésning: Falskt eftersom i varje graf maste antalet udda horn vara jamnt, har pastas att antalet
udda horn i en graf kan vara 5 som &r ett udda tal. Gar inte.

PART B.

5. Hitta alla minimala uppspannade trid till nedanstaende graf, motivera ocksa varfér det inte finns an-
dra minimala uppspénnande tridd dn de som du angett.

Lésning: Benamn det centrala hornet C. Det har grad 6. Vi ska basera vara resonemang pa det
hornet. Vi infor ocksa ordet ”6ra” for de delgrafer som bestar av hérnen och kanterna som sticker ut
fran C och bildar en cykel, det ar tre stycken 6ron i den héar grafen.

I varje uppspannande trad maste alla horn inga specifikt maste C' inga. Vidare for att tradet ska vara
sammanhéangande maste tre av kanterna som utgar fran C' som bildar ett 6ra ocksa inga, det racker inte
att ta med 2 av dessa kanter eftersom den resulterande grafen da inte blir sammanhéngande. Omvént
kan vi inte ta med alla fyra kanterna eftersom vi da skapar en loop. Vi véljer alltsa ett uppspénnande
deltrdd for varje ora genom att vélja ut en kant av de fyra kanterna i 6rat som inte ska vara med.
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Eftersom uppspannande trad uppstar da vi véljer bort vilken kant som helst, i varje ora, kan vi, for
att astadkomma ett minsta uppspannande trad vélja bort kanten med vikt 2. En sadan kant ska viljas
bort i varje 6ra och det kan goras pa tva sitt for varje ora, enligt multiplikationsprincipen blir alltsa
totala antalet minsta uppspéannade trad 2 -2 -2 = 8 stycken som véljs genom att fran varje 6ra ta bort
precis en av kanterna av vikt 2.

. Solve the recurrence relation a9 = 1la,+1 — 28a,, if ag = 0 and a1 = 3. (Los differensekvationen.)

Lésning: Den karakteristiska ekvationen ar A2 = 11\ — 28 < A2 —1IA+28 =0 & A = 5.5+
v30.25 — 28 < A = 5.5+ 1.5 sa vi har alltsa de tva olika rétterna A = 4 och A = 7. Alltsa ar
l6sningen pa formen a, = A -4" + B - 7" och med a9 = 0 och a; = 3 ger detta ekvationssystemet
A+ B=0N4A+7TB=3< A=—-BAN3B=3 A=—-1AB=1saatt a, =7"—4".

. The degree sequence of a graph, is the sequence of nonnegative integers that lists the degrees of each
vertex in a given graph. The degree sequence of the graph above would be 2,2,2,2,2 2,22 2.6 because it
has 9 vertices of degree 2 and 1 vertex of degree 6. Consider the two sequences 1,2,3,4,5 and 2,2,4,4,7,7.
Do the following for each of these sequences: if there exists a graph with that sequence, draw it. If not
explain why no graph can have that sequence as a degree sequence. Can there exist a tree with the
degree sequence 2,2,4,4,7,77 Why? Why not?

Lésning: Gradtalssekvensen 1,2,3,4,5 &r omdjlig eftersom den i sa fall skulle ange en graf med udda
antal udda horn (de med gradtal 1,3,5). En graf maste ju alltid ha ett jamnt antal udda horn.
Nedan ges en graf med gradtalssekvensen 2,2,4,4,7,7:

)|

¢

Om ett trad hade gradtalssekvensen 2,2,4,4,7,7 sa skulle summan av gradtalen vara 2+2+4+4+74+7 =
26. Men eftersom antalet kanter alltid &r lika med 2 ganger denna summa sa skulle detta "trad” ha
13 kanter, vilket omgjligt eftersom det bara finns 6 noder. Ett trad med 6 noder maste ju ha precis 5
kanter.

. The following proof contains an error. Find the error (1p) and correct it (2p).

Bevis: Lat n vara ett godtyckligt positivt heltal > 1. Om n &r ett primtal sa ar n delbart med ett
primtal, ndmligen sig sjilvt. Annars ar n ett sammansatt tal, dvs vi kan skriva n = a - b dar a,b &r
positiva heltal > 1. V&lj det minsta av dessa tal, vi kan anta att det adr a, da maste detta tal vara
ett primtal, vi har alltsa visat att n ar delbart med ett primtal (a) och eftersom n var godtyckligt valt
positivt heltal sa ar beviset klart.

Lésning: Felet i beviset ar att det finns ingenting som séger att a &r ett primtal. Réttelsen lyder sa
hér: antag att det minsta av alla positiva delare > 1 inte ar ett primtal. Kalla detta minsta tal a.
Eftersom a inte ar ett primtal sa finns p,q bada > 1 sa att a = pg. Men da f6ljer att plalab = n, dvs
p|n och vi har hittat ett tal p > 1 som delar n som &r strangt mindre &n det minsta (som &r a) av talen
> 1 som delar n. Detta &r en motségelse och vi har alltsa visat att a maste vara ett primtal.

. The following statement and proof is incomplete. Fill in the missing details at every place where it
reads ”...” in the text. (Dar det star ”...” i texten, fyll i sa att det blir ett fullstandigt bevis.)

Statement: For all integers n > 5 we have 2" > n?. (For alla heltal n > 5 giller 2" > n2))
Proof: Induction over n. Introduce the name A(n) for the statement 2" > n2. We shall prove, by
mathematical induction that ¥n > 5: A(n).
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1. ...
2. Assume that the A(p) holds for a particular p > 5. Now show ...
3. ...

Losning:
1. Check that A(5) is true, that is check that 25 > 52 holds. But this is equivalent to 32 > 25 which
is certainly true. Hence A(5) holds.
2. Assume that A(p) holds for a particular p > 5. Now show that A(p+ 1) also holds, that is with the
support of A(p) < 2P > p? show that 2P*1 > (p +1)2. We show this by expanding and estimating

(p+1)?=p"+2p+1<p*+2p+p=p(p+3) <p(p+p) =2p"
Here we have repeatedly used that p > 5. But by the induction assumption we have p? < 2P, using
this to further estimate the expression above upwards we get
(p+1)?< ...by (3)...<2p* <2.27 = 2PT!

but this means precisely that A(p 4+ 1) holds, that is we have shown that the implication A(p) =
A(p + 1) always is true whenever p > 5.

3. As A(5) is true (by step 1), we get (by step 2) that A(6) is true and so on. The implications
continue indefinitely and by the principle of mathematical induction all integers n > 5 are reached,
in conclusion ¥n > 5 : A(n) holds which completes the proof.

10. Assume that A, B,C are three sets with no elements in all three sets (inga element ligger i alla tre

11.

méngderna). Assume further that the number of elements that lie in precisely two of the sets are 6
(antal element som ligger i precis tva av méngderna &r totalt 6). The set AABAC' is defined as the set
of elements which lie in precisely 1 or 3 of the sets A, B,C. Prove that |[AU B UC| = |AABAC| + 6.

Lésning: Ett Venn-diagram 6ver situationen har foljande utseende:

A

Y

Héar betecknar a det antal element som endast ligger 1 A, b det antal element som endast ligger i B
och ¢ det antal element som endast ligger i C. Vidare betecknar x det antal element som ligger i bade
A och B, men inte i C och y och z har motsvarande betydelser for B & C' respektive C' & A. Slutligen
betecknar w da det antal element som ligger i alla tre méngderna.

Enligt definitionen av [AABAC)| sa géller

|JAABAC|=a+b+c+w
och vidare, enligt forutséttningarna har vi z +y + z = 6. Men da far vi

JAUBUC|=a+b+c+ax+y+z+w=a+b+c+6+w=|AABAC|+6

C

vilket var det som skulle visas. (Observera att vi aldrig behévde anvinda att de tre méngderna inte
hade nagra gemensamma element.)

Prove the formula >}, k:(Z) = n2"1 for all positive integers n > 0.

Solution: Indeed,

- n n n n n
=1- 2. . .. . =
k=1
n! n! 3 n! n!
: + -(n_3)!3!+...+n-

(n—n)n! -
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(n—1)! (n—1)! (n—1)! (n—=15Y\ = (n—-1!"
”'<1'(n—1)!1!+2'(n—2)12!+3'(n_3)!3!+“‘+”'(n—n)1n!>_”';k'(n—k)!m_
N~ (1) _n‘"*l (n—1)! _n‘"*l n=1\_ e
> e s g ()

12. The Fibonacci Numbers are recursively defined as fo =1, fi = 1 and fh49 = faoy1 + fn, for all n > 0.

Set]\4:<1 1

10 ) and consider the powers M, M?, M3, ... of this matrix. Prove that

M" = ( f;}:: ;Z:; > for all n > 2.

Solution: We construct a proof by induction over n so we introduce the predicate

n o _ fn fn—l
A(n) M= < fn—l fn—2 >

and observe that what we need to prove can be written ¥n > 2 : A(n).

Step 1. Show that A(2) holds, that is show that

2 1
w2 (2 A .
( fi fo 11
But this clearly holds as

o (DY (T Y1111 110 _ (21
L1 0 10/ \(1-1+0-1 1-140-0 /) \ 1 1 /"
Step 2. Now prove that the implication A(p) = A(p + 1) is true for all p > 2. To prove the implication
we must first assume that A(p) holds that is

(4) MP = < o o )
fp—l fp—2
With the help of this assumption we need to prove that A(p + 1) holds, that is
5 MPTL — ( fori o > )
( ) fp fp—l
Now MP*Y = M - MP and by the induction assumption we can replace MP using the equality (4)
so that

MPTL — < 11 )( fo o > — ( Lofp+1-fp1 1 fpa+1-fpo ) — < fotfo1 fp-1+ fp2 >
1 0 fp—l fp—2 1'fp+0'fp—1 1'fp—1+0'fp—2 fp fp—l
But according to the definition of the fibonacci numbers, fo, f1, f2, ..., we have f,41 = fp + fp—1
and fp = fp—1+ fp—2 so that we have shown that (5) holds, that is A(p+1) holds and in summary
we have shown the implication A(p) = A(p + 1) for all p > 2.

Step 3. We just reiterate the words of the similar solution above (to problem 9), but here we start with
A(2) instead of A(5).

Losningar mars 2016. Saknas.
Losningar augusti 2016. Saknas.

Solutions Kontrollskrivning 1.

1. Is the following argument correct? If it is correct, give a full account of how the conclusion follows from
the premises with naming of the various rules of inference that are used. If it is not a correct argument,
give an example of truth values to p, ¢, and r that fulfills the premises but not the conclusion. (Truth
table is not allowed.)

1. p—q
2. q— —r
3. rV g

o
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Solution: The argument is correct and the conclusion —p follows in the following way:
4. p: assumption for indirect argument (indirekt hérledning),
5. q: 4, 1, Modus Ponens
6. —r: 5, 2, Modus Ponens
7. r: 5, 3, Disjunctive Syllogism
8. —r Ar: 6, 7. This is a contradiction.
9. —p: 4,5, 6, 7, 8 and indirect argument.

Remark: There are many correct solutions to this problem.

. Use mathematical induction to show that for any integer n > 1,

- —1
Z(gk —2) = n(?mi)
2
k=1
Solution: Introduce the predicate A(n) < > ) (3k —2) = w with the complementary notation
LHS,, and RHS, for the right-hand side and the left-hand side in this equality respectively. We need
to prove Yn > 1: A(n).

Step 1. Verify that A(1) is true, that is that LHS; = RHS;. Now LHS| = Z,lﬁzl(?)k: -2) =
3:-1—2=1and RHS| = 1'(3'21_1) = % = 1. And as LHS; = RHS; the statement A(1) is true
which completed step 1.

Step 2. Prove, that for each p > 1 the implication A(p) = A(p + 1) is true. Accordingly assume
that A(p) is true for an arbitrary p > 1. This means that LHS, = Y 7_,(3k—2) = @ = RHS,.
With support of this, we need to show that A(p+ 1) follows, that is that LHS,11 = RHSp+1. We
therefore observe that

p+1 P
LHSp1=Y» (3k—2)=> (3k—2)+3-(p+1)—2=LHS, +3-(p+1) -2 =
k=1 k=1
3 3p—1) 6-(p+1) 4
RHSy +3- (p+1)—2—p(p Dy (p+1)—2:p(p2 ) 4 (1)2 )—5_
3p? —p+6p+6—4_3p2+5p+2
2 B 2

We have used the induction assumption (that A(p) is true) to draw this conclusion when we
replaced LH S, with RH.S,. We need to show that this is indeed equal to RHS),,;. But writing
out RH S,41 and multiplying parenthesis together, we find that it is

P+1BEe+1)-1) _ 3p+1)?—(p+1) _3-@*+2p+1)—p-—1

2 2 2
which has the value of ?’IDQZM which is precisely LH Sy so that LHS, 1 = RHSp11 < A(p+1)
holds as a consequence of A(p). Step 2 is complete.

RHS, 4, =

Step 3. As A(1) is true (by step 1), this implies that A(2) is true, by step 2 (p = 1) which
in turn gives that A(3) is true (again by step 2) and the dominoes start falling which leads to
the conclusion that Vn > 1 : A(n) hold. This is thanks to step 1, step 2, and the principle of
mathematical induction. The proof is complete.

Solutions Kontrollskrivning 2.

(6)

1. Let A and B be two sets. Without using a Venn diagram, prove that

(AUB)— (ANB) = (B—A)U(A— B).

Solution: By the definition of set difference and the DeMorgan Law, we have (AU B) — (AN B) =
(AUB)N(ANB)¢ = (AUB)N(A°UB®). Applying the distributive law, in the same way as multiplying
together the parenhesis (a + b)(c + d) to find that it is ac 4+ ad + be + bd gives that the set in question
s(ANAYU(ANBY)U(BNAS) U (BN B°. And since AN A° = BN B¢ = (), this set is equal to
PUANBYU(BNA)UD=(A—B)U(B—A)=(B— A)U(A— B) which is equal to the righthand
side of (6) which is what we wanted to prove.
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Solution: Alternatively, we represent each side of the equation (6) with a Venn diagram. This diagram
has the appearence given below.

A

B

The argument that certifies that this Venn diagram is an accurate representation of both the expressions
(AUB)—(ANB) and (A—B)U(B—A) (the left- and righthand sides of (6) respectively) goes as follows:
the left hand side is the union of both sets with the common elements removed, this also the shaded
region of the Venn diagram. The right hand side are the union of two sets, (A — B) and (B — A), both
of which also are represented but the diagram, (A — B) is the part that is shaded with line segments
leaning to the right, and (B — A) is the part that is shaded with line segments leaning to the left.

2. Use mathematical induction to show that for any integer n > 1,

(7)

35" — 2",

Solution: Introduce the predicate A(n) for the statement that (7) is true. We will prove Vn > 1: A(n).

Step 1.

Step 2.

Step 3.

Verify that A(1) holds: that is check that 3|5' — 2. This is true since it is equivalent to 3|3 which
is true (any number always divides itself).

Now prove that the implication A(p) = A(p + 1) holds for each integer p > 1. Therefore assume
that A(p) is true for an arbitrary integer p > 1, this is the induction assumption. This means
that 3|5 — 2P & Jq € Z : 5P — 2P = 3. q. With the support of this assumption, show that
the statement A(p + 1) also holds, that is show that 3¢’ € Z : 5P*1 — 2PFl = 3.4/, Now,
5Pl _optl —5.5P 2.9 =3.5P+2.5%2 —2.2P = 3.5P 4+ 2. (52 — 2P). However, by the induction
assumption, we have 5P — 2P = 3. ¢ so that this last expression can be written 3-5° +2-3.¢q. But
then, in conclusion

sPTL_optl —3.5P 1 2.3.4=3-(5"4+2¢) =3-¢ (¢ =5 +29)
and hence A(p + 1) is true. We have therefore shown that the implication A(p) = A(p + 1) holds
for each integer p > 1.

As A(1) is true (by step 1) this leads to that A(2) is true (by step 2, for p = 1), this again leads to
that A(3) is true (again by step 2, for p = 2) and so on. We get an infinite chain of implications
proving the general truth of A(n) for each n > 1 and this follows from step 1 and 2 and the
principle of mathematical induction. The proof is complete.

LOSNINGAR HORANDE TILL MATERIAL DATERAT 2017

Losningar till januari 2017.

PART A.

1. For any sets A,B: (A—B)*=(B—A)°= A=B.
Solution: This is true since (A —B)*=(B—-A)°=A-B=B-A& ANB°=BNA°C B=
ANB¢C B= AC B. But similarly, BC Aso A= B.

2. For any statements, p,q,r, we have p — (¢Vr) < (p = ¢)Vrbut not p— (¢gAr) < (p— q) Ar.
Solution: This is true and this can be easily seen with truth tables.

3. Let a,b,c be arbitrary positive integers. Then if a|b, b|c, and c|a we must have a = b = c.
Solution: This is true and the proof of this is in the section on partial orders.

4. Let p be any prime number. Then, in Z,, we always have (p — 1)! # 0.



32

UPPGIFTER FOR EXAMINATION (FRAN GAMLA TENTOR OCH KS:AR)

Solution: This is true since if we would have had (p — 1)! = 0, then as each element has an inverse,
we could just multiply with all the inverses of 1,2,...,p — 1 to get p — 1 = 0 which is means p = 1 =
p=1+pk< p(l—k)=1= p|l = p=1 which is a contradiction.

PART B. Give complete and correct solutions, write legibly. Motivate each logic step fully. No points for
answers only. Each problem is worth 3 points. (Some Swedish translations are given.)

5. Use Dijkstra’s algorithm on the weighted graph below to find the shortest path between the nodes A

and Z. When labelling nodes, show all the candidates in every step. (Anvénd Dijkstras algorithm pa
nedanstaende viktade graf. I varje steg, nir du placerar ut etiketter, redovisa varje kandidatetikett.)
F 1 1

E 1 J

Solution: We take the steps in Dijkstra’s algorithm. Fach step shows the candidate labels in that
step and the label in bold, italic font is the one(s) chosen.
1. B(A,1), D(A,2), G(A,8), H(A,T).
C(B,2), D(A,2), F(B,3), G(A,8), H(A,7).
F(B,3), H(A)7), G(A,8), E(D,4).
I(F.4), H(A,T), G(A8), B(D,4).
K(L,6), H(I,5), G(A,8), J(E,5).
K(1,6), G(J,6), L(J.8).
L(J,8), Z(K,11).
8. Z(K,11)
This means that the shortest path from A to Z is A-B-F-I-K-Z and it has cost 11. For reasons of
difficulty with controlling layout, these labels are not placed into the graph above.

No otk N

. Solve the recurrence relation a, 42 = 4a,+1 — 4ay, if ag = 7 and a; = 16. (Los differensekvationen.)

Solution: The characteristic equation is 22 = 4r —4 & 22 —dr+4=0& (-2 =01 =2,
that is, it has a double root of 2. Hence the solution to the recurrence relation can be written a,, =
(An + B)2", where A and B are determined by the starting values, ap = 7 and a; = 16. This gives the
system of equations (A-0+ B)-2° =7, (A-1+ B)-2! = 16 which gives A = 1 and B = 7 so that
ap = (n+7)-2"

. (In Swedish below.) The following proof contains three errors. Find them and correct them.

Statement: For all nonnegative integers, n = 0,1,2,..., we have 4|11 — 7",

Proof: Introduce the predicate A(n) < 4|11" =7, n=0,1,2,....
Step 1. Verify that A(1) is true, that is check that 7|11! — 4. But this is equivalent to 4|11 — 7 which
is true since 4 divides itself. (11 -7=4=1-4.)
Step 2. The induction step. For arbitrary integers p show that A(p) = A(p+ 1). Accordingly assume
that A(p) is true for a certain but arbitrary integer p > 0. This means that there is an integer k& such
that 117 — 7P = 4k. With the help of this, prove that 4|117+! — 7P+L (which is A(p+ 1)), that is seek an
integer ¢ such that 117T1 — 7P+1 = 44. Is there such a ¢q? Well, we have 1171 — 7P+l = 11.11P —7P.7 =
11- (117 —=7P)-7=11-4k-7=4-11-7-k (according to the induction hypothesis: 117 — 7P = 4k, which
was used here) which proves the existence of a ¢ (= 11-7- k) so that A(p + 1) holds. The implication
A(p) = A(p + 1) is thereby shown. The proof is complete.

Solution: The first error is in the checking of the first statement is true or not, the claim includes
n = 0 so that the test of truth of A(1) is not sufficient, we must check that A(0) is true and that
statement is equivalent to 4/119 —7° < 4|0 which is clearly true since 0 is divisible by any number. The
second error is in the algebraic treatment of the divisibility of 117+1 —7P*1. This expression is not equal
to 11- (117 —77)-7 but we have 117+ —7P+1 = 11.11P —7P. 7T = 4. 11P +7-11P — 7P 7 = 4-11P + 7 - 4k,
according to the induction assumption. But this then translated to 11771 — 7771 = 4. (117 + k) which
is 4[11PF1 — 771 which is A(p+1). So A(p) = A(p+ 1) which is the induction step. The third error is
that the third step in the induction step is missing, it is just a matter of adding a standard formulation
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of the third step, complete with reference to the principle of mathematical induction/the induction
axiom. We will not reiterate such a thing here even though it is required for a complete solution of this
problem.

. The following statement and proof is incomplete. Fill in the missing details at every place where it

reads ”...” in the text. (Dar det star ”...” i texten, fyll i sa att det blir ett fullstandigt bevis.)

Statement: For all integers n > 1 we have > ;_,(3k%* — 3k + 1) = n3. (For alla heltal n > 1 visa

den givna likheten.)

Proof: Induction over n. Introduce the name A(n) for the statement Y 7_,(3k? — 3k +1) = n®. We

shall prove, by mathematical induction that Vn > 1: A(n).

1. ..

2. Assume that the A(p) holds for a particular p > 1. Now show ...

3. ..

Solution:

1. First show that A(1) is true, that is show that > ;_,(3k2 — 3k + 1) = 13. Is this true? The left
hand side is 3-12 =3-141 =3 -3 41 = 1 and the right hand side is 13 = 1 and as these two
are equal A(1) holds true.

2. Assume that the A(p) holds for a particular p > 1. Now show ...

3. ..

. You have 3 identical blue balls, 2 identical red balls and one yellow ball and three distinct baskets. In

how many ways can you distribute all the balls into the baskets? (Any number of balls in any basket.)
Solution: Since the process of placing the balls consist of three independent steps, we can see that
process as having three steps: 1. Place the blue balls. 2. Place the red balls. 3. Place the yellow
ball. As we are allowed to place the balls into the 3 baskets any which way we want, there are
(3;:3;1) = (g) = % = 10 ways to place the three blue balls. Similarly the two red balls can be places
in (3?;3;1) = (;) = 6 ways and the last yellow ball can be placed in 3 ways. Total number of ways to
perform the whole procedure will therefore be 10 - 6 - 3 = 180 ways hence there are 180 ways to place
the balls as specified.

Use mathematical induction to prove the following statement: each nonempty set of positive integers
has a smallest member. (Hint: Introduce the predicate A(n) = each set with n elements has a smallest
member. Now prove Vn > 1: A(n).)

Solution: We will first prove that the statement holds for all finite sets, that is we will prove that

Vn >1: A(n). This is a straight forward proof by induction in three steps:

1. Check that A(1) holds, that is "each set consisting of precisely 1 element has a smallest member”.
This is obviously true since the smallest element in an arbitrary set with precisely one element is
that one element itself. Step 1 is completed.

2. Now take the induction step, that is assume that for an arbitrary integer p > 1, A(p) holds. With
the support of this prove that A(p+ 1) also holds. Accordingly assume that we have an arbitrary
set with p 4+ 1 elements, call this set F. Choose any element from this set, call this element .
Now form the set F — {z}. This is a set with p elements. Since A(p) holds, E — {z} has a smallest
element, call this element y. Now there are two cases, either z < y or y < x. If the first case holds,
then F has a smallest element and it is x. In the second case, again E has a smallest element and
it is y. In any case, apparently, E has a smallest element. And since F¥ was an arbitrarily chosen
set with p + 1 elements A(p + 1) holds. We have therefore prove the implication A(p) = A(p+ 1)
which completes step 2 of the proof.

3. As A(1), step 2 gives us A(2), which again yields A(3) and so on. More formally the state is that
since A(1) holds, and the implication A(p) = A(p + 1) holds for all p > 1, the induction axiom
yields Vn > 1: A(n) which completes the proof.

What we have from the above statement is that all nonempty finite sets have a smallest element.
However, the step to show that all nonempty sets have a smallest element is easy, let F' be an arbitrary
infinite set of positive integers. Then there is a (possibly large) integer z which can act as a sort of
divisor, the set of integers in F' smaller than z is nonempty (if z is chosen large enough) so that the set
of all integers in F' smaller than z is a finite set of positive integers. According to the statement above,
there is a smallest element m among these. Apparently m must then also be the smallest element of F’
which completes the proof for all sets, finite and infinite.
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12. Denote by N the set of all positive integers, {1,2,3,...}. The Euler ¢-function (which is important in

cryptography) is defined on N as follows
¢(x) = the number of elements in N less than or equal to  which are relatively prime to z.

For example ¢(1) = 1, ¢(2) = 1, ¢(6) = 2 and for each prime number p, ¢(p) = p — 1 since all the
numbers 1,2,...,p — 1 are relatively prime to p. Let p,q be two distinct prime numbers. Prove that

o(pq) = (p—1)(g —1).

Solution: Consider the set of pg elements, X = {1,2,3,...,pq}. From this set we wish to remove all
integers that are not relatively prime to z. We can then form two sets: A, the set of elements in X
not relatively prime to p and B, the set of elements in X not relatively prime to ¢. Since p is a prime
number, we have A = {p,2-p,...,(¢ — 1) - p,q - p}, that is all the multiples of p. (The only way for any
number to be not relatively prime to a prime number is to be a multiple of this number so this is why set
has precisely these members). We note that |A| = ¢. Similarly, we have B = {¢q,2-q,...,(p—1)-q,p-q},
and |B| = p. We also seek the set AN B, now again, as p and ¢ are prime numbers, the only way for an
integer to be both a multiple of p and a multiple of ¢ is to be a multiple of pg, and the only multiple
of pg in both A and B is pq itself. Hence AN B = {pq}, and |A N B| = 1. Now by the principle of
inclusion and exclusion we have

|[AUB|=|A|+|B|—|ANnB|=q+p-1.

And since ¢(pg) = |X —AUB|=pq—|AUB|=pg—(¢+p—1)=pg—p—q+1=(p—1)(¢g—1) the
proof is complete.

Losningar april 2017.

PART A. Even though motivations are not needed in the exam, we give motivations here.

1. If the implications p — ¢, ¢ — 7, » — p all hold, then p, g, r are either all true or either all are false.

Om alla ovanstaende implikationerna géller sa &r utsagorna (p, ¢, r) antingen alla sanna eller sa &r alla
falska.

Solution: This is true since, by hypothetic syllogism we get, ¢ — p, that is p <> ¢ and so p and ¢
always have the same truth value, and this same line of reasoning can be applied to all statements.
Hence they are either all true or all false.

. For all positive integers, n, if 3 = 1 (mod 8), then n is even. For alla positiva heltal, n, om kongruensen

géller s& maste n vara jamnt.

Solution: This is true and can be seen by instead seeing that the contraposition: n not even = 3™ # 1
(mod 8). The proof for this goes as follows: n not even < n = 2k + 1, for some positive integer k£ which
gives 3" = 3%+l =9k . 3=1%.3 =3 #1 (mod 8).

. Let a, b denote arbitrary positive integers, then a?|bAb%|a = a|b® Abla®. Fér godtyckliga positiva heltal,

a, b giller implikationen a?|b A b?|a = a|b® A bla®.

Solution: This is true. This can be seen by observing that the statements a?|b and b?|a are actually
quite strong and they even imply a|b and b|a which for positive integers gives us the stronger statement
a = b which in turn implies a|b? A b|a®.

. The symbol C is the ususal symbol for subset relations but sometimes the symbol C is used to express

a more strict relation between two sets, then A C B means that A is a subset of B but also that A # B.
The proposition that you need to evaluate is: if A C C and A C B C C, then A C B or B C C also
holds. Symbolen C ar den vanliga symbolen for delméngdsférhallanden men ibland anvéands symbolen
C for att uttrycka en mer strikt relation mellan tva méngder, da betyder A C B att A ar en delméngd
av B men ocksa att A # B. Pastaendet som du ska utvéardera ar: om A C C och A C B C C, sa har
vi ocksdé A C Beller BC C.

Solution: This is true. To see this we first observe that if E and F are two sets, the statement £ C F
means £ C FAFE # F. Suppose that neither of A C B and B C C were true. Then both would
be false so that we would have =(A C BA A # B) and =(B C C A B # C), which by DeMorgan’s
laws are the same as =(A C B)VA = B and =(B C C)V B = C, but as both A C Band B C C
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hold we conclude, by disjunctive syllogism, that A = B and B = C both must be true. However, then
A = B = C which contradicts A C C. Hence the supposition that neither of A C B and B C C were
true can not be correct, that is one of them must be true which is what we wanted to prove.

PART B. 8 problems each worth 3 points. Give complete and correct solutions, write legibly. Normally full
motivations required (no points for answers only). Some Swedish translations are given.

5. Solve the recurrence relation a, 42 = 5a,4+1 + 14a, if ag =5 and a; = 8. (Los differensekvationen.)

Solution: The characteristic equation for the recurrence relation is #? = 52+ 14 which can be rewritten
asr?—br—14=0&2=254+,/(25)2 — (—14) © v =254+45 < v = —2Vz = 7. This means that
the solution to the recurrence relation can be written a,, = A-(—2)"+b-7" and substituting this into the
equations ap = 5 and a; = 8 yields the equations ag =5 = A-(—=2)°+5-7" and a1 = 8 = A-(—=2)! +b- 7!
that is, A+ B =5 and —2A + 7B = 8. This is a system of two equations (solved by Euler elimination)
yielding B =2 and A = 3 so that the final answer to this problem reads a,, =3 - (=2)" +2-7".

6. Consider the relation R on the integers Z defined by 2Ry < 22 = y? (mod 7). Prove that R is an
equivalence relation (2p). There are four equivalence classes, which are they? (1p) (No motivation
needed.) Betrakta relationen R definerad ovan. Visa att den &r en ekvivalensrelation (2p). Den har
fyra ekvivalensklasser. Ange dem. (1p) (Utan motivering.)

Solution: We need to show three things: that R is reflexive, symmetric and transitive.

Reflexivity: Show that for each x € Z we have zRx. Is this true? Do we have 22 = 22 (mod 7)
for all € Z? Of course we do, the integer 22 is congruent with itself. So R is reflexive.

Symmetry: Here we need to show that xRy = yRy. This holds due to the to following consequence
of the symmetry of the congruence relation: 2% = y? (mod 7) < y? = 22 (mod 7)

Transitivity: Indeed, the transitivity of the congruence relation also yields transitivity of R since
2?2 = y? (mod 7) Ay? = 22 (mod 7) = 22 = 22 (mod 7). This simply means 2Ry A yRz = xRz
which is transitivity of R.

Now given that we have four equivalence classes we only need to find four nonrelated integers to
represent these classes. The first that comes to mind is 0, and 0 = {z € Z; 22 =0 (mod 7)}. As 7 is a
prime number we also have 22 = 0 < x = 0 so that the first equivalence class is {z;2 = 0 (mod 7)}.
Then if we denote the conguence classes modulo 7 ¢, c1, ¢, 3, ¢4, ¢5, Cg, apparently we have 0 = c.
Further since for example (7k + 2)2 = 4 (mod 7) and also (7k + 5)2 = 4 (mod 7) we get co Ucs C 2,
in this way we can also see that c3 U cs C 3 and finally ¢; U cg C 1. As we are studying an equivalence
relation and the classes partition Z and cg, c1, o, c3, ¢4, ¢5, cg exhausts Z, we conclude that we have in
fact equality in these relations so that we actually have the equivalence classes constituted by 0 = ¢y,
1=ci1Ucg, 2=coUcs, and 3 = c3 Ucy.

7. Let G be a graph with the following property: if you remove a certain edge, the resulting graph is a
tree. Prove that the sum of all degrees of all vertices in G is two times the number of vertices in G.

Solution: Introduce the notation G = (V, E) where V is the set of vertices in G and E is the set of
edges in G. Further, introduce the set E’ to denote the set of edges where the edge is removed yet the
resulting graph ((V, E’)) is a tree. In a tree the number of edges is precisely one less than the number
of edge, hence we have |E'| = |V| — 1. By the construction of E' and E we also have |E| — 1 = |F'|,
but this yields |E| = |V]| so that G has precisely the same number of edges as vertices. Now Euler’s
theorem for graphs states that

> deg(v) =2-|E|
veV
but |E| = |V| substituted into this equation yields the desired result.

8. The following statement and proof is incomplete. Fill in the missing details at every place where it
reads ”...” in the text. (Déar det star ”...” i texten, fyll i sa att det blir ett fullstédndigt bevis.)
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Statement:

For all nonnegative integers n we have 7|23" — 1. (For alla heltal n > 0 visa den givna likheten.)

Proof: Induction over n. Introduce the name A(n) for the statement 7|23" — 1. We shall prove, by
mathematical induction that Vn > 0: A(n).

1

2.

Assume that the A(p) holds for a particular p > 0. Now show ...

3. ..

Solution: The proof can be completed as follows:

1.

2.

Check that A(0) holds, that is check that 7|23% — 1. But since 3° = 1 this is equivalent to 7|0
which is true since 0 is divisible by 7.

Assume that the A(p) holds for a particular p > 0. Now show that A(p + 1) becomes true as a
result of this. This means that we will have proven the implication A(p) = A(p + 1) for each
integer p > 0. The assumption that A(p) is true can also be written 3k € Z : 23P — 1 = 7k. With
the help of this we need to prove that also 7]23'(p+1) — 1, that is we want to prove that there exists
an integer k' such that 23°®+1) —1 = 7k/. Now 23®+D) — 1 =8.2% —1 =7.2% 41.2% — 1 but
according to the induction hypothesis this can be written

7.2 42 1 =7.2% 4 Tk =7 (2% +k)

and what works as k' is hence 2% + k so that also A(p + 1) is true. Hence we have shown the
implication A(p) = A(p + 1) for all integers p > 0.

So A(0) is true (by step 1), and this together with step 2 with p = 0 yields that also A(1) is true
and another application of step 2 with p = 2 gives that A(2) is true and so on. In summary, step
1 and 2 and the principle of mathematical induction gives ¥n > 0 : A(n) which is what we wanted
to prove.

9. The following proof contains at least three errors. Find them and correct them.
Statement: For all nonnegative integers n, we have 2" < (n + 2)!.
Proof: Denote by A(n) the predicate 2" < (n+2)!. Prove, by mathematical induction Vn > 0 : A(n).
Also write LHS,, and RH S, for the left- and righthand sides of A(n) respectively.

Step 1. Verify that A(0) holds, that is check that LHSy < RHSy. Is this true? LHSy =2° =1
and RHSy = (0+2)! =2 and 1 < 2 so A(0) holds true.

Step 2. Take the inductive step, that is show that the implication A(p) = A(p + 1) holds for
all relevant p. Accordingly assume that A(p) & LHS, < RHS, < 2P < (p + 2)! is true for an
arbitrary p > 1. Now we can study RHSp1 — LHSp1 = (p+1+2)! — 2Tt = (p+3)! — 2P*L and
we wish to show that it is positive. By the induction assumption we have (p + 2)! > 2P and this
can be used to write

RHSp 1 — LHS, 1 = (p+3)! =22 = (p+3)- (p+2)! —2-2"> (p+3)- 2" —2.2° >

(p+3)-2P—2-21>(p+3)-2' —4=2p+6-4=2p+2>0

so that RHS,y1 — LHSp4+1 > 0 & A(p+ 1) is true and we have shown that the implication
A(p) = A(p+1) is true.

Step 3. In summary we have A(0) true - by step 1 - = A(1) true - by step 2 - = A(2) is true -
again by step 2 - and step 2 applied again and again allows us to cover all the nonnegative integers
showing that A(n) is true for all n > 0. The proof is complete.

Solution: The first error is that p > 1 is assumed, when p > 0 is necessary. The second error is in the
estimation (p+3)-2P —2-2P > (p+3) - 2P — 22! this must rewritten adn one correct estimate is

(p+3)-2P—2.22=(p+3-2)-2P = (p+1)2° > 0.

The third error is that step 3 lacks a reference to the principle of mathematical induction so the text ”by
the principle of mathematical induction” needs to be added just after the text ”cover all the nonnegative
integers”.

10. Denote by N the set of all positive integers, {1,2,3,...}. Consider the relation R defined on N x N:

(2, y)R(z,w) &z < zVyl|w.
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Prove that R is reflexive (1p), not anti-symmetric (1p), and not transitive (1p). Definera relationen
R som ovan. Visa att R &r reflexiv (1p), ¢nte antisymmetrisk (1p) och ¢nte heller transitiv (1p).

Solution: For an arbitrary (z,y) we of course have x < z so that (z,y)R(x,y), that is (z,y) is
always related to itself so that reflexivity holds. To prove that this relation is not anti-symmetric we
must find (z,y) and (z,w) that has (z,y)R(z,w) but not (z,w)R(x,y). We could for example choose
(z,y) = (3,1) and (z,w) = (5,10). Then as 3 < 5 we have (z,y)R(z,w) but as none of 10 < 1 of
53 holds we do not have (z,w)R(z,y). Hence the relation is not symmetric. To show that it is not
transitive, similarly we need to exhibit (z,y), (z,w), and (s,t) that have (z,y)R(z,w) and (z,w)R(s,t)
but not (x,y)R(s,t). Again examples of such pairs are

(x,y) = (17,5), (z,w) = (13,10), (s,t) = (15,7).
The reader can check that (z,y)R(z,w) and (z,w)R(s,t) but that (x,y)R(s,t) does not hold. The
relation is not transitive.
11. Lat A sta for en méngd av heltal. Beteckna med |A| antal element i A. Tex géller |{1,3,5}| = 3. Lat

nu F vara en dndlig icketom méngd av positiva heltal (vilken som helst). Bevisa att

z,y € Enzxly= |{z € E;z|z}| > |{z € E;y|z}|.

Losning: Vi visar en dnnu starkare sak: namligen att
My ={z € Eyylz} C{z € Ejz|z} = My
och vi visar detta genom att visa att e € M} = e € Ma, sa valj ett godtycligt e € M;. Det betyder att
ec€ E Avyle.
Men eftersom x|y far vi ocksa z|e det tillsammans med e € E betyder att e € M, vilket i sin tur ger

M; C M, men detta ger forstas att |M;| < |Mas| vilket var vad som skulle bevisas.

12. Prove Wilson’s Theorem, that is prove that if p is a prime number, then

(p—1)!'= -1 (mod p).

Hint: Consider the solutions to the congruence x> =1 in Lp.

Solution: A solution exists in the course material on the subjects of congruences.

Losningar till kontrollskrivning 1 2017.

1. For sets F and F' in general, the set difference F — F' is defined as the set £ N F°. This means that any
set difference can be rewritten without the minus sign using this definition. Using this way of rewriting
set expressions, let A and B be arbitrary sets and then show that

B— A= A°— (A° - B)

Hint: Rewrite each of the left and right hand sides of B — A = A° — (A — B) so that no minus signs
occur. You should arrive at the same expression for both sides. Venn diagrams cannot be used to solve
this problem.

Solution: Rewriting the right hand side using the given definition we obtain, after eliminating both
minus signs,
A= (A°—B)=AN(A°—B)*=AN(A°NB) =AN((AUB))*=A°N(AUB)

where we have also used one of the DeMorgan’s laws and the rule about double complement for sets.
Now using the distributive law for sets we continue to rewrite this as follows,

A°N(AUB)=(A°NA)U(A°NB)=0U(A°NB)=A°NB

but this is instantly recognized as the left hand side (B — A) rewritten with the given definition. The
proof is complete.
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2. Use mathematical induction to show that for any integer n > 1,
n
> (6 — 1) = 3n” + 2n.
k=1

Solution: Introduce the predicate A(n) < >°1_,(6k — 1) = 3n? + 2n. We need to show that
Vn>1:A(n)

is true. To further clarify the proof we also introduce the notations LHS, and RH.S,, for the left
and right hand sides of A(n) respectively. Accordingly we have A(n) < LHS,, = RHS,. We now
take the three steps of a proof based on mathematical induction. In this proof the second step will be
more detailed and divided into three substeps: (a) the induction hypothesis (induktionsantagandet),
(b) processing (bearbetning), and (c¢) the conclusion (slutsatsen). Everyone is encouraged to take a look
at this more detailed version of a proof by mathematical induction.

Step 1. Prove that A(1) holds true. To prove this we just verify that LHS; = RHS;. We therefore
calculate these respectively:
1
LHS; =) (6k—1)=6-1-1=6-1=35,
k=1
and
RHS;=3-1*+2-1=3+2=5
and as LHS, = RH S, we conclude that A(1) is true which completes step 1 of the proof.

Step 2. In this step we must show that the implication A(p) = A(p + 1) always is true whenever
p > 1 is an integer.

Substep (a), the induction hypothesis (induktionsantagandet): to prove an implication we must
first assume the hypothesis (forledet) of the implication. This is extremely important, it is the
foundation of a proof by mathematical induction, must always make the induction hypothesis in
a proof like this. Accordingly we make the assumption that A(p) & LHS, = Y 7_,(6k —1) =
3p®> +2p=RH Sp holds for an arbitrary integer p > 1.

Substep (b), processing (bearbetning): using the power of the induction hypothesis we shall prove
that A(p +1) & LHSp41 = ZZ;;(sz -1) =30+ 1)%?+2p+1) = RHSy;1. We therefore
process LH Sy 1 by rewriting it using the mathematical laws available to us. When we do this we
know that we must use the induction hypothesis somewhere and reach the goal of showing that it
(LHSp11) is equal to RHSp41. Accordingly we write

p+1 P p
LHSp1 =Y (6k—1)=> (6k—1)+6-(p+1)—1=> (6k—1)+6p-+5.
k=1 k=1 k=1

At this point it is appropriate to use the power of the induction hypothesis which says that
P_,(6k —1) = 3p? + 2p and therefore we can replace > »_,(6k — 1) above with 3p? + 2p so that
we can write

LHS, 1 =3p* +2p+6p+5=3p>+ 8 +5.
It is our goal to show that this is eventually equal to RHS),41 and by studying the expression for
RHS)4+1 we will see that this is indeed true. Computing again, we obtain
RHS,11=3(p+1)2?+2(p+1)=3-p*+2p+1)+2p+2=23p> +6p+3+2p+2

which is indeed equal to LH S)41. This shows that A(p+1) is true (because, remember A(p+1) &
LHS, 41 = RHSp41).

Substep (c¢), conclusion (slutsats): We have assumed that A(p) is true for an arbitrary positive
integer p. Using this we have be able to prove that also A(p + 1) holds true. The conclusion we
therefore draw is that the implication A(p) = A(p + 1) must be true for all positive integers p.

Substep (¢) completes step 2 in the proof.
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Step 3. As A(1) is true (by step 1) we also get that A(2) is true (by using step 2 with p = 1).
This, with a second application of step 2 with p = 2 yields that A(3) is true and so on. With
the help of step 1 and step 2 and the principle of mathematical induction we draw the conclusion
Vn >1: A(n) which completes the proof.

Comment: this proof is overly detailed. It is meant to clarify what is needed for a complete proof of
mathematical induction. Once you have understood what each step means, you are in a better position to
understand how to make induction proofs and also how to write them correctly. So do not be intimidated
by the lengthy formulation. Once you have mastered proofs by induction, your formulations can be much
shorter.

Losningar till kontrollskrivning 2 fra 2017.

1. Is the following argument valid?
1. p—g¢q
2. q— (—-rV-p)

LoorVoop

Solution: The argument is valid and a correct argument goes as follows:
3. p, assumption for proof by division into cases, case 1.

q, 3, 1, Modus Ponens.

=rV —p, 4, 2, modus Ponens. Case 1 complete.

—p, assumption for proof by division into cases, case 2.

—rV —p, 6, Case 2 complete.

—r V —p, 3-7, and proof by division into cases.

XN oo

Alternative solution: A truth table can also be built and in this table, on all the rows that the
premises 1 and 2 are true, it can be seen that the conclusion also is true. Hence the conclusion follows
from the two premises. We will not present the truth table here.

2. Use mathematical induction to show that for any integer n > 1,

411" — 7"

Solution: We will present the extended formulation of proofs by induction where the second step is
divided in to the three substeps (a) induction hypothesis, (b) processing of results, and (c¢) conclusion.
Introduce the predicate

A(n) & 411" — 7.
We shall prove Vn > 1: A(n).

Step 1. Prove that A(1) holds. We shall verify that 4/11' — 7!, but this is the same as to say that 4|4
which is true since each number divides itself. A(1) is true.

Step 2. We wish to prove that the implication A(p) = A(p + 1) is true and here we subdivide the proof
into the three more detailed substeps for further clarity.
(a) Induction hypothesis: assume that A(p) holds true for some particular p > 1. This means
that we have 4|117 — 7P & 11P — 7P = 4q for some integer q. Hence we have 117 = 4q + 7P.
(b) Processing: now use the information in the induction hypothesis (a) to show that A(p + 1)
holds, that is show that 4[11PT1—7P*! How to do this? Well, we have 1171 —7P+1 = 11.11P—
7-7P =11-(4q+7P)—=7-TP = 11-4¢+4-7P, here we have used the expression 117 = 4¢+ 7P that
is a reformulation of the induction hypothesis. This means that 117! — 77+l = 4. (11¢ + 7P)
but this is clearly divisible by 4 so A(p + 1) holds.
(¢) Conclusion: we assumed that A(p) was true and derived from that the truth of A(p + 1),
hence the implication A(p) = A(p + 1) must be true which concludes step 2 of the proof.

Step 3. A(1) is true (by step 1), this gives, with step 2, p = 1, that A(2) also is true. Similarly, this implies
that A(3) is true, again by step 2 but with p = 3. Thre argument contiues in a similar way and
step 1 and step 2 together with the principle of mathematical induction assures that all integers
n > 1 are covered. Hence Vn > 1: A(n) which completes the proof.



40 UPPGIFTER FOR EXAMINATION (FRAN GAMLA TENTOR OCH KS:AR)

LOSNINGAR HORANDE TILL MATERIAL DATERAT 2018
Losningar till januaritentamen. Saknas
Losningar till apriltentamen.
PART A.
1. For arbitrary sets, A, B, C, the following holds (For godtyckliga méangder A, B, C' giller foljande):
(A—(BNnC))*=(A-B)Xn(A-C)".

Solution: This true correct and can be seen by the following sequence of rewritings:
(A= (BNC))=(AN(BNO))*=AU(BNC)=(A°UB)N(A°UC) =
(ANB)N(ANC)=(A-B)°N(A-C0).

2. If a,b, c,d are positive integers with ablcd, aclbd, ad|bc, belad, bd|ac, and cd|ab, then a = b = ¢ = d.
Om a, b, c,d ar positiva heltal med alla delbarhetsrelationer uppfyllda som anges ovan, da maste dessa
fyra tal i sjilva verket vara ett och samma tal (a = b= c = d).

Solution: This is true and can be seen by observing that since ab|ed and cd|ab we have ab = cd
and similarly ac = bd and ad = be. Multiplying ac = bd by b gives abc = b’d and using ab = cd
gives c2d = b%d which yields ¢ = b?. Since all numbers are positive this gives ¢ = b. Since this all is
symmetric in a, b, ¢,d we can similarly obtain a = b and ¢ = d.

3. Let p, q, r denote logical propositions. (Lat p, ¢, 7 beteckna logiska utsagor.) If the following implications
hold: pVq — 7, qVr — p, and pVr — g, then the three implications r — pAq, p — gAr,and ¢ = pAr

also hold. (Om de tre férsta implikationerna &r sanna sa ar dven de tre foljande implikationerna sanna.)

This is true and can be seen with a truth table:

plgqlr|pVqgq—=rigVr—=p|pVr—=ql|p—>q/Ar|q—>pAT|T—=>DpANgq
S|s|s S S S S S S
s|s|f f S S - - -
s|f]s S S f - - -
s|f|f f S f - - -
fls|s S f S - - -
fls|f f f S - - -
f|f]s S f f - - -
fif|f S S S S S S

Observe that we do not need to compute the truth values of the implications on the right because we
are only asking if these three implications are true as a result of all the premises (the three implications
to the left) are true and this happens only on the first and last row of the table. On the first and last
row the implications to the right are certainly true. Indeed we can even say something stronger and
that is that if the three implications of the premises are true, then we in fact have p «» ¢ <> r, that is
p,q,r always have the same truth value.

4. Let ged(a,b) denote the greatest common divisor of the integers a,b. (Beteckna med ged(a,b) storsta
gemensamma delaren till heltalen a,b.) For arbitrary integers a,b,z, we then have: if ged(a,z) = 1
and ged(b,z) = 1 then ged(az,bxr) = 22 ged(a,b). For godtyckliga heltal a,b, z giller di den givna
implikationen.

This is false because if ged(a,x) = ged(b, x), then by the fundamental theorem of arithmetic, we can
factor out x as implied in the formula, but as x is a common divisor (factor) having it in both products
ar and bz will not add z? to the ged(azx, bx).

PART B.

5. Use the Euclidean algorithm to find the multiplicative inverse of 11 modulo 31 and use that inverse
to find all integers z that satisfy 11z = 5 (mod 31). Anvénd Euklides algoritm for att finna den
multiplikativa inversen av 11 modulo 31 och anvéand den inversen for att finna alla heltal x som uppfyller
11z =5 (mod 31).



UPPGIFTER FOR EXAMINATION (FRAN GAMLA TENTOR OCH KS:AR) 41

Solution: The Euclidean algorithm employed yields:
31=2-114+9 11=1-942 9=4-24+1 =
1=9-4-2=1=9-4-(11-9)=1=5-9-4-11=1=5-31—-14-11.

However, it is suitable to express the multiplicative inverse as a number between 0 and the modulus
—1, therefore we add and subtract 31 - 11, yielding

1=5-31-14-11=1=5-31-31-11+31-11-14-11 =
1=-6-31+17-11

so that the multiplicative inverse of 11 modulo 31 is 17. (11-17 =1 (mod 31).)
This is now used to obtain

11z =5 (mod 31) < 17-11z =17-t5 (mod 31) & z =85 (mod 31)
and 85 is then reduced modulo 31 to 23 so that the final answer is z = 23 (mod 31).

(a) Consider the weighted graph to the right. Give all minimal spanning d -
trees of this graph (2p) (no motivations required) and (b) compute their ) ) .
weight (1p). 2 5

" (a) Betrakta den viktade grafen till hoger. Ange alla minsta up-
pspannande trad till grafen (2p) (inga motiveringar behévs) och (b) 1 1 1
ange deras vikt (1p) 2 2

Solution: There are six different spanning trees, all of them contain all of the edges with weight 1 and
then the edges with weight 2 are also included. The minimal spanning trees arise from choosing either
on of the two edges with weight 2 on the right and one of the 3 edges with weight 2 on the left. This
is total gives, as mentioned, six trees. All of them have the minimal weight of 10.

. Consider the set of the first 10000 positive integers, E = {1,2,3,...,10000}. (Lat E vara méngden av
de forsta 10000 positiva heltalen.) Compute the probability that an arbitrary integer chosen from E
is divisible by 2 or 5, but not by 3. (Berédkna sannolikheten att ett slumpvis valt tal fran E &r delbart
med 2 eller 5, men inte med 3.)

Solution: The probability that a number is chosen that is divisible by 2 or 5, but not by 3 is
(AU B)NC|
10000 ’

where the subsets A, B,C of E are defined as follows:

A={z e E;2 |z}

B={xe€ E;5|xz}

C={xe€E;31x}.
Using set algebra we rewrite the numerator of the fraction defining p as

(AUB)NC|=|(AnC)u(BNC)|=|AnC|+|BNnC|—|ANnBnNC|
where we have also applied the principle of inclusion and exclusion. The values of the three terms
|[ANC|, |BNC|, and |[AN BN C| can now be computed separately.

The set AN C consists of all even numbers in F with all the numbers divisible by 3 removed. If we
begin by enumerating all the numbers in A we get
2,4,6,8,10,12,14,16, 18, ...,9996, 9998, 10000

they can also be written

2-1,2-2,2-3,2-4,2-5,2-6,2-7,2-8,2-9,...,2-4998,2 - 4999, 2 - 5000
and we can see that there are 5000 such numbers. From these we must remove all numbers divisible
by 3. That will be every third number which will be

2-3,2:6,2-9,...,2-4998.

Rewriting them with multiples of 3 factored out will help us see how many they are, then they can be
written

2-3-1,2-3-2,2-3-3,...,2-3-1666
that is there are 1666 such numbers. In conclusion we get

|ANC| = 5000 — 1666 = 3334.
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Applying the same procedure to the set BN C we obtain
BnC={5-1,5-25<%5-4,5-556,..., 54998, 5 - 1999, 5 - 2000}

and again factoring out multiples of 3 we are able to see just how many numbers were removed, the
numbers removed were:

5-3-1,5-3-2,...,5-3-666

so from the 2000 numbers in B we removed the 666 numbers divisible by 3 leaving us with |[B N C| =
2000 — 666 = 1334.
Finally we study A N BN C and this set is the set of numbers given by

10-1,10 - 2,18<3,10 - 4,10 - 5,18<6, ..., T0=999, 10 - 1000.
Totally similar to earlier reasoning, the number of numbers in this set becomes 1000 - 333 so that we
finally arrive at |A N BN C| = 667. Putting it all together yields

3334 +1334 — 667 4001
B 10000 10000
so that the probability of getting a number from FE divisible by 2 or 5, but not 3 becomes 40.01%.

= 0.4001

. Let A, B,C be any sets and introduce the functions f: A — B and g : B — C. We can then also form

the composition, h =g O f : A — C. Consider the following two statements:

(a) If g is surjective and f is injective, then h is surjective.

(b) If both f and g are injective, then h is also injective.

These statements are either true or false. For each statement: if it is true, prove it, if it is false, provide
an example of two functions f, g that satisfy the premises but for which the conclusion does not hold.
(1.5p) each.

Solution: (a) the answer is NO because we can construct a non-surjective function h as a composition
between two functions that are surjective and injective as specified in the problem, a very simple
example is given by setting A = {1}, B = {1,2},C = {1,2} and simply setting g(z) = z and f(x) = x.
Then h = g O f cannot be surjective since it simply is h(z) = x and there is no z € A with h(z) = 2
since there is just one element in A. (b) the answer is YES, h will be injective since if h(x1) = h(x2),
this means that g(f(z1)) = g(f(x2)), but since g is injective, this means that f(x1) = f(x2) and since f
is also injective this again yields z1 = z2, in conclusion we have shown that h(z1) = h(z2) = x1 = x9,
which precisely means that h is injective.

. Fyll i detaljerna i nedanstaende ofullsténdiga bevis sa att det blir fullstdndigt. Fill in the details in the

following incomplete proof so that it becomes complete.

Statement: For each integer n > 3, we have (2";?1) : > 3"

Proof: Introduce the predicate A(n) < % > 3", now prove Vn > 3 : A(n) using mathematical

induction over n. We also introduce the notation LHS,, and RHS,, for the left, and right hand sides
of the inequality that constitutes the statement A(n).
1. Check that A(3) holds, that is check that LHS3 > RH Ss:

(3+2)! 120
So3-l Ty T
RHS; =33 =27

LHSs = 30

and as 30 > 27, A(3) holds.
2. Now assume that A(p) holds for a particular integer p > 3 and prove that A(p + 1) follows, this
will mean that the implication A(p) = A(p + 1) is true for all p > 3. Accordingly assume that

A(p) holds, then we have LHS), = (127;21) ! >3 = RH Sp. This is what we shall use to prove that

LHS)11 > RHSp41. So we study LHS),1:

Cp+142) (p+3)! p+3 (p+2)! _p+3
LHSy =" =13~ 2 o1 = 3

3p

(p+2)!
2p—1

3P. Further using that p > 3 we can estimate p—;r?’ downward with 3%3 = 3 so that the whole
estimate becomes

downwards with

where we have used the induction hypothesis in the last step to estimate

LHS, >33 =3rt!
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but this precisely equal to RH S, so that we have shown
LHSp > RHSp = LHSp+1 > RHSp+1,

that is A(p) = A(p+ 1) for all p > 3.
3. As A(3) holds and the implication A(p) = A(p+ 1) also holds for all p > 3, we conclude, with the
support of the principle of mathematical induction, that Vn > 3 : A(n) which completes the proof.

In this problem we consider the formation of a set difference between two cross products. An erroneous
formula is given and your task is to correct the formula (1.5p) and also give an alternative formula
(1.5p). The proof given is so bad that it needs to be totally disregarded and we will not bother with
demanding a proof in this problem, you need only to provide the two formulas.

Correct formula, based on the first way of visualizing: For any four sets A, B, C, D we have the
formula

AxC—-BxD=(A-B)xCU(ANB) x (C—D)
The second formula, based on another decomposition of the set difference is:

AxC—-BxD=Ax(C—-D)U(A—B)x (CND)

Studera Zqo = {0,1,2,...,11}. Bilda delmingden G C Z15 genom att sitta G = {0, 4,8} och definiera
relationen R pa Zjs genom xRy < = —y € G. (a) Bevisa att R ar en ekvivalensrelation pa Zis (2p)
och (b) ange samtliga ekvivalensklasser (1p). (Anmdrkning: G dr en sa kallad "undergrupp” till Zq5.)

Solution: Vi ska visa tre egenskaper hos relationen: reflexivitet, symmetri och transitivitet.

1. Reflexivitet: alla x € Zio ska uppfylla 2Rz, giller det? JA, ty x —x =0 € G.

2. Symmetri: alla z,y € Z12 ska uppfylla 2Ry = yRa, giller det?, Javisst, vi har ndmligen 2Ry <
r—y€EGo&r—y=0Vr—y=4Vz—y=_8ochdettagery—x =0, y—x = 8 respektive
y — x = 4 vilka ocksa alla dr i G vilket alltsa sikerstiller att yRa giller i samtliga fall. Symmetri
géller alltsa.

3. Transitivitet: vi ska visa implikationen xRy A yRz = zRz. Antag alltsa att 2Ry <z —y € G
och yRz < y — z € G. Det betyder alltsa att £ —y = wy och y — z = ws och att bade w; och wo
ligger i G. Men G har just den egenskapen att summan av tva element i G aterigen hamnar i G sa
r—z=x—y+y—2z=w+ws ligger i G, dvs x — z ar i G sa att xRz. Alltsa géller transitivitet.

Ekvivalensklasserna ar G sjilv = {0,4,8}, 1+G = {1,5,9}, 24+G = {2,6,10}, samt 3+G = {3,7,11}.

(Unionen av alla dessa ekvivalensklasser blir hela Zi9 sa som géller for ekvivalensrelationer.)

Lat G = (V, E) vara en godtycklig graf med n > 3 noder. Bevisa att om G har en eulerkrets som
ocksa ar en hamiltoncykel sa maste alla noder i G ha gradtal 2. Anvénd induktion 6ver n. (Ledningar:
FEulerkrets = en krets som gar igenom grafen och korsar alla kanter precis en gang. Hamiltoncykel =
cykel som gar igenom grafen och beséker alla noder precis en gang.)

Solution: Sétt A(n) ="Om V &r en graf med n noder som har en eulerkrets som ocksa &r en hamil-
toncykel sa har alla noder i V' gradtal 2.” Visa ¥n > 2 : A(n) med matematisk induktion.

1. Visa att A(3) stammer sa lat G vara en godtycklig graf med 3 noder som har en eulerkrets som
ocksa &r en hamiltoncykel. Enligt definitionen av hamiltoncykel sé ingar alla noder i den cykeln
och eftersom detta dven &r en eulerkrets sa ingd ocksa alla kanter. Vi kan ddrmed skriva upp alla
noder och kanter i grafen i ett svep som

aeibescesa

dar alltsa noderna &r a,b,c och de mellanliggande kanterna (som &r alla kanter i grafen) ingar.
Det ar helt klart att alla dessa noder har precis gradtal 2. Alltsa géller A(3).

2. Nu ska vi visa att implikationen A(p) = A(p+ 1) géller for alla p > 3. Antag alltsa att A(p) géller
for ett godtyckligt heltal p > 3. For att visa att A(p+1) stdmmer lat nu G vara en godtycklig graf
med p + 1 noder och som har en eulerkrets som ocksa &ar en hamiltoncykel. Vilj nu en godtycklig
nod v i cykeln och beteckna de tva anslutande kanterna med e’ och €”. Beteckna dven de tva
associerade noderna med u och w sa att avsnittet i hamiltoncykeln totalt betecknas med

ue've"w.
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Eftersom det dr en hamiltoncykel sa kan inte noden v férekomma ytterligare en gang, och eftersom
det ar en eulerkrets dr alla kanter i grafen med, det betyder att inga andra kanter dn e’ och ¢€”
ansluter till v, dvs v har gradtal 2. Om vi nu ersatter ¢'ve” med en ny kant kallad e som gar fran u
till w sa har vi forstas en ny graf, men med p noder. Eulerkretsen (som ocksa var en hamiltoncykel)
maste forstas fortfarande vara en eulerkrets/hamiltoncykel men med en nod och en kant mindre, det
betyder att vi alltsa aterfort grafen pa en mindre graf, enligt induktionsantagandet har namligen
alla dessa noder gradtalet 2 eftersom det finns en eulerkrets som ocksa ar en hamiltoncykel och
den ju har p noder. Det ar ocksa klart att w och w i grafen med p + 1 noder har samma gradtal
som noderna u och w i grafen med p noder, dvs 2. Sammafattningsvis géller alltsa A(p + 1) som
en foljd av A(p), det vill séga implikationen A(p) = A(p + 1) &r visad.

3. Eftersom A(3) géller och implikationen A(p) = A(p + 1) géller for alla p > 3 kan vi med stod av
induktionsaxiomet dra slutsatsen Vn > 3 : A(n) vilket skulle bevisas.

Loésningar horande till septembertentan (2018). Ldsningar saknas

Loésningar till kontrollskrivning 1 (2018).

1. Betrakta nedanstaende slutledning

1. p—q
2. ¢ — (sNt)
3. s — —t

. ap

Denna slutledning ar antingen korrekt eller inte korrekt. Om den &r korrekt visa hur slutsatsen foljer
av premisserna och ange da vilka grundlaggande harledningsregler som anvénds i varje steg (Modus
Ponens, etc.). Om déremot slutledningen inte ar korrekt, ange en tilldelning av sanningsvérden till
utsagorna p, ¢, s och t som uppfyller alla premisser men trots det inte uppfyller slutsatsen.

Loésning: slutledningen ar korrekt och foljer av nedanstaende argumentation (det finns forstas andra
korrekta argumentkedjor ocksa):

4. —sV —t, omskrivning av 3.

5. =(s At), 4, DeMorgans lag.

6. —q, 2, 5, Modus Tollens.

7. =p, 1, 6, Modus Tollens.

. Anvéind matematisk induktion for att visa att 5/9™ — 4™ for alla heltal n > 1.

Losning: vi infor predikatet A(n) < 5|9™ — 4™ och konstaterar att vi ska visa ¥n > 1: A(n). Vi kan
ocksa skriva A(n) som Jg: 9" —4" =5-q.
Steg 1. Kontrollera att A(1) #r sann, dvs att 5|91 — 41, Men detta ér ekvivalent med 5|5 vilket #r
sant. Alltsa géller A(1).

Steg 2. For alla p > 1 ska vi nu visa att A(p) = A(p + 1) géller. Lat alltsa p > 1 vara ett
godtyckligt heltal och anta att A(p) < Jq: 9P — 4P =5 g (detta ar alltsa induktionsantagandet).
Med stod av detta ska vi visa att A(p + 1) < Ir: v+ — 4P+l = 5.7 Vi har da

grFl _gptl — 9. 9P — 4. 4P =5.9P 4 4. 9P — 4. 4P =5.9P 4 4. (9P — 4P).

Nu anvénder vi induktionsantagandet som séger att 92 — 47 = 5 - ¢ och difor kan vi alltsa skriva
om detta enligt 5-97 +4 - (9? —4P) =5.97 + 4 -5 q. Och sammantaget har vi alltsa

grrl gt —5.9P 1 4.5.9 =5 (9 + 4q).

Det som vi ovan kallar r blir alltsa 9 + 4¢ och vi har visat A(p 4+ 1). Eftersom detta byggde pa
att A(p) var sann sa har vi alltsa visat att implikationen A(p) = A(p + 1) &r sann for alla p > 1.

Steg 3. A(1) sann = A(2) sann = A(l) sann = ... = Vn >1: A(n), tack vare steg 1 och 2
och principen for matematisk induktion.
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Loésningar till kontrollskrivning 2 (2018).

1. Antag att A, B,C och D ar méangder som uppfyller féljande premisser:

1. ACB
2.BCcCnD
3. CCD°

Visa att detta ger att A = (.

Lo6sning 1 (med Venndiagram for max 1 poing):
Premisserna 1 och 2 kan symboliseras med ett Venndiagram av féljande slag:

C D

Men om nu premiss 3 laggs till denna situation, alltsd C' C D€, s& innebér det att allt som finns i
C maste ligga utanfor D. Det innebéar att C' N D, den méngd dér B &r innesluten, dr tom. Detta ger
alltsa att &ven B ar tom och eftersom A i sin tur ar innesluten i B sa blir till sist &ven A tom. Vi har
alltsd visat A = ().

Losning 2 (fullstdndigt motsigelsebevis for max poiang):

Antag att A # (). Da finns ett z € A. Premiss 1 ger da att x € B och premiss 2 ger da att z € C' N D.
Men detta ger ocksa att x € C och z € D. Sa x &r ett element som ligger i bade C' och D. Men
eftersom C' C D¢ (premiss 3) sa foljer d&ven x € D¢ sa att vi har x € D och z € D° Detta &r en
motséagelse eftersom D och D€ ar disjunkta. Antagandet om att A # () maste alltsa vara falskt vilket
innebar att A = () vilket fullbordar beviset.

Anmairkning: det hir dr egentligen precis samma uppgift som pa forra kontrollskrivningen, men
vi talar om méangder istdllet for utsagor. Delméngdsrelationen svarar mot implikationen, snitt mot
konjunktion, komplement mot negation och utsagan A = () mot utsagan —p som ocksa skulle visas folja
av de tre premisserna pa forra kontrollskrivningen.

2. Anvand matematisk induktion for att visa att 2™ - n! > 3™ {or alla heltal n > 3.

Losning: Vi infor predikatet A(n) < 2™-n! > 3™. Vi kallar ocksa vénster och hoger led i denna olikhet
for V L,, respektive HL,,. Och vi ska nu med matematisk induktion visa Vn > 3: A(n).

Steg 1. Kontrollera att A(3) #r sann, dvs att VL3 > HL3. Vi har VL3 =23.31 =8.3.2-1 = 48
respektive HL3 = 3% = 27. Eftersom 48 > 27 sa giller tydligen V L3 > H L3, dvs A(3) dr sann.

Steg 2. Induktionssteget. Det géller nu att visa att implikationen A(p) = A(p + 1) &r sann for alla
p > 3. For extra tydlighet delar vi upp detta steg i tre delsteg: (a) antagandet, (b) bearbetningen och
till sist (c) slutsatsen.

(a) antagandet - gor det sa kallade induktionsantagandet och antag att A(p) ar sant for ett visst p > 3.
Da har vi alltsa A(p) & VL, > HL, < 2P - p! > 3P.

(b) bearbetningen - med stéd av induktionsantagandet, A(p), visa att &ven A(p + 1) blir sann. For
att se detta ska vi alltsa visa att V' L,.1 > HL,.1. Vi studerar darfor VL, :

VEIp1 =2 (p+ 1) =2-20 - (p+1)-pl =2(p+1)-2Ppl.

Hér kan vi anvénda kraften i induktionsantagandet och skatta 2Pp! nedat med 3P. Det ger alltsa
att VL,y1 > 2(p + 1)3P. Eftersom vidare p > 3 sa kan 2(p + 1) skattas nedat med 2 -4 = 8.
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Detta ger totalt olikheten VL, 1 >8-37 > 3-3P = 3+l =H L4, det vill sédga vi har funnit att
VL,4+1 > HL, 4 galler som f6ljd av VL, > HL,.

(c) slutsatsen blir da att implikationen A(p) = A(p + 1) géller {or alla p > 3.

Steg 3. med héanvisning till steg 1 och steg 2 och induktionsaxiomet kan vi nu dra slutsatsen att
Vn >3 : A(n) vilket fullbordar beviset.

LOSNINGAR HORANDE TILL MATERIAL DATERAT 2019

Loésningar till januaritentamen (2019).

PART A. Tick the correct boxes: Below are 4 propositions, each is either true or false. If you tick the correct
box, you will get +1 point. If you tick the wrong box, you will get —1 point. You can also pass on a question,
that gives 0 points. (You cannot get a negative subtotal on part A.)

1. The sum of two prime numbers greater than 2 is always even.

(Summan av tva primtal storre dn 2 &r alltid ett jamnt tal.)
true since two primes greater than 2 are always odd and the sum of two odd numbers is always even.

. For all sets, A, B,C, we always have ANC =0 = (AUB°)NC =C — B.

(For alla méngder A, B, C géller den givna implikationen.)
true since (AUB)NC =(ANC)u(B°NC)=0U(CNB*)=0J(C—-B)=C—B.

. Let a,b, x be positive integers and set lem(a, b) = ab/ged(a,b). Then we have lem(ax, br) = z2lem(a, b).

(L&t a, b,z vara positiva heltal och sitt lem(a,b) = ab/ged(a,b). Da giller lem(ax, bx) = x%lem(a,b).)
false since lem(az,bx) = axbx/ged(ax,br) = x2 - ab/(x - ged(a, b)) = 22 /x - ab/gcd(a,b) = x - lem(a, b).

. From (p — ¢) A (¢ — —p) we can conclude —p A —q.

(Fran (p — ¢) A (¢ — —p) kan vi dra slutsatsen —p A —q.)
false since —p A ¢ also satisfies the premises.

PART B. 8 problems each worth 3 points. Give complete and correct solutions, write legibly. Normally full
motivations required (no points for answers only). Some Swedish translations are given.

5. Solve the recurrence relation a,42 = 6a,+1 — 9a, if ap = 1 and a; = 6. (Los differensekvationen.)

Solution: The characteristic equation is 22 = 6 —9 & 22— 62 +9 =0 < (v —3)? = 0 & x = 3, which
is a double root. Hence the recurrence relation has the general solution a,, = (An+ B)-3", where A, B
are constants. We determine the values of A and B by using ag = 1 and a; = 6. This gives the two
equations (A-0+ B)-3° =1 and (A-1+ B)-3! = 6 which can be written B = 1 and A+ B = 2 which
gives A = B =1 so that the solution of the recurrence relation is a,, = (n + 1) - 3".

. Use the Euclidean Algorithm to find the multiplicative inverse of 11 modulo 29 and use it to find all

integers = that satisfy the congruence
11z =17 (mod 29).

Anvénd Euklides Algoritm for att finna den multiplikativa inversen av 11 modulo 29 och anvéand den
for att finna alla heltal  som l6ser ovanstaende kongruens.

Solution: Euklides algoritm ger
29=2-1147, 11=1-7+4, 7=1-443, 4=1-3+1
som vidare ger
1=4-1-3=4-1-(7-1-4)=2-4-1-7=2-(11-1-7)—-1-7=2-11-3-7

somger 1 =2-11-3-(29—2-11) =8-11 — 3- 29, det vill sdga multiplikativa inversen till 11 modulo
29 ar 8.
Multiplikation med den multiplikativa inversen i 11z = 17 (mod 29) ger den ekvivalenta kongruensen
8 - 1lx =817 (mod 29) & x =4 -2-17 (mod 29) och eftersom 2 -17 = 34 = 5 (mod 29) ar detta
ekvivalent med
x=4-5=20 (mod 29).
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(Svaret &r alltsa ”alla tal kongruenta med 20 modulo 29”.)

7. Consider the weighted graph below.

(a) Use Dijkstra’s algorithm to find the shortest path between the nodes A and Z. Present each substep
(with all candidate labels) in the process of finding all the labels, and of course present all the
labels and the shortest path itself, with its total cost, from A to Z (2p).

(b) Give a minimal spanning tree of the graph with its total cost. (You do not need to present details
of the solution, just give the tree and its total cost/weight without motivation.) (1p)

D 1 E 3 I

Solution: We introduce the starting label A(—,0) (for A) and present 7 steps in which all candidate
labels are presented. The labels that are chosen among the candidates are presented in bold style. In
the second and final steps, two labels were introduced at once.

Step 1. B(A,4), C(A,11), D(A,5).

Step 2. G(B,5), C(B,10), D(A,5).

Step 3. H(G,19), F(G,16), C(B,10), E(D,6).

Step 4. C(E,7), F(G,16), I(E,9), H(G,19).

Step 5. F(C,10), I(E,9), H(G,19).

Step 6. F(C,10), Z(1,20), H(G,19).

Step 7. Z(F,12), H(F,12).

A minimal spanning tree of this graph consists of the edges AD, AB, BG, DE, EC, CF, EI, FZ, FH
and it has the total weight/cost of 22.

8. Statement: For all integers n > 2 we have )}, ﬁ = % — %
Proof: (Induction over n.) Introduce the predicate A(n) < Y., =27 = 5 — nz(’;ﬁ) We also
introduce the notation LHS,, for the expression > ;_, ﬁ and RHS,, for the expression % — n2(2ﬁ)

The we can easily write A(n) as LHS,, = RHS,,.

Step 1. Check that A(2) is true, that is check that LHSy = RHSy. Now LHS, = 37, ﬁ =

222—71:§andRHSQZ%—%:%—%:%—%:%:%WhichshowsthatLHngRHSQsothat

A(2) is true.

Step 2. Now, for an arbitrary p > 2 show that the implication A(p) = A(p + 1) is true. To show
this, first assume that A(p) holds, that is we assume that

p
2 3 2p+1
LHSp:Z——i—izRHSp.

k-1 2 p(p+1)

This is what we call the induction hypothesis and it is now our goal to show that this implies that
A(p+1) is true, that is, we wish to show that leads to

p+1
2 3 2p+1)+1
LH =) ——=_— = RHS, 1.
o ,;kz—l R RS (PESES)
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To succeed in doing this we work with the expression for LH S, ;1. It is

LAy LA p P
LHS, 1= —— = = LHS, + ——— .
pH l;kQ—l kZ_QkQ—1+(p+1)2—1 N P P

And here is where we use the force of the induction hypothesis, we replace LH S, with RH.S), so that
we get

2 2 3 2 1 2
_ _RHSy+—— =2 P, —
(p+1) -1 p+1?-1 2 plp+l) (p+1)*-1
It is this last expression that we need to show equals RHS,;1. To accomplish this we study these
expressions in detail:

3 2p+1 2 3 2p+1 2 3 2p+1 2

LHS, = LHS, +

2 plp+1)  (p+12-1 2 plp+1) pPP+2 2 pp+1)  plp+2)
Putting the last two fractions on the common denominator p(p + 1)(p + 2) yields

LHSp:1 =

rHS.. 3 _@Cr+Dp+2) 20+1) 3 20+1)-(@p+1)(p+2)
T2 pp+ D) +2)  p+ D +2) 2 plp+1)(p+2)
3 2p+2—2p2—4p—p—2_§+ —2p°=3p 3  2p+3
2 p(p+1)(p+2) 2 plp+(p+2) 2 (+1HpE+2)

and the final expression equals RH S, = % — % which means that LH S, = RHSp41 and
that this follows as a result of LHS, = RHS,. That is we have in total shown that A(p) = A(p + 1)

which concludes the second step of the proof.

Step 3. We have shown A(2). By step 2, this implies A(3), which in turn, again by step 2, implies
A(4) and so on. In conclusion, by step 1 and 2 and the principle of mathematical induction we have
Vn > 2: A(n) which concludes the proof.

The following proposition is erroneous and the proof is also erroneous. Find all the errors and correct
them. (1p for correcting the proposition and 2p for correcting the proof.) (Foéljande pastaende é&r
felaktigt och beviset ar ocksa felaktigt. Finn alla fel och ritta dem. (1p for att riatta pastaendet och
2p for att réatta beviset.))

Proposition: For all statements p,q,r we have =(p A =(¢ A —r)) & =p A g A —r.
Proof: =(pA—(gA 7)) < =(pA(mgA=(-r))) & —(pA—gAT) S —pAgA-r.

Solution: Det réittade pastaendet lyder
~(pA(gAr)) & p V(g A ).
Vi visar detta genom att anvinda DeMorgans lag som ger

~(pA=(gA-T)) & mpV a(=(gA-r)) & —pVi(gA ).

Denote by N the set of all positive integers, {1,2,3,...}. Consider the relation R defined on N x N by:
(@ yYR(zw) Sz-—y=2—w

Prove that R is an equivalence relation (1p). Describe all of the equivalence classes and draw a figure
that illustrates them (2p).

Solution: We need to show that R is reflexive, symmetric and transitive.
Reflexivity: Show that for all (xz,y) € N we have (z,y)R(z,y). But this is clearly so because
r—y=z—y< (z,y)R(z,y). Reflexivity is shown.
Symmetry: We now need to show that (z,y)R(z,w) = (z,w)R(z,y) so assume that (z,y)R(z, w).
This means that x — y = z — w. But this then means that z — w = z — y which in fact means that
(z,w)R(z,y). Symmetry is shown.
To show transitivity we must show that (z,y)R(z,w) and (z,w)R(u,v) implies that (z,y)R(u,v).
Accordingly suppose that (z,y)R(z,w) and (z,w)R(u,v) hold. This then means that x—y = z—w
and z — w = u — v. Again this implies that z — y = u — v which in fact means that (z,y)R(u,v)
which completes the proof that R is transitive.
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In conclusion: since R has all three required properties, we conclude that R indeed is an equivalence
relation.

We will now study the equivalence classes which will create a partition of the set N x N. Fix a point
(a,b) € N x N and consider the equivalence class that it is a member of. This class can be written

(a,0) = {(z,y); (z,y)R(a,b)} = {(z,y);z —y = a—b}
since (a,b) is fixed, this set consists of all points (x,y) whose difference (z — y) is equal to this fixed
integer. Also note that a — b can be any integer and we can call this integer m, this means that the
equivalence class consists of all those points that satisfy

rT—y=meE&y=c—m

and this is the equation of a straight line, and since we are restricted to points (z,y) where z,y are
positive integers, we are looking at points with integer coordinates in the first quadrant. And one
equivalence class consists of all points on a straight line with slope = 1.

In the diagram above we are illustrating three equivalence classes described as three lines of points with
positive integer coordinates, the lowest of these consists of all points where the difference between the
coordinates are all equal to 3. And then we have two other classes, corresponding to the differences —1
and —4 respectively. It is clear that all points with positive integer coordinates (that is N x N) gets
partitioned into lines like this and those lines are the equivalence classes.

Prove that if p > 1 is a natural number with (p — 1)! = — 1 (mod p), then p must be a prime number.

Solution: Vi ska alltsa visa implikationen
(p—1)!'= —1(mod p) = p primtal.
For att visa detta antar vi att (p — 1)! = — 1(mod p), men trots det ar inte p ett primtal. Att p inte

ar ett primtal innebér att det finns tva heltal, a > 1 och b > 1 sadana att p = a-b. Men da ligger talet
a 1 intervallet 2 till och med p — 1 och da far vi:

p-D=pm-1)--(a+1)-a-(a—1)---1
det kan hénda att a +1=p — 1 eller a — 1 = 1, det ar gransfallen, men poéngen &r att det finns ett a

nagonstans mellan 2 och p — 1. SAmma sak géller for b men vi behover bara detta for a. Ok, da ligger
a i det hér intervallet och p = a -b. Men om vi nu sétter in detta i (p — 1)! = — 1(mod p), da far vi

p—-=@p-1)--(a+1)-a-(a—1)---1= —1(mod p)
och om vi skriver om kongruensen som en ekvation sa far vi
p-D=pP-1)--(a+1)-a-(a=1)--1==-14+k-p=—1+4+k-a-b

for nagot k (vi vet inte vad k &r men att kongruensen stdmmer innebér att vi vet att det finns ett k
som uppfyller likheten).
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Detta ar nu en motségelse for detta kan skrivas om som att
l=k-a-b—(p-1)---(a+1)-a-(a=1)---1=a-(k-b—(p—1)---(a+1)-(a=1)---1)=a-q

for nagot heltal g och ser vi alltsa att 1 = a - ¢, dvs a|1, dér a > 1 vilket &r en motségelse. Det betyder
att vart antagande ovan om att p kan uppfylla (p — 1)! = — 1(mod p) utan att vara ett primtal maste
vara felaktigt, alltsa maste detta innebéra att (p — 1)! = — 1(mod p) implicerar att p ar ett primtal
vilket fullbordar beviset.

12. Lat a, b, c vara tre heltal utan gemensamma delare (dvs antag att ged(a, b) = ged(a, ¢) = ged(b,c) = 1).
Visa att det finns heltal x,y sadana att a + bx + cy = 1.

Solution: Eftersom b, ¢ ar relativs prima sa finns heltal s, ¢ sa att sb+tc = 1. Ansétt nuz = —(a—1)s
och y = —(a — 1)t. Detta ger da a + bx + cy = a + xb + yc
=a+—(a—1)sb+—(a—1)tc=a—(a—1)(sb+tc)=a—(a—1)-1=a—a+1=1.
Losningar till apriltentan (2019).

DEL A.
1. Lat p, q,r vara godtyckliga utsagor. Da &r utsagan (p — q) V (r — p) alltid sann.

Svar: Ja, den &r alltid sann eftersom vi kan skriva
P—=qV(r—=p) e (pVa)V(orVvp)epV-pVgV-r
och pV —p ér alltid sann sa p V —p V ¢ V —r blir alltid sann.

2. For godtyckliga méngder A, B giller (ANB)U(AUB)¢ = (B — A)°U (A — B)“.

Svar: Nej, detta géller inte f6r (B— A)°U(A—B)° = (BNA°)°U(ANB°)¢ = (B°UA)U(A°UB)=U
déar U sta for hela universum som méangderna A och B betraktas i. Daremot géller formeln om U byts
mot N i hogerledet.

3. Lat a, b, c vara positiva heltal och antag att a|bc A c|ab A blac. Da géller a = b = c.

Svar: Nej detta géller inte, till exempel kan vi sétta a = 4, b = 6 och ¢ = 6 och ha a|bc A c|ab A blac
men sa klart inte a = b = c.

4. For varje positivt heltal N, beteckna med an,1,an2,an 3, exponenterna i den entydigt bestamda
standardiserade primtalsfaktoriseringen av N. (N = 29N.1.39N.2 . 5aN3 ... ) D4 giller att om N > M,
s& maste vi ocksa ha ay; > apr,; for alla i.

Svar: Nej detta géller inte, till exempel kan vi satta N = 3 och M = 2 da géller ay; =0och ap 1 =1
och N > M men an; =0 <oy =1.

DEL B.

5. Los differensekvationen a,19 = 2an41 + 3a, med ag = 3 och a; = 5.

Losning: Den karakteristiska ekvationen dr x? = 2z + 3 som har 16sningarna z = —1 och x = 3 det
vill séiga den allménna l6sningen till differensekvationen kan skrivas a, = C' - (=1)" +d - 3", dar C, D
ar konstanter som bestams av ag = 3 respektive a; = 5. Detta ger ett ekvationssystem genom

ap =3 C-(-1)°+D-3=3 C+D=3 C+D=3 C=1
= 1 1 = = =
ay =5 C-(-1)'+D-3'=5 ~C+3D=5 4D =8 D=2
sa att a, = (—1)" +2-3".

6. Anvind Euklides Algoritm for att finna den multiplikativa inversen av 35 modulo 67 och anvénd den
for att finna alla heltal  som uppfyller

35z = 18 (mod 67).
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Losning: Vi utfér upprepade divisioner och far 67 = 1-354+32, 35 =1-32+4+3, 32 =10-3 + 2,
3=1-241=1=3-1-2=3-(32-10-3)=11-3-32=11-(35—-1-32)—-32=11-35-12-32. 1
det har laget kan det vara bra att ta en paus och kontrollera att verkligen 11 -35 —12-32 =1 och en
snabb utridkning vid sidan om (som inte redovisas hér) ger att det stdmmer. Vi fortsdtter och far
11-35—-12-32=11-35—-12-(67—1-35) =23-35—12-67
sa multiplikativa inversen till 35 (mod 67) ar 23. Detta ger att
35z = 18 (mod 67) < 23-35-2=23-1 (mod 67) < x=23-3-6 (mod 67) < z=2-6 =12 (mod 67)

7. Beteckna med {2 méngden av alla positiva heltal mindre &n eller lika med 10000. Berakna sannolikheten
att ett slumpvis valt tal ur 2 ar delbart med 15 eller 35.

Losning: Satt A = {x € Q; 15|z} = {15-1,15-2,...,15-666}. Da giller |A| = 666. (Vi hittar 666 som
kvoten i heltalsdivisionen 10000/15.) Satt B = {z € Q;35|z} = {35-1,35-2,...,35 - 285} Da géller
|B| = 285 och 285 (=kvoten i heltalsdivisionen 10000/35). Nu géller

ANB = {z € Q;15z A 35z} = {x € Q;105/z} = {105-1,105-2,...,105-95} = [A N B| = 95,

dér primtalsfaktorisering ger oss att 15|z A 35|z < 3 -5z A5 - Tjx < 3-5- 7|z < 105|z. (Hade 15 och
35 varit relativt prima sa hade vi haft 15|z A 35|z < 15 - 35|z.)
Sammantaget galler att sannolikheten vi stker kan tecknas med hjilp av principen for inklusion och

exklusion:
B |AU B| B |A| + |B| — |AN B| 666 +285—-95 856 _ 8.56%
~ 10000 10000 N 10000 ~ 10000 V"
8. Dér det star ”...” i texten, fyll i sa att det blir ett fullstdndigt bevis.

Pastaende: Lat fo, f1, fo,... beteckna Fibonaccis talfoljd det vill sdga fo = 0, f1 = 1, fpie =
fna1 + fn, n > 0. For alla positiva heltal n géller da:

11" — fn+1 fn
10 f n f n—1
Bevis: Induktion 6ver n. Introducera predikatet

A(n) & VL, =HL, < E (1)]" _ [fr}—f—l ffnl]

Vi ska visa att Vn € N: A(n).

Steg 1. Kontrollera att A(1) géller, det vill sdga att

11 _ |11 och fivi A | _|fe S
Lo 10 fi fia fi fo
ar lika. Men de ar klart lika eftersom definitionen av Fibonaccitalen ger fy = 0, fi = 1 och

fo=fi+ fo=1+0=1. Alltsa géller A(1).

Steg 2. For ett godtyckligt p > 1 visa nu att implikationen A(p) = A(p+ 1) &r sann. For att visa

detta antag forst att
1 1P [ }
A o — |[J/p+ p
Wl =
Med stod av detta ska vi nu visa att A(p + 1) &r sann, det vill sdga att VL, 1 = HL,; dér

111" 1P 11
VIp1 = [1 0} = [1 o] '[1 0} och  Hlpy1 = [?ﬁﬁ f?ﬂ

P
Men enligt induktionsantagandet kan vi ersatta [1 1] med [fp s ] och detta ger oss
10 fp fpfl
VL 1= |:fp+1 fp :| i |:1 1] — [fp+1+fp fp+1:| _ [fp+2 fp+1]
P fp fpfl 10 fp+fp71 fp fp+1 fp

dar vi i sista ledet aterigen anvéant definitionen av Fibonaccitalen. Men detta ar precis H L, och
alltsa géller VL, = HL,11 < A(p+ 1) och eftersom detta féljde av antagandet A(p + 1) har vi
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visat implikationen A(p) = A(p + 1) vilket fullbordar induktionssteget.

Steg 3. Steg 1 och 2 och induktionsaxiomet ger att Vn € N : A(n) vilket fullbordar beviset.

9. Lat A, B,C, D vara godtyckliga méngder. Med formeln

10.

(AxC)U(BxD)=((AUB)x (CUD)—-(AxD))—(BxC)

vill vi ge ett uttryck for unionen mellan kryssprodukterna i vénsterledet. Men formeln ar felaktig.
Ange ett nytt hogerled sa att formeln stammer.

Om vi latsas som att méngderna A, B,C, D &r delintervall av de reella talen R sa kan méngden
(A x C)U (B x D) askadliggéras som en kryssprodukt av dessa intervall. Om vi ritar ut dem léngs
koordinataxlarna i R? s& far (A x C) U (B x D) foljande bildmissiga representation:

3
D i BxD
AxC
Ry
< ~ \\ /v / >
A B

Har ar tva rektanglar Ry och R, inritade, de ansluter inte riktigt till sina kanter men det &r for att
annars skulle rektanglarnas granser inte synas. Det dr meningen att Ry = (A— B) x (D — C') respektive
Ry = (B — A) x (C — D). Och hér finner vi ocksa réttelsen av formeln, den ska lyda

(AxC)U(BxD)=((AUB)x (CUD)—Ry)— Ry =
(AUB)x (CUD)—(A—B)x(D-C))—(B—A)x (C—D)

For alla positiva heltal n definierar vi ¢(n) som antalet positiva heltal mindre &n n som &r relativt prima
till n, det vill sdga antalet tal i méngden {z € N;z < n A ged(x,n) = 1}. Du far gratis informationen
att om a,b ar tva relativt prima tal sa géller ¢(ab) = ¢(a) - ¢(b). Utgaende fran denna information,
formulera och bevisa en formel for ¢(n) for ett godtyckligt n.

Loésning: Vilj en godtycklig potens av ett primtal, p*. De tal i méngden {1,2,3,...,p" — 1,pF} som
ar relativt prima till p* maste vara alla tal som inte #r delbara med primtalet p sjélv, det vill siga alla
tali {1,2,3,...,p" —1,p*} utom just multiplarna av p, det vill siiga

p- 1,p2”p (pk - 1)’p'pk_1'
och de #r p*~! stycken. Antalet tal som &r efterfragat blir alltsa pF — pF=!. Vi har nu riknat ut vad
o(p*) dr (p primtal).

Om nu n ar ett godtyckligt heltal med standardmassig primtalsfaktorisering

k k km
n=p; Py’ ... Dp

sa kan vi med den givna informationen skriva

d(n) = op(pi" - ph> ...l = (o) - p(05?) - ... p(phr) =
R e R - e B

och det blir alltsa den sokta formeln.
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11. I en lada ligger 3 bollar: 2 svarta och 1 vit. Du kan ta bollar ur ladan men du kan inte veta vilken farg
bollen har forrdn du tagit ut den ur ladan. Vi spelar nu ett spel dér du hela tiden tar bollar ur ladan
utan ldgga tillbaka dem och med foljande regler:

1. Du far ta s manga bollar du vill ur ladan, du far alltsa avsluta spelet ndr som helst.
2. Om du tar den vita bollen vinner du 300 kronor.
3. Om du tar en svart boll forlorar du 200 kronor.

Vi betraktar det har spelet som en slumpprocess dir du spelar for att maximera din vinst och ut-
fallsrummet utgors da av de olika slutresultat som kan uppkomma da du beslutar dig for att inte spela
mer. Ett utfall/slutresultat ar till exempel om du skulle bli sittande med alla bollarna vilket skulle
innebéra att du forlorar totalt 100 kronor (du vinner 300 for att du fick den vita, men férlorar 400 for
att du ocksa fick de tva svarta.)

Ange utfallsrummet, alltsa alla de méjliga utfallen med deras respektive sannolikheter (2p) (Ledning:
du kan askadliggéra hela slumpprocessen i ett trad ddr roten till tradet dr startliget i spelet). For
slumpspel av ovanstaende typ kan vi inféra vad som kallas forvintad vinst som da bildas som en
summa over alla utfall (alltsa en term for varje utfall) dér varje term utgdrs av sannolikheten for
utfallet multiplicerad med vinsten for det aktuella utfallet. (Vinst kan modelleras med positiva tal och
forlust med negativa tal.) Berdkna den forvéntade vinsten for spelet ovan. Spelar du gérna spelet?

(1p).

Losning: Vi anvinder ett bindrt riktat trad for att illustrera alla mojliga utfall. Tradet har féljande

utseende: Start

y

1/3 2/3

[
1/2

1/2

! [oe]

Vi startar i roten som symboliseras med ® och da har ladan alla bollar kvar det vill sdga de tva
svarta och den vita. Om vi tar en boll pa mafa da sa ar chansen att den &r vit 1/3, darfor ar grenen
som gar ut mot hornet som liknar en vit boll (at vénster i grafen) annoterad med 1/3. Eftersom vi
da slutar spela omedelbart ar det har den sista bollen vi tar sa det horn som vi symboliserar med en
vit boll ar har da ett 16v, det vill siga det finns inga ytterligare forgreningar och det hé representerar
alltsa ett utfall. Vi har da vunnit 300 kronor och vi symboliserar att vi spelat klart genom att rita en
rektange under 16vet som visar att vi fick som slutresultat en vit boll.

Om vi ddremot, fran startlaget, drar en svart boll sa &r vi inte intresserade av att sluta spela, vi vill
ha den vita bollen forstas! Det dr 2/3 chans att dra en svart boll (eftersom det fran borjan finns tva
svarta och en vit boll) sa vi annoterar den hér grenen av tridet med 2/3 och det horn som grenen leder
till symboliseras med en svart boll. Vi dr som sagt inte intresserade av att sluta nu, men sannolikheterna
for att dra en svar respektive en vit boll har &ndrats, nu finns det ju precis en svart och en vit kvar sa
nésta gang vi drar en boll &r sannolikheten for svart och vit precis lika och de adr 1/2 i bada fallen sa
forgreningen héar leder till tva nya horn dér det ena symboliseras av en svart boll och det enda av en
vit. Bada grenarna annoteras med sannolikheten 1/2.

Om vi i det har laget far den vita bollen, det vill sdga vi foljer grenen nerat hoger, sa avslutar vi
spelet eftersom vi vill vinna sa mycket som majligt. Nar vi en gang plockat den vita bollen sa &r det
ingen idé att plocka mera. Det hir hornet i tradet ar alltsa ocksa ett 16v som symboliserar ett slutligt
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utfall av spelet. Vi ritar en rektangel under som visar slutresultatet: en vit och en svart boll. (Vinst
100 kronor.)

Ett sista fall aterstar och det &r om vi har sadan otur att vi drar bada svart bollarna. Da aterstar
endast en vit boll varfor grenen som leder ner till sista utfallet/l6vet dr annoterad med sannolikheten
1. Forlust 100 kronor, som ocksa kan modelleras som negativ vinst, alltsa vinst: —100 kronor. I rek-
tangeln under 16vet som symboliserar det hér trakiga utfallet ritar vi alltsa in alla bollar: tva svarta
och en vit.

Vi ska nu askadliggora utfallsrummet. Varje 16v i tradet representerar ett mojligt utfall, vi spelar for
vinst och darmed slutar vi inte forrén vi har den vita bollen. Sannolikheten for varje enskilt utfall kan
beréknas med multiplikationsregeln, att fa utfallet tva svart och en vit har sannolikheten 2/3-1/2 -1
som ar sannolikheterna for de tre héndelserna ”vi tar en svart, sedan en svart, och sist en vit” som
innebér att vi foljer den langsta vigen i vart handelsetrdd. Den sannolikeheten ar tydligen

2/3-1/2-1=1/3.
Pa samma sétt kan sannolikheten for utfallet att vi fa en svart och vit boll berdknas till 2/3-1/2 = 1/3

och utfallet att vi fa precis en vit boll &r 1/3 (som ocksa kan uppfattas som en produkt av en faktor).
Med denna utredning kan vi ge foljande skiss av utfallsrummet:

1/3

1/3 1/3

De tre utfallen har vardera alltsa lika stora sannolikheter att intraffa.

Den forvantade vinsten blir nu, enligt definitionen som gavs pa tentan talet
L 300 + L 100 + ! (—100) = 100
3 3 3 B

nér vi spelar det hér spelet fovantar vi alltsa oss att vinna i genomsnitt 100 kronor, sa svaret pa fragan
om vi garna spelar detta spel &r JA (forutsatt att vi vill vinna forstas).



